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Abstract 

The scattering amplitude of the elastic proton scattering is inves
tigated in the energy r a n ge of the isobaric analogue resonances. The scat
tering amplitude i s expressed as 3" ~ 3"opt + 3" ' "" , ,w h ere the background 
te rm 3" opt i s cal culated by mea ns o f the stand a rd , optical model and the 
resonance term i s derived by the help of Feshbach's projection operator 
method. The "idea l" isobaric a n a log ue states a r e introduced by applying 
the s tepdown i sospin operator T _ o n the wave functio n s of the low lying 
states of the target + neutron system. Afterwards the "target ground 
state + p r o ton" component of the "ideal" ,lAS is p rojecte d out. Such a 
doorway type s ta te,. the so called "projected" lAS i s assumed to play the 
r o le o f t:•2 intermedia te state o f the scattering p r ocess. The method is 
applied for the cal cj11ltion fJothe c ros1 4 2ection a nd polarization of elastic 
proton scatte ring o n Ba, Ce and N d. The low lyin g states of the 
targ e t a r e calcula ted in the framework of the quasiparticle random phase 
approxima tion a nd the wave functions fo r the target + neutron system are 
obtained by diagon a lizing the r esidual inte r action in the quasiboson + single 

neutron basis. 
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1. Introduction 

It has been observed many years ago tha t the energy spectra of 

lig ht nuclei show rema rka ble similarities which can be explained by the 

charge independence of the nuclear forces. The energy levels of the 

i sobaric nuclei can be organized into charge multiplets characterized by 

a given i sospin. If the charge dependent interactions a r e complete ly n eg

lected then the isospin is a good quantum number, the e lements of a 

g iven charg e multiple t a r e exactly degenerate and the states of the neig~ 

bouring isobars a re connec ted to each other by the isospin step- up and 

step- down operators: 

T+ 
TMT 

I ~ a 

TMT.:tl 

> ~yT(T+ll-MT(M -f:t ll l ct>a > . ( 1) 

ln reality the charge depend e nt interactions do exist a nd they can caus e 

a mixin g among different i sospin state s , on the other hand the deg e nera te 

charg e multiplets s pl it up. In the case of light nuclei the mixing and tl 1e 

s hifts d re not too larg e the r efor e the i 6 ospin can be used as an a ppro-
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xima te l y g ood qua ntum number, Proceeding along the p eriodic table the 

Coulomb s hift i s ever _ inc r easing a nd sooner or later it may happen that 

some e l ements of a g ive n charge multiplet a re in the discrete _spectrum, 

the r est of them, however, a r e alrea dy in the continuum, During many 

yea r s it was expected tha t the importance of the off diag onal matrix 

e l ements of the charge d epende nt interactions, g iving rise to the i sospin 

mixing , a re increa sing together with the diagonal elements and it was a s-

s umed tha t the i s o spin looses its meaning in the medium a nd heavy nuclei, 

This s ta te of a ffa irs h as chan ged r emarka bly s ince the beginning 

o f the s ixties a nd the isospin h as s ta rted to regain its c r e dit. In 1 96 1 

Anderson a nd Wong 
1

) have discovered some narrow peaks in the 

y ie ld o f direct (I' • u l r eactio n s . It turned out tha t the observed peaks cor

r·espond to hig hly excite d s ta tes of the r e s idua l nuc l e u s which are in 

ctn a l ogy .with the l ow l y ing s ta tes of the te.rget nucleus b e ing shifted by 

the Coul omb e n ergy I ' 

The theor e ti c. tl intepret. tti on of these r esults was firs t g iven by 

Lane a nd Soper 
2

) . It wus pointed oul tho.t in a d irect ( p • nl process 

umon g o the r s the p r oton can jumps into the sa.ne s ing l e p a rti c le s t. tie 

from where the n!"utron wus knocked out, In thi s case the fina l state has 

U1 e same syn1metries, the SLllne i sospin as the g round state of the target 

nuc l e u .; , This state , the so calle d i sob a ric a nalog ue s ta te ( lAS ) of the 

tar get was ide ntifie d by Ikeda, Fujii a nd Fujita .J ) as a coherent s u p er

positio n of monopo l e type ( p r o ton- p a rticle) ( neutron- hole) excita tions . In 

1964 Fox, Moore a nd h1.obson 
4

) h a ve o bserved some n a rrow reson a n ces 

in ( p, pl e lastic scattering . As fa r as the qua ntum numbe rs a nd the 

ener g ies a r e con ccrn,::.::i ,, surp ris ing ly good corresponde nce was o b ser

v e d b etv\een these r esonan ces a nd the low lying s ta t es o f the tar get + 

n eutro n system except f o r an over a ll energy s hift which can be identi

fied w ith the Coulo11 1b e n e r g y \ f~ c • Sinc e tha t time a l a r g e number 

o f lAS have bee n o b serve d in the proton induced r euctio n s .> ) a nd 

u ! so '-' g r eat dea l o f theor e tical etctivity \\'as devoted to the interp r e ta tion 

of the lAS a nd to the s tudy 
2

• 
6

• 
7

) of the "isospin impurity " . 'I'o an<~lyze 
th e p r o to n scatte ring p r ot Jem & r each variety of weapon s 1\ier e u sed, 

In l~obson' s etpproach 
7

) the I<- ma trix fonna !isn1 was empl oyed. Weide,_ 
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ct to the inte rpre tu tion 

i mpurity " . To u n<llyz e 

~ .::t pons IVere u s ed. 

>s empl oyed, Weider-

muller and Maha ux 
8

) studied the different aspe cts of the lAS using 

the tool s of the extended shell model, Many inves tigatio n w e r e based 

upon the Lane' s equatio ns 
9

) , Fes hbach' s pro j e cti o n ope r a tor technics 1 0 ) , 

which w ill be applied in this paper too, was u sed b y Kerman a nd Tole-
. 11) 12) 

do de Ptsa a nd a l so b y Stephen • 

The starting p o int of the appr oach deve loped by Kerman a nd Tole-

do de Pisa i s the definitio n o f the lAS I A > o f the targ et + proto n 

sys te m: 

I A > T - I <I> > 
( 2 ) 

[<<I> I T+T- 1<1>>] " 

where I <I>> is some low lying s tate of the ktrget +neutron sys te m , 

Comparing the equa tions ( 1) and ( 2 ) it i s obviou s tha t this d e finiti o n 

is b a sed upo n the h y p o thesis o f the exis tence o f ct n approxima te c h a r ge 

multiplet structure, Of course, I A > in its elf c a n not be the eig ens ta te 

of the system since it is embedded into the c ontinuum d nd s urrounded by 

the multitude of comp ound states, but it i s e x pected that I A > is the 

dominant component o f the s cattering wav e func tio n I 'I' > in s ome e n e r gy 

r a nge, In order to a n u lyse the s tructure of the scatte ring \\av e func ti o n 

in a systematic way , it i s conv enient to i ntro duce the p t·ojecti on opera to r s . 

A • P and q by the follow irig definitions: 

( i) P + q + A 

( ii) p q 

(iii) A= I A><A I 

( iv) p projec ts out the "target g r o und s ta te +proto n" compone nt o f 

( I - A) I "' > 

This k ind of decompos ition of the w a ve func tion i s very a dva n tugeou s 

because the c o upling between the c o mpon ents A I I!J > a n d ( p + q ) I '11 > 

can be produced only by the charg e dependent part of the Hamilto nia n. 

Thus, in principle , we are able to calcula t e e x actly the coupling , g i v ing 

rise to th e w idth of the lAS, since the exa ct form of the Coul omb inte-

5 



r a ctio n i s know n. T here i s s ome drawback, however, in this decompo

s itio n , n amel y the " tar get g round s ta te+ proton" c omponent of the w ave 

func tio n i s s plitted up a nd o ne p a rt i s contained a lrea dy by A I 'i'> and 

o nly the rema ining part i s r e pres ented by p J .ji > • It is not obvious 

a t a ll h ow to ge t a n e xplic it t·e pre s entation for Pi ii• > sinc e in A ill'> 

a ll nucleo n s including a l so the l a st proton are in bound s tates, on the 

o the r h a nd in p I II' > the pro to n i s in a continuum state. Beca use of 

th i s diffi c ul ty in this p aper we choose a nother view point a nd apply a 

somewh a t differe nt procedure the main points of w hich can be s umma

ri :<:ed _t..; follows : 

a ) The proj e ctio n o p e r a to r s 

the fo llowing d e finitio n s : 

p • Q a nd R are introduced by 

( i) P + o + n 

( ii) PQ P n ~ on 0 

(iii) p pro j ects out the full target g round s ta te+proton" compo-

n e nt o f I II ' > 

( iv) Q sel e cts o ut the compon e nts of J >V > corresponding to 

s u ch configur .:-< tio n s in wh i ch a ll n ucl eon s a re in b o und sta te s . 

Deco.u se o f the r e quire d o rthogona lity of the P a nd Q 

s ubspo.ces the tar ge t g r o und s ta te mus t be exclude d from the 

s ubs po.ce 0 

( v ) II I 'I' > i s the r e ma ining part of J'l' > w hic h corres p o nds 

assym p to tica lly to ine lustic s c a tte ring a nd different fra gmenta 

tio n o f U'le nuc l eo.r syste m. 

b) The e l e ments o f the IJ s ubs pace c har a cteriz ed predominantly by 

the i sospin e igenvo.lue T = T 
0 

+ •; o. r e pic ked o ut. I lere T 0 s ta nds for 

the isosp in o f the ta r get g r o und s k >te ( T0 ~\I T , ) 

c ) A n e qua tio n i s d e rived fo r the c o mpo n e rot P! 'I' > containing a ll 

the info rma tio n o n elastic scattering . ln this equu tio n ll>e coupling betwe en 

P I II' > u nd the specia l components of 0 I II' > , l a b e lle d l>y T , is 

e xpressed explicitly by one term of the e ffective I lo milto nia n . 

d) The s p e cia l c ompo n e nts of Q 1'1' > t11 e s o called "pro j e cte d" 

G 
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system. 
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of th2 fo llow ing sectio n s 
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E limina ting the cor 
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a te . Because of 
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, can be s umma -
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correspon ds 

ifferent fragmenta-

•d p r edominantly by 

s tand s for 

!' > containing a ll 

e coupling between 

>lied uy T , is 
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lied " proj ecte d" 

lAS's are expressed in terms of the wave functions o f the target+neutron 

system. 

Using this method we w ill calculate the scattering amplitude, the 

cross section and the polarization of the e lastic proton scattering in th e 

energy range of the i sob a ric a n a l ogu e reson a nces. 

We con c lude this intro ductio n w ith a brief description of the contents 

of the following sectio n s . In Section 2 we give a forma l d e riva tio n of the 

sca tte ring amplitude in t"Prms of effective Hamiltonians obtaine d by mean s 

o f p rojection oper a tors . Invo l ving some heuristic a r gume nts we r e place 

these projected Hamilto nians by m odel oper a tors. In Section 3 we formu

late a s i mple model for the tar get + one particle system a nd we calcu

l a te the l o\V l ying states o f the target + n eutron system. Using these 

model wave func tio n s we con struct the "projected" !AS a nd the scatte

ting amplitude i s expressed in te rms o f these states. In Sectio n 4 we 

outline the ma in s tep s of an applicatio n of the method for the calcul a tio n 

of el.::1stic p r o ton scattering cross section a nd p olarization on the N a 82 . 

isotones. 

2. Formal Derivatio n of the Sca ttering Amplitude 

Multiplying the Schrodinger e quation by the projection oper.::1 tors 

P • Q a nd n we get the coupled system of e qu.::1tions : 

( E - p II p ) p I 111 > = ( p II Q) Q I 111 > + ( p II ll ) ll I '11 > 

( E - Q II Q ) Q I 'I' > = ( Q II p ) p I 'I' > + ( Q II II ) ll I '11 > 

< E - n 1111 l n I' 'i' > = l 1111 P l P \ 'i' > + < 1111 o l o 1 'V > . 

E limina ting the compo n e nts Q \ '11 > 

P 1 'I' > can be wr itte n as fo llows: 

7 

and n I 111 > 

( 3) 

, the equation for 



(E -Hp -HQ -HR l P I 'I' > = 0 , ( 4) 

w her e 

II ~ Pll P 
p 

H Q ~P H Q 
I 

E - 0 11 0 Q H P ( 5 ) 

IIR = [ PH H + P II Q 0'1 R J • 
F: - QIIQ 

- ------ -:----------- J[ H H Q • Q H P+ RHP J 

E - RHR-RH QF:-Q H Q QHR+ i t 
E- QHQ 

In tro d ucin g the projectio n oper a tor 

char a c teri zed by the iGospin 1' =1' 0 + ~ 

w hich p r ojec ts o ut th e s u bsp ace 

we d ecompos e th2 second 

te r m o f the Hamilto n ian into two c ompon e nts : 

H = P H QI 1Q H P + H ( 6 ) 
Q F: - QHQ 

w her e II Q i s g iven by 

E - QHQ 
( 7) 

HQ =PHQ ( l - 1) I QH P + 

+ PIIQ (1 - I ) 
1 

E - Q H Q ( I -I l QH P + 

+ PHQ 1 1 ( I- 1) QHP 
E - Q H.Q 

Now w e can w rite the e qua tio n ( 4) i n the fo llo w ing form: 

( E - P'H P ) P I 'I'> • (PH Q I E - QHQ I QHPlP I 'I' > , ( 8) 

where P HP is defined by 

PH P Hp+HQ + HR 
( 9 ) 

8 

If we wanted to 

o f c:;ourse, e qua tion 
A 

o f P H P On the o 

matio n s a r e con cerne 

conve nie nt. 

The f o r mal solu 

(+) "<+> 
p I '~'> - I 'I' ~- > + G p H 

(+) 
whe re I 11' t> > is defi 

a nd th e G r een opera ! 

By the hel p of 

te ring can b e w r i tten 

3" = 3" + < q;<-> I p H Q I 

w here the f irs t ter m 

c a used b y PH P a 

W e expa n d the 

com p l e te s e t o f wave 

Then 

<- l 
3"= 3" + L <'V ! PH • .. 

wher e the ma trix e l en 

of the rna trix A 

A'" =< 8 , 



( 4) 

( 5 ) 

[ llHQ --~-QHP+RIIP] 

E- QJIQ 

j ec ts out the subspace 

:ompose th= s econd 

( 6) 

( 7) 

QHP + 

•llowing form: 

ljJ > . ( 8) 

(9) 

It we wanted to analyse the scattering problem in full deta il s , then, 

of ~ourse, equation ( 8) is completely use less beca use of the complexity 

of PHP On the othe r hand, as fa r as pra ctically a pplica ble approxi-

mations are concerned, the form of the equation ( 8) seems to be r a the r 

convenient. 

'I'he formal solution of ( 8) can be expres sed as 

"<+> -1 (+) 
[ E-QHQ -tQHPG PHQt l tQIIP IIJI. > 

p 
( 10) 

I Ill(~) > 
where Tv i s defined as the solution of the homogeneous equa tion: 

" (+) 
(E-PHP) 1 \jl~ > ~O 

( 11) 

and the Green operator " -1 (E-PHP + i<) is denoted by 

By the help of this formal solution the amplitude of the elastic s c a t

tering can be written as the sum of two terms: 

( 12) 

where the first term :J is the amplitude of the elas tic scattering 

caused by P H P alone. 

We expand the second term of the scattering a mplitude u s ing the 

complete set of wave functions defined by the equation 

( 13) 
(E, -QHQl i A, >=0. 

Then 

(-l -I 
:J ~ :J + r~ < 'Y P II Q t I (-) r > ( A ) r • < 8 I tQII p 1 \jl(+) > . ( 14) 

where the matrix e l ements (A -
1 

) , • can be obtained by ma trix invers i o n 

of the matrix A ro d e fined by 

A,.=< El, 1 F: -QHQ - tQllP c<+>PnQ t 10. > . ( 1 5 ) 

9 



To start w ith a g iven form of the Hamiltonian ll a nd to work 

out in detail s a ll the quantities in the scatter ing amplitude is r a ther hopel ess 

the r efore, we are forced to introduce some heuristic assumptions based 

upon some physical considerations in o rder to get a more practical form 

for the s cattering amplitude. Doing s o, we shall replace the "exact" pro

jected oper ators by model operators. At. the same time we r educe our 

program a nd vve are n ot goin g to analyse the " exact" scattering amplitude 

in its to tal complexity, instead of that we shall a pproxi mate it by a n " ave

t·u.g~" scattering amplitude < :I> • It can be seen from th e definition of 

PH P that in additio n to the so- called potential scattering (H 
p 

the effect of the inelastic channels ( H R ) and that · of some kin~ of in-

termediate stc.lte s ( fl Q l are incorporated into the amplituoe :r 
In most cases the number of open channels and tha t of the in

termedia te s ta tes is r a ther high a nd usually their effect can be trea ted 

p r opecly by a complex optical potential • We will a dopt th i s procedure 

and we define the average scattering amplitude < :J > replacing P f7 P by 

the optical model Hamiltonian 
opt 

II of the target+ proton syst em. In 

,tddition to this we must introduce some as c•umptions for l.he projected ope-

rutors Q ll P a nd t'IIQ they will be identified w ith the h'\l'o- body r e s i-

dual interaction. For the sake of s implicity we shu.ll assume that the res i

ctuu.J Coulomb interaction i s neglig ible , that i s the residual interaction V 

commutes w i th the isospin oper a tors. 

A<;[opting these assumptio ns the average scattering amplitude w ill 

hL!ve the following form: 

<~f> 
0 p t 1:::1 (-) - 1 :J + ~ <lV \ Vt 10 >(A ) <0 

r ~ P r r ~ 

(+) 
I t v I ll' > . 

p 
( 16) 

The q uant ities involve d in this expr ession a r e reinterpreted by the 

following e quations: 

(f. - II 
opt (+) 

> I q' > = o 
p 

( f: - ( II 0 
p t ) * ) I ;j,<+> > 

p 

( 17) 

0 
( l8) 

10 
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?xac t" sca ttering a mplitude 

lfJp roximate i t by a n "ave

;;een fro m tho definit io n o f 

:a! scattering (II 
p 

that ' of some kind of in-
" 

• e a mplituo e j 

.nne l s n nd tha t o f the in-

r e ffect c a n be trea ted 

adop t this proce~ure 

<:I > r ep lacing PH P by 

.r get+ proto n s y s tem. In 

.on s for the projected ope

·d w ith the two- body res i

.ha ll a ssume that the res i

? res idua l inte r action V 

cattering ampl itude w ill 

(+) 
1! > . ( 1 6 ) 

:J. re re i n te r preted by the 

( 17) 

( 1 [1 ) 

(+) opt -I 
GP •(E-H +it ( 19) 

(+) 
A,. •<8, \E-QHQ -tVGP Vt \8. Y . (20) 

In the equation ( 18) ( H opt 1* 

the optical model Hamiltonian, 

stands for the complex conjugate of 

We must emphasize that this kind of decomposition of the scattering 

amplitude into tw:> terms is meaningfull only if the coupling of states having 

different isospin is weak enough, On the other hand this decomposition 

is useful only if the number of the intermediate states characterized by 

the isospin Tis small enough compared to that of other states, It these 

requirements are not fulfilled then we a r e forced to treat all the inter

mediate states on equal footing and ~ have no right to performe s uch 

a separation of. H Q what ~ did in ( 6). A great deal of experimental 

evidences, however, shows that the isospin of bound states is a n a ppro

ximately good quantum number, that is, the intermediate states dominated 

by different isospin values a re weakly coupled, On tQe other hand in the 

interesting energy range the density of states characterized by isospin 

T • T + ~ 
0 

is very low compared to tha t of the "normal" isospi.n 

states ( T = T 
0 

- ~ l Consequently, w e c a n a ccept the expression under 

( 16) as a good a pproxima tion for the avera ge scattering a mplitude a t 

least in a limited energy range • 

It is expected that the cros s section deriv ed from ( 16) will s how 

intermedia te s truc ture, in addition to the broa d single p a rticle re s ona nces , 

we s hall g e t narrow peaks due to some qua JSis tationa ry s ta tes c h a r acte r i zed 

by the isospin T a T
0 

+ ~ 

Our n e xt ta sk is to esta blish a rela tionship betwee n the s tates \l?l, > 

of the ta r g et + proton sys tem and the bound sta tes \ ~r > o f the ta r get+ 

neutron syste m, The wave functio ns of the low l y ing s tates o f the tar get

neutron systen, satis fying the equation: 

TT TT 
H\<l>, >•0, \ <ll, > ( 2 1 ) 

11 



are l a beled by the isospin quantum numbers T and MT( T • MT2T0 +~l. 

By means of the · isospin s tep- down operator we get: 

H ( 
T_I<P!T> 

[y' 2T 0 +l 

) s ( /i; r 

TT 
+ [ H1 Tj T + ) ( T- I <1> r > " ) 

2T +I y2T
0

+1 

o r in the usua l approximation 

TT- I 
Hl<l>, > x(/i; 

TT-l 
+~E 0 ll<l>, >. 

(22) 

( 23) 

w h e r e the Coulomb shift is denoted by ~ E 0 
• !VIanipulating w ith the pro-

• 
3 , 

In this section w • 

the target- neutron systo 

late the energy eigenvc 

lying states, furthe rmor. 

matrix elements involve 

For the sake o f 

the even- even ta r get c 

jectio n r:J:::>e:--t.t tors we get: miltonian i s written as: 

• TT-l 
< 6; , +~Eo -QHQlOI <1>, > = 

TT-l 

~ (QHP)P I <1>, 
TT-l 

>+(QHR lRI-1>, 
(24) 

> . 

On the right hand side the second term is zero by the definition of the 

p r o jection operato r R and the first term is rather small if the neutron 

excess i s l a r ge enough; neg lecting this term w e have: 

(/i;, +~E I 
TT- I 

-QHQ)Q <ll, >=0. (2 5 ) 

Comparing the equations ( 13) a nd ( 25) we see that 

E_ = 6;, + ~E 0 

( 26) 

l8, 
TT - l 

>-N,OI<l> , >, 

w h ere N stands for a normaliza tion constant. 

According to these rela tions the approximate eigenstates of QHQ 
TT-l 

can be constructed from the "idea l" lAS's 11> , > by the help of the 

projection operator 0 

12 

-'-· 

![ 

w h ere JJ 0 a nd 

last odd particle , resp 

by v • The low l y i 

the form: 

I<! 

where ¢
1 i s the eige 

function for the last n e · 

X nj 'I'he amplitude,; 

te d space of the basis 

model wave functions VI 

scattering amplitude. Le 

g iven by 

18 , 

'Ihe "ideal" lAS as wE 

state + proton" compon 

eliminate this componen 

g t"ound s tate + proton" 



we get: 

T 
> 
-~-

) I ( 22) 

(23) 

mipulating w ith the pro-

( 24) 

1 the d efinitio n of the 

~ r small if the n eutro n 

Stve: 

( 25) 

(26) 

eigenstates o f QHO 
I 
> by the hel p of the 

• 
3 , A Simple Model 

In this section we formula te a simple model for the d escription of 

the target- neutron system, a nd in the fra me-work of this model we calcu
TT 

l a t e the energy eigenvalue s fi, , and eigenfunctions I <1>, > for the l ow 

lying states , furthermor e using these wave functions w e cal culate the 

' matrix elements involve d in the scattering amp litude, 

For the sake of simplicity w e re s trict ourselves to such cases when 

the even- e v en targ et c o n tains only closed neul ron s h e lls, T:'le model 1-la

miltonian is written a s: 

11~11 0 +h+ V , 
( 27 ) 

where II 0 and s ta nd for th e 1-lam iltonians of the targ et and the 

l ast odd particle , respectively, a nd the re s idua l i nte r action i s deno ted 

by v , 'I'he l o w l y ing e igenstates of the targ et+ n e utron s ystem take 

the form: 

where ¢
1 

TT 

1<1> , > ~2 c 
IJ IJ )( n J > • ( 28 ) 

i s the e i g e nfunction of H 0 a nd the single particle wave 

function for the last neutron outside of the close d she lls i s denoted by 
r 

XnJ 'Ihe 

ted space of 

amplitudes C 1 J a r e o btained by diagonalization in a res triG-

the basi s func tio ns I ¢ 1 X n J > , Now making use of these 

model wave func tio ns we compute the ma trix e l ements involved in the 

sca tte ring a mplitude . L e t u s consider a t first the wave function I 8 , > 
g ive n by 

18, > ~ N, 
Q T I <I> T T > . 

r 
( 29) 

y2T
0

+ 

The "idea!" IAS as w e pointed out previously has a "ta r g et g r ound 

s tate + pro ton" comp o nent. In order to get the " p r o j ecte d" lAS w e mus t 

e liminate this c ompon e nt. It i s easy to see that in o ur mode l the "ta r ge t 

g t"ound s ta te + p r o to n" c o m pon ent o f th e i d eal lAS h a s the for m 

13 



r 
C ol 

y2T
0

+ I ¢ 0 Xp j >, 
(30) 

where <Po is the g r o und state wave function of the target and X 01 

i s a bound neutron state occupied by a proton, in other w ords it i s a 

n e utron o rbital multiplied by a proton i sospin fa ctor. Substracting this 

componi!nt from "ideal" lAS we get the "projected" one: 

r 

TT-l TT-l Col J..!.. 1 I A > ~ N Q I <I> > aN I I <I> > - 'l'o X l > • 
r r r ' ' y'2T 0 +1 P 

where the normalization factor N 
r 

i s given by 

( C r ~ 
N r- (I- ol) 

-X 
) 

2T +I 
0 

ln order to evaluate the effect of the isospin projection operator 

I El, > we must manipulate with the second term of I A, > 

t I¢ X >- t 
0 pj 

T_T t!¢oXol>-
2To + I 

1¢0 x.J > . 

where the relation 

T + t I </> 0 X p j > - I </> 0 X nj > 

was used. Introducing the notation 

r 

(31) 

( 32) 

( 33) 

( 34) 

on 

TT TT Col 
1\ >=N ,t !<ll > - !¢ 0 X >1. 

r 2To+l nl 
( 3 5 ) 

we ge t 

t I El r > = 
tT_ TT 

1\ > . ( 36) 
y2T0 +1 

<+> 
The wave function l iP 

0 
> involved in the scattering amplitude can be 

expressed in terms of our model wave functions as 

14 

where Tj <+> stand! 
p 

satisfying the ''C oulor 

condition • Now the 

< e, 1 tv I'~'<: 

y 2 T0+ 

where 

and 'I<+> stand! 
n 

By the help of simile 

expression 

where 

and 
(+) 

G 

A .. =(E 

fl. ra a 
2T 

r .. 
is defir 

To see the meaning 

scntatio n of the Gree 

from scattering protc 

constructed from the 



( 30 ) 

n of the target a nd X P l 

n, in other words it is a 

factor. Substracting this 

~cted'' one: 

~ lrf>oXp l >I 
o +I 

rl by 

projection oper ator 

rm o f l<"l , > 

X > , 
n j 

(31) 

( 32) 

(33) 

( 34) 

on 

( 35) 

> . (36) 

ttering amplitude can be 

>ns as 

J 

I '¥<+> > ~ I <Po TJ <+> > 
p p (37) 

where TJ C+l stands for the optical model wave function of the proton 
p 

satisfying the ''Coulomb distorted plane waves +outgoing waves" boundary 

condition , Now the relevant matrix elements can be written as follow s 

( 38) 

< A TT I v I '¥ (+) > . -:===== r n v' 2 T0 + 

where (39) 

stands for a scattering proton state occupied by a neutron. 

By the help of similar manipulations we get for 

expression 

A . re 

where 

(+) 
and G 

A c(E-& -t.E .. ' ) 8 -t. + _;_r 

~ rs • 

r,. 

•• , 1!1 2 , s 

---=-- Re < A ~T I V c<:> V I A ~T > 
2T +I 

0 

__ .;:.2 __ lm < 1'. TT I V G (+) V I A TT > 
2To + 1 ' n s 

i s defined by 

the following 

( 40) 

( 41) 

( 42) 

( 43) 

To see the meaning of G <:> it is enough to look a t the s pectra l r e pre-

srntatio n o f the Green operator. The operator G C+l 
p is constructed 

f G c.~ rom scattering proton states occupied by proton, the operator i s 

constructed from the same scattering proton states occupied by neutron, 

15 



The matrix e l e m e nts invo l v ing the G re e n opera tor G ~+l can b e 

w ritte n in the following ·f o rm: 

TT 

< II r 
(+ ) T T 

VG n V I II . > 

, TT (+) , , T T 
= J d x d x < ,\ r I V I </> 

0 
, x > G ( x , x ) < c/J 0 , x I V I .>\ • > 

( 44) 

The G r een func tio n c <+l ( x • x ' l i s expressed b y the reg ula r u.nd irregul a r 

soJ·~tions o f the S c hro ding e r e qua tio n: 

(+) ') "' q{ 
G (X • X ~ -TT o'"' J j em ( () . ¢ ' a ) ~~ j r m 

j-m 
((}' , ¢ ' , a' )(-1 ) 

j l m 

( r) [ w 
0 

( r ' ) + i v ( r ' ) J 
j l ;f 

r < r 

---,-
r r 

{ 

• j e 

v j e ( r ') [ w j e (r) + i v j e ( r) 1 r > r ' 

The norma lizatio n a nd the assympto tic form of the t"e g ula r v 1 e ( r l 

irre g ula r " j e ( r) solutio ns a r e g iven by 

v (r) ~ y 
j r 

"jr <r l =v 

_k __ su (kr
rr F. 

k 

rrE 
c os ( k r -

w h e r e the pha se Shi fts oj e 

" e +8
1
e+'7fnkr +a e 

rr f 
+ 8 d + '7 rn k r + af ) ' 

a re comple x numbers . It i s ·,, o t'l lt 

( 4 1) 

a nd 

( 4 6 ) 

(4 7 ) 

I tile 

to p o int out that i n our case the l e v e l \\' idtl t r,. in n d <litt " n to th e 

esc ape w id th , due to th e cou p ling of the " p rojec ted lAS f<> tl tc c ontmu • til 

state s , conta i n s th e d u mpin g w idth t o o since our Hamilto niu n 11us d n '""' · 

g in a ry p a rt g ivi n~ ri s e to a cou p ling among th e doon , u y ty p < · ·· jJrUtec k c.l 

lAS' s a nd th e more c ompl i cu te d s ta te s , or r11 o r c h o n e.--oUv '=t•eJ ktnU , the 

irnaginu ry p <.w ! o f the· p o te ntial Jmila tes s u ch u. couplinf! . 
1 

~. I o ._ 1 
Uecau se of th e fa c to r th e l e v e l s h i ft i .- q ui te S ' llilll , 

c o n seque ntly the s p acing o f th e isobi.i r·i c c:tn .dogue r e s o n, ~~ ·. ces Lt r e y,u1 ~ • · 

s im ilur to the s p uci n u u f th e Jo" l y ing s ta tes o f l ite n e i u l ,!,ouru · ~ t ·obiJt· . 

F r ( >Ill e xpe rin ,e nt.: ... d p o int. r> f ._ te\\ til is faL tr' r 15 , ·c·ry i:.J: •) rt 11 <l , bec<..-tu. .:.....:.e tc 

1 6 

~ 

r eco gni ze the a n a log y a 

if the s hifts o f the ind iv 

s urpri s i ngly sma ll w id th' 

can b e found a l so in th 

mula ( 42 ). 

4 . ~ 

E l 

In th i s sectio n we 

a d e tailed c a l c ula tio n fo 
. 1 3£ 

pro t o n scatten n g on 

lei the mode l ouUined in 

the tar g e t i s o f even- ev 

W e s h a ll compa r e our r 

B r e n tan o e t a l. in 1 l e ide 

th e 
142

N d becaus e th e 

Ja b l e for th i s cas e 1 on I 

ti ::: proto n s catte rin g o n 
. 142 , , 
1n the ~ase o f hd. 

Our first tas k i s tc 

l y i n g s ta te s o f the targ e 

It seem s to b e jus 

in the fra mew o r k o f the 

of th e f i r s t exc i te d stale 

e nergy gc:tp i n thi s t·egi c 

( IJ ( E2 ) = 0,47 e 
2 10 - 48 

err 

particl e estima te . 

A s s u ming a " p a it·i 

tons b e i n g in the l ast o 

h ave the fo llow i ng fo r m : 



~rat or G <+> 
n can be 

( 44) 

r egul a r u nd irregul a r 

j- m 
·I ) 

r < r 

r > r ' 

reg ula r v ;E ( rl 

( 4.>) 

a nd 

( 4 6 ) 

(47) 

in ad<li ti .m to the 

:ttnilto niun hi..ts d n rl l t• 1 -

on'. .:.ty ty p • · ·· pr< >~er iL• cJ 

ne ~Uy ,o , ,e ..... km~ , the 

linc2 . 

<e l1 ifl i - q u i te S'llit iJ , 

recognize the a nalogy a mong the vari ous s tates would be r a ther diffic ult 

if the s hifts of the indiv idual levels were too big. The explanation for the 

s urprisingly small widths of the observed i sobaric a n alogue r esonan ces 

can be found also in the factor 
I 

2 T
0 

+ I 
in fror.t o f the level w idth for·-

mula ( 42), 

4 . The Cross Section a nd Pol a r ;zati on o f the 

E l astic P r o ton S cattering on 142 N d 

In this sectio n we summarize the main points and some r e sults of 

a d e tailed calcula tio n fo r the c ross section o.nd the polar izati o n of e lastic 

proton scattering on 
138

Ba, 
140

ce, and 
142

Nd. In the case of such n uc

lei the model o uUined in the previ ous section i s directly applicable beca use 

the tar get i s o f even- even typ e a nd contains only clos ed neutron s hells . 

We s h all compa r e our results with the experimento.l data obtained by v o n 

B r e n tan o e t a l. in Heidelberg 
13

). We discuss in detu il only the case of 

the 
1 42

N d because the most detailed experi mental i PJormatio n was avo.i

l abl e for this cas e 1 on the o ther hand, our result s obta ined for the e l as--

t . t t . 1388 140c . . 1::: pro on sea te nng on a a nd e a r e qua lJta tJvely the same as 

in the ~ase of 
142 

Nd. 

Our fir s t task i s t o work out an app--op ria te description fo r the l ow 

l y ing s ta tes o f the targ et ( 
142

Nd) a nd the ta r get + neutron system ( 143N d) . 

It seems to b e jus tified to treat the l ow ly ing s ta tes o f t he tar get 

in the framework o f the microscopic c ollective mbdel, because the energ y 

of the first excited state ( 1': 
2

+ a 1.57 M eV) i s appreciabl y l ess th a n the 

e ner gy gap in this •·e g io n a nd the obs erved E2 tra n s ition p r ooobi!ity14 

(fl (t.2) ~ 0,47 e i s con s ider abl y h ighe r then the s i n g l e 

p a rticle e s tima te . 

Assu ming a "pait·i ng + qua drupole" type inte r action among the pro-

tons b e ing in the l as t open shall the H amiltonians 

h a ve the fo llovving fo rm: 

1 7 

a nd w ill 



-~ 
n b+ h. 

( 4 8 ) 
jm 

( j jm jm 

II Q :£ ( p + - _1_r; I + + a • • j ' m 
a • • 0 jm 

j jm jm 2 jm j 'm 
i - m j-m jm 

-- K 2 < j 'm 'j 'm' 
j m j m 1 1 2 2 

r
2 

r
2

:£ Y (0 ,J¢ )Y * W, ¢ l Jj
1

m
1
tm >(49) 

l 2 2 J1 l l lJl 2 2 • l 
l l 2 2 

j { m ; j; m; 

+ + 
a a 

i j :l m 2 j 2 m 2 

In 
1 42

N d 10 proto n s a r e dis tributed in the s ing le p a rticle s ta tes 1 ~ 
7
h , 

2 d 
5

;
2 

, 2 d 
3

; 2 , 3 , 1; 2 , and 1 h 
1 

l/2 outs ide of the double 

rnag1c co r e con ta mmg 50 p roto n s a nd 8:2 neutro n s , For the last neutro n of 

143
Nd the s ing l e parti c l e s ta tes 2 1 7; 2 , 21 -'/2 , 3p 3/2 a nd 

.1 p 1/2 a r e av, tiJ <..~ble . In o rde r to ha ve cor-ree l LIS;-;Y" ' I >t o tic form for 

the s ing le p a rti c le \\ave func tio n s both II 1e n e utro n oper ..t to r s (, + 
j m 1 b jm 

ctn d the pro to n upe r<..~ tor·s 
jm 

a r e d e fine d o n a Saxon- \Nood s 
jm 

basi s . The pote ntiu l p u r W 11e te •·s a r e g iven · n the 'l'dbl e I, 

Pro t on 

I·io utr on 

T a ble I, The p u r a m e te r s o f the S a xon- W ood s potentia l , 

v 
MeV 

- 57 

-H 

v so 
MeV 

- 7 

- 7 

ro 
fm 

1. 25 

1. 25 

a 
fm 

0 . 65 

0 . 65 

I I,' ,·i ,l :! no re li<..~b l e inf<WIIl· t li o n about t l1e Joe. tl ion of l1 1e r e l ev •. tn t ,.; inQie 

I ,, ol'Lidl' st. lies 1\E' h ctve lre.l te d the s ing l e l'"rt ic l e <eriCl'f! JC c--. tnd 

p : 

I 
J 

f 
\ 

< " a s a djustable p a r< 
l 

" b e st choic e" o f the Sc 

The effect of the 

taken into a ccount b y t i 

The assumed v a lL-

strength of the p a iring 

qua sipa rticle e nerg ies 

the energ y g ap 2 A a r 

T a ble II. The p a r 

G = 28/A = 0. 197 Me 

j 

l r,7/2 

2d5/2 

lhu; ;: 

2dJ/2 

Jsl/2 

p 

( l 

ti eT 

o.oo 

0.76 

2.1 8 

2 .88 

J . 20 

Th<:> l o n g r , m g e te r m o f 

. o( the• quc.t:-; q..J<r rl icle rd n 

lntr·o c.Juc in _g ill'.· qL-



( 48) 

j-m Jm 

f </> ) Y * <0 • </> ) I i "' i m >(49 ) 
I ~I' 2 2 I I 2 ~ 

}urti cle sta te s I ~ rh , 

tts ide of th e double 

For the Ja sl neutro n o f 

a nd 

s.-'Y" 'I >to tic form for 

o p e r .... to r s ' h jm 

e f i n e d o n i.l S a xon- Woo d s 

u bl e I. 

:::>od s potentia l. 

a 

fm 

1. 25 0 . 65 

1. 25 0. 65 

lt lCJ 

I 

'/ us a djusta ble par ameters instea d of worrying too much a bout the 

"best choice" of the Saxon- Woods potentia l . 

The e ffecl of the pairing correl a tio ns o f the p r o ton system was 

taken into account by the Valatin- B ogolubo v tra n s formation. 

The assumed values of the single p a rticle e nergies ' ~ and the 

strength of the p a iring fo r ce (G) togethe r w ith the cal cul ated values o f the 

q uasipa rticle e n e r g ies ( f: l l , the tra nsfo rmation coe fficients ( " l • v i I , 

the energy g ap 2 1'1 and the Fermi l evel >. are g iven in the T a ble II. 

Table II. The parameters of the q uasiparticle tra n s froma ti o n. 

G = 28/A = 0.197 MeV 2 .:l = 2.21 MeV >. = 0.625 MeV 

p------------------------
j 

1 {!,7/2 

2d5/ 2 

1h11; ~: 

2dJ / 2 

Jsl/ 2 

( j 

!lleV 

o.oo 

0.76 

2 .18 

2 . 88 

J. 20 

f: j 

MeV 

1.27 

1.11 

1. 91 

2 . 51 

2 . 80 

0. 504 0. 864 

0.749 0 . 6r,J 

0 . 95J O. J04 

0. 974 0. 226 

0. 980 0 . 201 

Th8 long r . m g e te rm of the t :tr g e t HamiJto niun , as treate d by the me thod 

. •f the• quu :-s tp<~ rti c l e ri1rki<~ : ll ;J h ':l.sc u ppr oxi rno. tion. 

lntr·oducin g !h e· qua drupn le phonon creation oper.::t tor . ,s the line.:.1 r 
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combination of the quasiproton pair creation and a nnihilatio n operators 

A+ ( i I ' j 2 21' 

+ 
Q mi 

21' 

and ' A ( j 
21' j 2 

X A (j ,j l-Y A (j J){-1)1' 
1

1
1

2 
211 I · 2 1

1
1

2 
2 -11 1'2 

the Hamiltonian is transformed into the form 

+ 
H cF: +wlQ Q , 

0 0 I' 21' 21' 

(50) 

(51) 

where (.<) stands for the enrgy of the one- phonon excitation and the 

g round state energy is denoted by E 0 

Table III. The coefficien 

tio n operators 

j 
I 

1/ 2 1 

J 

5 

7 

J.l 

The coefficients X , y and the excitation energy w J/ 2 I I I 1 I 2 
l 

are determined by the setular equation of the Q R p A • We have chosen 
-3 • 

the value K • 4.8 .10 MeV fm- for the strength of the quadrupole 

force in order to fit the one phonon energy 

first excited state: 

(.<) to the energy of the 

w = E 2 + •1.57 MeV 

The calculated values of the coefficients X 
1 1 I 2 

and 
y I I I 2 

a re 

tabulated in the Table III. 

The eigenfunctions of H 0 denoted by rpi (Nl are l abelled by the 

angular momentum and the number of the qua drupole phonons N 

The basis for the matrix representation and diagonalization of the Ha

miltonian can be constructed by vector coupling the targ~t states rp I ( N l 

to the single neutron states X n 
1 

rniltonian has the following form: 

• In this basis the matrix of the Ha-

J 

<[rp
1
(Nlxn 1 l \ H\[r/> 1 -(N'lxn!' J > = 

(5 2 ) 

= 8 I I' 8 NN' 8 I j' ( N W +(: ) + < [ rp l ( N) X n j J J\ V \ [ rp I ' ( N ')X n j' J J > . 

2 0 

5/2 

-: r~ 

'i. 

J 

5 

7 

11 

l 

:; 

"' -' 

7 

1_ ] 

l 

1 1 



1nnihilatio n operators 

I )(··I) p. 
1 • a (so) 

(51) 

non excitation and the 

the excitation energy w 

PA • We have chosen 

.gth of the qua drupole 

to the e n e rgy of the 

1. .57 MeV • 

and y 
j I j 2 

a re 

l are l abelled by the 

:u a drupole phonons N 

·naliza lio n of the Ha

he targElt states ¢
1 

( N) 

the matrix of the f-la-

(5 2 ) 

Table III. The coefficients of the quasipartic le p a ir creation a nd a nnilli.lu.

tion operators in the quo.drupole phonon creation oper a tor. 

j 
I 

j 
2 j 1 j 2 

1 / 2 1/2 0 0 

3/ 2 - 0 . 0275 - 0.0150 

5/ 2 - 0 . 105 ? - 0 . 0 46 0 

7/ 2 0 0 

J.l / ;: 0 0 

3/ 2 l / 2 0 . 02 75 0 . 0150 

3/ 2 -0.0338 - 0.0177 

5/2 0 .069 0 o.o:1J 

7/2 - 0 . 120 4 - 0 . 0498 

11/2 0 0 

5/ 2 J/2 -0. 105 2 - 0.04 50 

J /2 - 0.0690 -0. 0:>73 

5/ 2 - 0. 5286 - 0 . 091 5 

7/ 2 -0.1049 - 0 .021G 

• . .J./ 2 0 0 

,., /0 
I '- l l / :) 0 0 

J / ?_ - 0 . 1 204 - 0 . 0498 

5/2 0 . 104-q 0 0 0 216 

7 / :.' -0 . J 774- -0 . 0890 

'll/ ' ,., 0 

1/2 

J/ ? ,_· ) :"~ 

5/'?. 0 ,) 

7/0_ 0 I ) 

1 l./ '' - O. E07 _ I·· o 067 (' 
~ 1 



In the actual diagonalization we r estrict our basis a llowing only the zero 

a nd o n e phonon states ( N = 0, I 

L e t u s see now the probl em o f the res idua l interaction v • In 

g eneral V can b e w ritten as the sum of two- body interactions: 

V af V(x , x
1

) + ( rr
1 

)W (x ,x
1 

), 
(53) 

F'or the sake o f simplicity we take into account only the l0west multipole 

compon e nts o f V ( x , x 
1 

) and W ( x , x
1 • Adopting the w ell known 

ideology , we can say tha t the monopo l e component of V ( x , x
1 

) i s 

a lready included into the Saxon- Woods type single particle potentia l o f 

h the1·e foce we approximate V(.x, x 1 by a q uadrupole term assuming 

the same form a nd the same s treng th as in the Hamiltonian 

V(x,x 1 l=-
2 

K r r: ~ y 2 ( ()' </> ) y2"' ( () I ' </> I ) ' p. p. p. 

H o 

(54) 

The mon opole component o f W ( x , x 
1 

) cannot be included comple-

te l y into the s i ngle p a rticle potentia l therefore we keep this term a nd 

neglect a ll the higher multipole components . 

Thus the residua l inte r action in our s chematic model can be expres

sed as the s um o f a quadrupo le a nd a monopole term: 

(2) (O) 
v c v + v 

( 55) 

The r e l e v a nt matrix e lements o f the qua drupo le component c a n be computed 
. d . ..... . 1 5 ,16 ) easily a n a r e g iven "'Y 
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J 

<[¢
1

<Nlxn
1 

1 

<xnl ll r-Y 2 ( 

wher e 

0 ( 0 j ) J 

R = 0 

R 

R 

0 ( 0 j ) J 

101 )J 

0 ( 0 j ') J 

I ( 2 l) J 

I (2 j ')J 

= - ~ 
v5f2. 

( u j v j ) 
I 2 

= (-Il 

l 
j j 

I 2 3 

J + l 

(-I· 

2 2 2 

i 1 i 2 is 

Here the notati 

o f the s ing le particlE 

denoted by 

The monopole 

ments in our r estricl 

into the s ingle partie 

for the zero - and 1 

term i s r a ther irre l e· 

p r oblem, it w ill play 



asis allowing only the zero 

lua.l interaction V 

o- body interactions: 

} . 

• In 

(53) 

1t only the l0west multipole 

A.clopting the well known 

·nent of v ( x , x
1 

} is 

ingle particle potential of 

quadrupole term assuming 

~ Hamiltonian H 
0 

(54) 

cannot be included comple

Ne keep this term a nd 

matic model can be expre&

le term: 

( 55) 

::>mponent can be computed 

> ( 56 ) 

N(l J) J 

<X nj II r y 2 ( e . ¢} 11 X nj > R 
N '(I 'j ' )J 

where 

0 ( 0 J ) J 
R ~ 0 

0 ( 0 J) J 

IOJ )J 2 K 8 J ' J 
R 'L < x II ' 

y <e. ¢}II X > 
p J 2 0 {0 J ,, J y'5(2 J+I} J J p J 2 

I 2 

( u J v J y J 
I j 2 + u J 2 v J I X J J 

I 2 I 

R 
I ( 2 J) J 

I (2 J ') J 

J+J + I 
(-1} 10 K I 

L 
J J 

J +J 
(-1 > I 3 <x 

I 2 3 

2 2 2 
( u 

I 

2 

p J 

Here the notation < II II > 

( 5 7) 

j' 

II r 
2 

y2 ( e . ¢ } II X p J > 
2 

- v v } ( X X + y y ) . 
J I J 2 J J 

I 8 
J J j J J j 
28 13 23 

i s used for the reduced matrix elements 

o f the s ing le particle qua drupole operator and the 6 j 

denoted by 

symbols are 

'I'he monopole component 
V (o) has only diagonal matrix e le-

ments in o ur re s tricted basis. These diagonal elements can be absorbed 

into the single p a rticle energies f 
J 

if the .sam.e value is a.ss~11ed 

.for the zero - and the o ne- phonon states, As we see the monopole 

term is r a ther irrelevant from the point of view of the tar get + neutron 

problem, it will play a n important role, however, in the case of the 

23 



matrix elements betwee n bound a nd continuum s ta tes of the target + pro

ton system. 

W e h ave p e rformed rhe numerical diagonalization of the l-bmiltonia n 

for a few sets of the s ingle partic le energies in order to get the bes t 

agreement between the energy eigenvalues&, , and the experimenta l s pectrum 
143 N d I th . b . d . . of • n IS way we h ave o ta 1ne the e 1genfunctwns for the l ow 

lying s ta tes of the target + neutron system : 

TT 

I rtJ J , 

J' 
> = L c 

IjN ljN 
l [ ¢ ( N l X 

I n j 

.J 

> . (58) 

The res ults o f the diagonalization, tha t i s , the energy eigenvalues 

a n d eig e nvectors tog ether - with the experimental energies 17 ) of the 

l ow lying states of the 
143

Nd are ta bula te d in the Table N . 

Our next task i s to specify the optical model pa1·ameters a nd to 

solve the optical model probl em, tha t is, to calculate the phase shifts, 

the regular a nd ·i rregular solutions as the func tion of the energy E. Fir s t 

of a ll V\e have calculated the aver age of the experimenta l cross section 

and the op tical model parameters were obta ined by fitting t o this smooth 

cross s ecti o n. The form a nd the parameters of the optical model poten

tia l a r e g iven in obviou s n .otation by the following formulas: 

opt . 
V ( r} = V (r} + V f(r} + iW g (r} +V 

ooul o c 

{ 

Z e2 

v - (3 
o oul ( r} = 2 R o -

Z e
2 

r 

r 2 

R2 

f(r}a[1+exp((r-R l/a }j-l 
v 

g ( r) = -4• __ d __ ( [ 1 + e x p ( ( r - R 
w d r 

l / a 

h ( r} = - -d-,-([ 1 + exp((r.:..Rv l/a 

24 

h ( r} (f • u } , 

r < R 
0 

r > R 
0 

} J -I 

}j- 1) (-n-} 

11 c 

( 59) 

I 
I 
I 
I 

I 
c I 0 

~ 
N 

~ I t: 
0 

.~ .., l Q1 

:5 I 
0 

I 
I 

.'!! I 3 
tO 
Q1 ... 
Q1 

0 
i 

Q1 

:a 
~ 



J 

·-
7/ 2 

"' 3/ 2 
()1 l/2 

5/ 2 

5/ 2 

7/ 2 
J/ 2 

~ 

-
~I=, 

E 17) 
exp 

(!.le V) 
--· 

0 

0. 743 
1 . 311 

1. 560 
(1. 916) 
(2 , 016) 
( 2. , 1)1) 

Ec ""1 , 

(MeV) 

0 

0.74 
1. 28 

1 . 53 
1,86 

l . 87 
2,01 

------

riO :y CJ" 
v u ~ .... :i- !!'.. 0 I "' ~ (J) '< 
(J) ::l OJ (J) 

(J) 5' -- Q "' .., -'"" 3' 10 (J) (J) 
0 0 ~-Q 0 '"" ';J p? ::l - .., a '"" "' 3 -s. (J) 

5' OJ (J) (J) 

E (i ' ~- ::l 5' .., CJ" .., ::l v - or (J) CJ - (IQ (J) 
P> 2. (J) 3 (J) iii' rid -C/l (J) '0 (J) C/l 

3 0 (l ::l :y 10 ? '< .., 
P> 0 0 (J) .., f-' (J) 5' C/l 0. C/l rid Ill 

C/l --J ~· ...__.(10 ..-... !! r;;· C/l '< P> (J) 
U1 

C/l C/l ::l 0 ::l 
<0 ·o C/l (J) M :y 0. '"" ~ ..-... 

0 3 (l r::: 
5' U1 10 0 ,.. 

:.9. iii" 0 c (ll 

1 0 5' .., - (J) (J) ........ 
5' ::l C/l C/l ... 

Tabl e N. The res ults of the diagonalization • 

. ,.----------------)-
c,,N 

I = 0 N = 0 I = 2 N = I 

Jp l/2 3
n 3/2 2f5/2 2f7/2 3P1/2 3p3/2 

----- - ·· ~· 

0 0 0 0. 9606 0 -0,1451 
0 0,8131 0 0 -0.155 6 -0,1849 

0. 8745 0 0 0 0 0.3872 
0 0 0.7233 0 -0.1659 0,1323 
0 0 0.5860 0 -0. 1651 0,0831 
0 0 0 0, 2296 0 -0,0392 

0 0 , 4527 0 0 -0. 1734 -0,2 211 

- -· 

(J) :y ~ 

~- fir 2. (J) 0 10 .., c (J) 0. o· C/l " ::l 
(l >< Ill 

::l ... '0 .., 
Q, 5' (J) .., 0 0 

::l 3' '"" 5' C/l 
(J) (IQ 5' (J) 

0 ~ 
(J) (J) ... or .., 

2. 5' if rid 5' C/l ro 3 (J) 
(J) '0 r::: 

... 
(J) CJ" ,.. 

0 (l ro 0 + 
:;: ::; !!!. ::l 

c p;· '0 
3 ::l 

.., 
? 

2f5/2 2f7/2 

-0.0419 -0, 2334 
-0,080 2 -0.5236 
-0, 2922 0 

-0.1623 0.6388 

-0.1725 -0.7699 
-0,0193 0, 9723 
-0,0702 0,8433 



v •- 55 MeV R • 1,25 A t/ a lm a c 0,65 lm 
v 

w a -11 MeV R 
t/a 

c 0,47 lm ( 60) •I,25A lm a 
w 

v •-7,5MeV R 
t/a 

a 1,25 A fm 

Using thls optical potential we have calculated the phase shifts 

8 If ( E l , u l ( E l the regular v 
1 
f ( r , E l and irregular solutions in 

the 9.0 -11.5 MeV energy range. 

Now all the necessary wave functions being at our disposal we cal

culate the elments of the T- matrix which in angular momentum representa

tion can be written as follows: 

opt 

<5"J >- - j"J + 
•(-) 

'I' nJ 
TT TT (+) ( 61 ) 

IVIAJr >(A-I) <A IVI'I' >, ~ < 
2T

0
+ ra Je n J 

opt 

The amplitude 5" J can be expressed by the phase shifts and 

it was computed including all the partial waves up to • 8 • The 

second term of < 5" J > must be computed only for the f c 1 and f. 3 

partial waves because in our mode l the contributio n of other partial 

waves v a nishes. 

In terms of our model wave function the matrix e lements involved in 

the second term of < j"J > a r e expressed as follows: 

TT (+) Js 

< ,\ J 
0 

I VI ljl oJ >aN J 
0 

J ( I -
2 T 

0 
+ I 

) C oJ o 

(0) 
< ¢ (0) X I v I¢ 

0 nJ 0 

(+) 

(0 l 'I nJ > + 

J. 
+I C <[cpn(llx 

1 ~ J I • n 
I J I v ' 2

' I [ <P < o 1 ., <+l l J > . 
0 n J 

where the normalization constant i s g iven by 

N ~ ( I -
Jo 

J • 
( C oJ- o 

2 T0 + I 

26 

- ~ 
) 

( 62) 

( GJ ) 

Instead of assuming asp 

enough to .introduce a r 

< ¢ ( o l 1 v'0 ' 1 ¢ < o l > 
0 0 

as in the case of the 

by a simple qua dratic 

< 9 

Vlhere the s trength K 

expression g iven by 

TT 
< A I vI 

J• 

< )( nJ 

(+) 

"' n ,J 

II r 

> ~ 

II ., <+l 
nJ 

+ ~ 
J • R I (2 J ) J 

2j l O (OJ)J 

The calculation of the 

( 40) i s quite s tra ightfc 

s hifts ~ "' u.nd le" 

expression of the mon· 

Substituting thl! f 

formulu.s we hu.ve com 

riza tion of the e lasti c 

tio n a few times in ore 

s tre n g th K 

The calcula ted c 

measured in l-leidelbe r 

dence of the polariza ti 

It seem s to b e u 

the nuclei 
138

13a and 

the F ig .J w hich demor 

for 
138

lkt a nd 
142

Nd. 



,65 fm 

),47 fm (60) 

ed the phase shifts 

j irregular solutions in 

a t our disposal we cal

Lr momentum representa-

· the phase shifts and 

) to 
max - 8 • The 

r the f a I a nd f. 3 

o n of other partial 

ix elements involved in 

>ws: 

( 6 2 ) 

> . 

( GJ ) 

Ins tead of assu ming a specific expression fo r the m o n opole term v<O> , it i s 

enoug h to introdu ce an a pproxi mat ion for i t s "expecta tion value" 

< ¢ ( 0) I v<OJ I ¢ ( 0) > In o r der t o h ave the same rad ial d e pendenc e 
0 0 

as in the case of the q uadru p o l e component we a pproximate <¢ 0 (OJ I v<o ~ cf>JOl> 

b y a simple qua d r a tic e x p r essi on 

< ¢ ( 0 ) I V (O) I <h ( 0) > ~ K r 
2 

0 0 ( 6 4) 

v..he r e the s tre n g th K i s trea ted as a fr ee p d r amete r. Using the 

e x pre ssio n g iven by ( 56 ) we g et: 

TT (+) Jo 
<II I v I ljJ > ~ N I (I - c oJo K 

J o nJ J. 2T + I 
0 

II II 
(+) ( 6 5 ) 

< X nJ 
r ., > + 

nJ 

J • R I (2 J ) J r 2 y (+ ) 
+ :E c < x II (e . ¢ > II ., > 

2 J I 0 ( 0 J) J nJ 2 nJ 

The c a l c u l a tion of th e ma trix elements A .. d efined by the equa tio n 

( 40) is quite stra ig h tfo r war d and it is e asy to s ee tha t b o til the level 

s h i fts .'l . , a nd l e v e l w idth r • r can be o b ta i n ed as a q u a d ratic 

expres sio n o f th e m o n opol e s tren g th K 

Sub stitu ting the p a r tia l s catte rin g amp litudes < :J > 
J 

into s tand a rd 

fo r mula s w e h a v e c o mpu ted the differentia l c r o ss reactio n a nd the pol o.

r i z a tion o f th e e l a s t i c proto n scatte ring . We h a v e repected the c omputa 

tio n a few times in o rder to sel e ct o ut the bes t value for the monopo l e 

s treng th K 

The calcula ted c r oss sectio n s t o g e ther w ith the experimenta l p o i n ts 

mea sur "'>d in Heidel ber g a r e p l o tte d o n F'i g . l. The e n e r gy a nd a n g l e depen

d e n c e of the polarization i s s hown on the F'ig , 2 , 

It seem s to b e u sel e s s to d escribe in d e ta ils the cal c ula tions fo r 

the nuclei 
1 38

Da a nd 
1 4 0 ee. It is enoug h to r e fe r as a n illus tr a tion to 

the F'ig .J wh ich demo n s tra tes the qua l itative ide ntity o f the cross s ections 

fo r 
138

Bo. a nd 
1 4 2

N d. 
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5 . D i s cussi o n 

In addition tb the calcula tio ns des cribed in the previous s ection we 

hnve mad e a few tests in order to s ee w h a t we c a n lea rn a bout the lAS. 

The firs t p r o blem w h a t we h a ve examined is th e importance of the "target 

g r ound state + p roton" component of the "ideal" lAS. W e ha ve repeated 

the r e l ev a nt p a rt o f the calculatio n u s ing the w a ve !unctions of the 

"ideal" lAS' s ins tead o f the " projec te d " ones . Comp a ring the results 

it turned out tha t the re i s n o a p p recia ble devia tio n. Of course, this is 

n o t s urp ris ing a t a ll, b ecau se the weig ht o f the "ta r get g r o und state + 

proto n" com p one nt in the "ideal" lAS's i s less the 5o/o. It i s expecte d, 

h owever, tha t in the case o f lig hter nuc lei where the neutr on excess is 

s ma ller the situa tio n i s quite different a nd this c omponent i s much mor e 

important. 

The a im o f the second test was to exa mine the coup ling of the 

lAS' s to each o the r via the continuum states. To see the importance of 

s u c h a cou p ling we h ave r e pea ted th e c a lculations neglecting the non-

diagon al e l ements o f the A •, matrix, tha t i s repla cing the inverse 

ma trix (A- 1
) ., by the s imp le diagonal matrix: 

( A -I ) = 8 
e r s r 

A rr 
( 66 ) 

W e have compa r e d the r esults with the previo u s ones a nd o nly ins ig ni

f ic."l.n t d iffe r e n ces wer e found. Thi s s how s tha t the coup ling amon g th e 

lAS ' s compl e te l y negligibl e , they act inde p e ndently a nd the scattering a mpli

tude can b e w r i tte n in th e u s u a l B r e it- Wig n e r form: 

<1 > a 1 opt + 
J J 

--'-- l 
2 T + I 

0 

,. (-) TT T T (+) 

< 1jl n J I V I A J r > < A J r I V I ~In J > ( 67 ) 

F. - <0, + L'lF: o+ L'l , l+ --1-r, 

Vo n B r e n tano e t al.
13

) hav e p e rforme d the p henomenologica l a na l ysi s o f 

the c r oss sectio n s fo r th e pro to n e l a s tic s c a ttering on the i s otopes N =82 

u s ing s u ch a r epresen tatio n for the sca ttering a mplitude. 

W e h a v e s umma rize d th e r esults of this ·analys is tog eth er w ith o ur 

r esults fo r the 
143

N d in the T a ble v. 
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'l'able V. T h e energ i es 

a nalogue res -------------
Eres [MeV] 

exp th 
----- -------- -

9 . 50 

10.2) 

10.80 

l1.05 

9.50 

10 . 27 

10.82 

11.04 

Compa ring the s pi1 

ling proce dure w ith our 

o f the third r esonance. 

Looking fo r the po 

sed the dimens ion of ou 

I [ cf> ( 0 l X l J > and 
0 n J 

functi o n s I [ </> (2) X I" 
0 nJ 

w hich correspond to the 

parameters w ithin r easo1 

It turned o ut that our me 

sequence. 

In fa vou1· of o ur rr 

a n g ula r distributio n s of 

second a nd third re sonc 

third r eson a n ce the dist 

• • /r lB ) 0 the s pm 1s 1 ;o • r 

oversimplified and u mo 

the spin requence sugg 

cross sec tion. In a n y c 

d irect experiment in ord 



the previous s ection we 

can lea rn a bout the lAS, 

importance of the " target 

lAS. We have repeated 

ve !unctions of the 

:::omparing the results 

:>n. Of course, this is 

"ta r get g round state + 

the 5o/o. It i s expecte d, 

• the neutron excess is 

Jmponent is much more 

the coupling of the 

> s ee the importance of 

n s neglecting the non

:>l acing the inverse 

( 66) 

ones a nd o nly ins ig ni

" coupling among the 

y a nd the scattering ampl.i-

11 : 

rT 
1 r I V I > 

( 6 7) 

r, 

n enologicrJ.] a nalysis of 

g on the i sotopes N m82 

Jlitude, 

lys is tog ether with our 

Table V. The energies , the total wid ths and the spms of the i sobaric 

a n alogue resonances. -------
E [hleVJ I ' rea (.KeV] TT 

re s ... 
--------

exp t h exp th exp th 
---------- -----------------
9 . 50 9.50 54 JO 7/2- 7/2-

10.23 10. 27 76 86 J/2- J/2-

10 .80 10. 82 75 92 J/ 2- 1/ 2-

11.05 11.04 59 44 5/2- 5/ 2-

--------
Compal'ing the s pin values of the resonances o b tained by th is fit

ting procedure w ith our results a contr adiction Cc>n be found in the case 

of the third reso nance. Our model gives the spin 1/ 2 ins tead o f 3/ ~ . 

Looking f o r the possi b l e r eason of this contra diction we have increo.-

sed the dimension of o ur basi s system, n amel y in addition to the functions 

I [ ¢ ( o l )( l J > a nd 
0 n J 

I [ ¢ ( I ) X ] J > we have included also the 
2 n j 

functions I [ ¢ 
0 

( 2) X I J 
nJ 

> I [ ¢ ( 2) X I J > a n d I [ ¢ ( 2) X I J > 
2 n j 4 n j 

whi c h correspon d to the tw o- phonon states o f the ta r get. Varying the 

paramete r s w ithin reason able limits. we h ave diagon a lized the Hamiltonian. 

It turned o ut that our mode l i s una ble to p r o duce a 7/ 2 , . 3/ 2 , 3/ 2 spin 

sequence, 

In favour of o ur model ; erhaps it is \i\Orth while to mention tha t the 

angula r distributions of inelas tica lly scatte r e d p rotons meusured u. t the 

second and third r esonan ces a r e quite d ifferent. In the case of the 

third r eson a n ce the distribution i s a lmost i sotropic v~>hich i s expected if 

the spin i s 1/ 2 
18

) . On the o ther hand it i s obvious that our model i s 

oversi mplifie d and a more sophis ticated model would be abl e to expl o. in 

the spin requence suggested by the phenomen-:>Jogical a n a l ysis o f t ,e 

cross section. In any case it woul d be hig hly desirable to perfor m a 

direct experiment in order to get an unambiguou s spin assig nment for 
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the third r eson a n ce . It seems to u s tha t the bes t tool for this purpose 

is th~ p r· , ton p o la riza tio n measurement. A s i t can be s een on the F'ig.2 

the sig n o f the polurizati.on i s opposite for J = f + 1 / 2 a nd J ~ f - 1/ 2 

a nd it i s enough to measure only the relat ive s ign of the polarization at 

the different resonan ces. 

This fJOSs ibility o f the una mbiguous spin assignment was pointed out 
19 ) 

r ecently by Adurns e t a ], 

F'inully we 1·.ant to emphasize tha t the method dis cusse<.! in this pa

per can b e , tpplied fo r more r ealis tic res idua l interactions a nd for more 

sophi s tica ted models w ithout difficuJty. Of course, much more computer 

time is r e quired a nd to perform s uch a n extensive calcula tio n seems 

to be r easonable o nly in s u ch case where we have mor e detailed and 

more r e lia ble informa tion a b o ut the circumstances e.g . about the s ing l e 

purticl e energie s , o bout the char acter of the excitations of the ta r get a nd 

ktt"~\e l + n e utro n sys tem, 

Ack n owl edgettt<'nt, We a r e very mu-:::h indebted to D r,P. von B r e nta

n o for u seful discu ss i o n s and for the experi1nentu! d ata. One o f the a uth ors 

(I .L.) i s g r u te fuJ to Prof.A,K.Kerrnan a nd Prof. t t,Weiden•nuller for v a luD.b!e 

dis cussion s . 

Tile ctu th o r s a r e indebted to the Compute•· Department of t l1e Central 

1-ieseur cil Ins titute fot· Physics for running the p rogra m s on the tCT 1905 
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