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I 
I/ '!'he problem arising through the attempts to construct finite_ unrenor

malizable theory, -as well as through ascertaining the connection among , 

the nonlocal theories- and the unrenormalizable theories have attracted 
{1-13 20! - . 

the attention of _many authors ' • Some years ago one suppo..sed that 

th~ unrenormalizable theories ·vvere nonlocal. _ But recently one discovered 

that there exists some _ region where the field theories with rapidly ir_lcreas

ing spectral functions were local/
12

-
13

/. Also -at the same time construc

tion of th~ finite unrenormalizable field theories v.as attempted a/
1

•
6

•
7

•
9

/ •. 

At present there are yet many uncertainties in these questions. 

Due to the bi_g complication· of these problems it is interesting to 

- consider a simple model in order to explain some general properties of 

the unrenormalizable theories. 
- We investigate here a model of the quantum field theory with the 

. '/14-16/ . 
Lagrangian 

L ( X ) '" ~ (X ) + 1. tnt • - ( x) ' (1.1)--''"' 

where L
0 

(x) is- the Lagrangian _of the free fields and 

L lnt (X) ~ - g I 1/J (X) r l y. V l/J (X) 0 V r/> (X) I - /),. m : 1/J (X) r S "' (X) J 
(1.2) 

Here r 
1 

and r 
8

' are the isotopic spin matrices, Yv are the Dirac 

matrices, t/1 (x) is ·the spinor field operator, and ¢ (x) -- is the sehlar 

field operator. 
The Lagrangian (1.1) has the following remarkable property: when 

6. m -= 0, it is reduced to the diagonal form 
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LLlm'•O (x)•L 0 (t/t'(x), rp(x)) (1,3) 

by means of the unitary transformation 

t/t'(x) .. 1/J(x)exp( igr 1 rp(x) I (1._4) 

The .part of the Lagrangian containing Llm. takes on the form of 
,;. 

the essentially· non-linear interaction in the field 9 ( x l. after the trans-

formation (1,4). Thus, 

L lnt ( x) = Ll m : rf • ( x l.r 3 ex p I - i 2 g r 1 c;b ( x) I 1/J • · ( x ) (i.5)' 

The sign of the not:mal product. is not ascribed to the ope raters ¢ ( x) ~ 

So we get the theory With non-polynomial interaction in. the .field ¢ ( x.l • 

As a result; there apears a rapidly increasing spectral function. 

As the Green functions and the scattering amplit~des in that theory 

have essential singularity, so the principal problem concentrates on ·the 

~onstruotion of the Fourier transforms of these functions and on the de

~nition of the integrals of their pr6ducts in higher orders of the perturba

tion lheory. 

It would be shown that the ultraviolet divergencess are absent in 

the model and the unitarily, locality and causality conditions are fulful-

led. 

2, Scalar Particles Scattering Amplitude 

(Second Order -of the Perturbation. Theory) 
'; . 

To avoid. the appe:arance of ·infinite factors in calculation of the 

physical quantities, we shall suppose that the sign of the ·normal product 

is ·ascribed to all operators in (1,5),, The scalar particles scattering amp

litude is. obtained by the functional integratio~ method/
14

•
15

/ 

4 

! 

I 

I 
.j 

f(p',q 'lp,ql=ll(s)+ IJ(t) + ll(u)" 

where. 

ll(p 2 l=i8g 4 (Llm):l fd 4 xSp·(S 0 (x): 

-. ) 

S
0
(x-x') -i<T(I/J(x)t/i{x '))> ; Ll 0 

(-
. 0 

and 
sa(p+ q)

2 
• t=(p-p 

In ·case of the massless parti 

where 

ll(p 2 ) .. -s(4Kil·m) 2 

F ~p 2
) .. I f d 8 ;! f d x

0 
R 

K .. ( f;;-!2 and the contour n is she' 

(2.5) with the help of. its power serie 

perturbation theory with simple pol· 

series. '!'hat is why we will operat· 

Let us introduce an intermediate 

F(pl ) as a limit of the following expr 

F ( p :a.) .. fim I a F.~ I) ( p 2 ) + 1 
li ... o 0 

a+f3=l and 

The secorxi equation in'(2,7) is the u 

(2,7) we have 

F(p2l•-1 fim I F(l)(p 2 }+F(2)(p 2 l+ia 
2 s .. o [j ll . 
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0
(!/J'(x), cp(x)) (1,3) 

igr
1 

cp(x) 1. (1~4) 

~m· takes on the form of 
,..J. 

in the field 1> ( x ). after the trans-

-i2gr
1

</>(x) lt/J'(x) (1.5) 

ascribed to the ope raters 1> ( x ) • 

interaction in the field 1> ( x.) • 

increasing spectral function. 

the scattering amplitUdes in that th~ry 

principal problem concentrates on the 

of these functions and on the de

of the perturba-

ultraviolet divergencess are absent in 

causality conditions are fulful-

e 

of ·infinite factors in calculation of the 

that .the sign of the normal product 

(1.5). The scalar particles scattering amp

integration methoct/14•15/ 

I 
I 

.. f(p',q 'lp,q)=-Il(s)+ IJ(t) + ll<u> + II<o>- il(p 2 l-Il(q:~)-ll<p 11)-II<q'3>.(2.1r 

where.· 

Il(p 2 )"' i 8g 4 (~m) 2 J d 4 x Sp {5° (x)S 0 (-x) I ex pi I px -(2g) 2 ~0(x) I; {2,2) 

5°(x-x') .. i<T(t/J(x)"ifi{x ~))> ; ~c (x-x'),. i<T (</>(x)</>(x ')) > 
. 0 0 

(2.3) 

and 
sa(p+ q)

2 
t=(p-p') 2 ,u=-(p-q')~. 

In ·case of the massless particles, we have 

Il(p 2 ) ., -8 ( 4 K S m ) 2 F ( p. 2 ) , 
(2.4) 

where 

expl- ...i.!L_I 
F(p2) •I J dS'tJdxo elpx 

x2 

R (X 2 ) 3 
(2.5) 

K .. ( f;;->2 and the contour R is shown in· Fig. 1. Notice that if we define 

(2.5) with the help of its power serres expansion in K we get the usual 

perturbation theory with simple pole· singularities in each term of the 

series. That is why we will operate with {2.5) as a whole, 

Let us introduce an intermediate regularization in (2.5). We will define 

F(p1 ) as a limit of the following expression 

F ( p 2.) .. fim I a F ( I) ( p 2 ) +. {3 F (2) ( p 2 ) I 
5~o 5 8 

(2.6) 

a+f3 .. l and Re ( a - {3 ) a 0 • (2.7) 

The second equation in'(2.7) is the unitarity condition. Taking into account 

( 2. 7) we have 

F ( p2) a - 1 fim I F (1) ( p 2 ) + F (2) ( p 2 ) + i a [ F (I) ( p 2 ) - F (2) ( p 2 ) ] I. 
2 8 .. o 8 8 5 8 (2.8) 
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where is some arbitrary real . constant. 
( ~) 

Is as follows • F 8 (p :1) 

l exp I- 41( 

<:a> .. lpx x 2 :!:. 18 r
8 

(p 2 l•!Jd 8 x Jdx
0

.e .. (2~9) 
R (x 2 ±I 8 ) 3 

Here 
1
8 is smaller than the radii of the semicircies in the contour n • 

Let us ~culate these integrals in an unphysical domain . p 2 < o . _.. 
The result can be easily analytically continued on the 11vhole domain p • 

In the unphysical domain we choose the coordinate system p = I o, p. I . 
In that coordinate system we turn the contour R through the angle -f-. 
so that it completely coincides with the imaginary axis. In the ~btained 

Euclidean space we can easily calculate the integrals over angles. Then 

we get 

exp( 4K 

l 

F
(ll)( 2 ll 
8 pll) .. ---"--

p 

>. - 18 
I H ,f"f 1

1 
< P\IT > + • (2.1o) 

0 (>.-i8)3 
+ 

where p .. n .. ·/f2 and ~ 
1
Cp.{i.l is the Bessel function. Making use 

of the Mellin-Barnes integral representation for ~ 
1 

( p ..[): l 117/ 

~ 
1 

( p ,{f ) .. I -a+ too f d z 
--too sin 

( ).i._ll z -4 _, 

IT Z r( 1 + z) r(2 + z) (O<a<l) (2.11) 

(here r (z) is the gamma-function) arrl taking into account the absolute 

convergence of the integrals, v..>e can rewrite (2.10) in the following form: 

exp( \ b I I -a-too .. ll)z oo l+z t + 
() "2/ (p Jdtt 

F2 (,2),.1-- dz 0 (t-1~)3 
8 p B -a+t"" sin 11 z r ( 1 + z) r ( 2 + z ) + ( 2.12) 

I 
-a-loo <:~> 

.. f d z X P (z) f B ( z) 
_>. __ ) 

( t .. 4 

-+too 

6 

!: 
'I 

1 

( I) 
The function f 8 2 

( z) corr~sponc 

is defined in the region -2 ::;_ Re 

. f ~) . ( z ) = / d I 

The integrand has a cut al 

singularity on the negative imagi1 

Therefore, we can perform rotatic 

minus sign . appears in the expo 

the angle + 11 ) and then . we pu' 

easily calculated : 

(2) t71z 
flm f B ( z) .. _ e 

.. 
fdttz-2 

0 . e 
a .. o 

(ll) 
The function f 

8 
( z) can J 

whole. right half z -plane, with 

where it possesses poles.· In th 

method of taking the limit 
f (2 ) ( z) • 

a .. o 

So we obtain th,!" following 

at 8 .. "" . Defining f c;> ( z l · as 

half z -plane, 11vith the exceptior 

contour in (2.12) so that it passe 

After that we can· put .8 to zc 

(2) 

ra .. o 

.. f 
L 

-a-too 

(p 2 ) ... fim f dzx (z)f 
a .. o -a+too I> 

(2) 
dzx (z)f (z);· 

• p 

Substituting (2.14) in that expres 
(2) 2 

F a .. o ( P ) throughout the whole r 
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X 

constant. 
( ~) .. 

F B (p II) is as follows 

41C 
expl-

x 2 :1: 18 
~ (2~9) 

(x 2 .±t8) 3 

of the semicircles in the contour R. 

in an unphysical domain p2 <O . 

continued on the "I.'Vhole domain p • 

the coordinate system p = I o, p. I . 
R through the angle - T: 

imaginary axis. In the . obtained· 

the integrals over angles. Then 

expl 
4K 

1
1
<p.{Al A+l8 

(A; i8la 
• (2.10) 

the Bessel function. Making use 

for ~I (p .,r>: l/17/. 

<~L~~ ,. 4 -) 

rrz rO+z)rt2+ z) (O<a<ll (2.11) 

taking into account the absolute 

rewrite (2.10) in the following form: 

oo expl t \ 8 I 
.. f d t t l+z + 

0 (i-1~) 3 +zlr(2+zl 

(t .. ~) 
4 

+ l2.12) 

. ~'' 

l 
I 

\i 

( ~) . 
The function I 8 ( z) corr~sponds to the integral over variable and 

is defined in the region - 2 :;_ Re z < 1 

.expl (2.13) (2) · - I + z 
18 (zl=fdtt 

0 (t+i8)
3 

The integrand has a cut along the negative real axis, an essential 

singularity on the negative imaginary axis and tends to zero when It l-+oo. 
Therefore, we can perform rotation of the integration contour. so that the 

minus sign. appears in the exponential of the integrand (turned through 

the angle + rr ) and then we put 8 to zero. The resulting integral is 

easily calculated: 

(2) liT z 
fim I 

8 
( z) .. _ e 

s .. o 

00 

fdttz-
2 

0 

K 11Tz 
~-i-=-e K 

z- I (2) 
rO-zl-1 (zl.(2.14) 

The function I ~> ( z) can be analytically continued throughout the 

whole' right half z -plane, with the exception of the positive real axis, 

where it possesses poles.· In that region also we can apply the above 

method of taking the limit 8 -+ 0 
I (2 ) (z). 

and obtain alwayS the same function 

So we obtain th~ following prescription to find a limit of F<~> ( p 
2 

) 

at 8 .. oo • Defining 1 c;> ( z) as an analytic function on the wh~le right 

half z -plane, with the exception of the positive real ,axis, we deform the 

contour in (2.12) so that it passes around real positive axis (see Fig. 2). 

After that we can put _8 to zero. 

-a-too 
(2) 

F8 .. o ( p 2 ) l' tim f d z X ( z) f ~2 ) ( z) = fim f 
u-+0 -a+loo I> 8-+0 L 

.. f 
(2) 

dzX (z)l (z); 
L I> 

d z X P ( z ) f ~2> ( z ) .. 
(2.15) 

Substituting (2.14) in thaf expression and making analytic continuation of 

F i~o (p
2

) throughout the whole region· P we get 
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c2> 2 rr rC-z>ro.:.z> [ 2 1·z rr 2 20 2 . F (p ) mi. fd z K(p +id = --·G -(K(p +idp,o,-,ll, 16) 
/3aO ' 8K L r(2+z) 4K 03 ~2. 

\vhere c:~ (K(p 2 + idl1 ,0,-1) is the Meijer's G -function/17/. Also the 

. f (1) ( 2 ) • 
express17n or F !3=~ p ts 

'F (l) 2 
...J a .. o (p ) .. 

2 
11 

4K 

20 
G ( K ( p 2 + ide - 1211 I 1 ,0, -1). 

03 
(2.17) 

Substituting (2.17), (2.16), (2.8) into (2.4) and using the representation of 

the Meijer's G-function as power series, we get 

Il(p 2 )=-2(4:7Khm) 2 (p2 +id ~ 
0 

( K ( p 2 .!..!_t2l.: 
n!(n+l)!(n+2)! 

{ l'n[cK(p2+ide- 1(~.18) 

- t/J ( n + 1) -' t/J ( n + 2 ) -:- t/J (xi + 3) I - 2 K ( 4 11ll ..; ) 
2 

where t/J (nl is the Euler function and c is arbitrary dimensionless 

constant connected with a (see (2.8)). 

This result is more simply obtained with the help of analytic continua

tion procedure for the quantity (2.5) over the value K ', where K '=-K > o. 

The function F K,(p 2 ) exists and. is perfectly well behaved: 

F . , <1> 
K 

2 .. - __ 11 __ G 20 

4K' oa 

(2.19) 
(K' (p 2 +id e-ln' p,0,-1). 

To analytically continue to the region K '<O .one notice that 
20 li c:
03 

(K'(p 2 +llle-1 17 jl,0,-1) has a cut along the negative·real axis in the 

K '-plane. So the analytically continued .. quantity is as follows 

fT 2 20 
FK (p 2 l= ---laG 03 (K(p2 +itH1,0,-1) + 

4K 

20 . 
+ f3 G

03 
(K(p 2 +Ide -1211 p,o,-ll-1, 

8 

(2.20) 

where . a + f3 .. o and where, from t 

As a result we arrive again to ( 2. 

The scalar particles scatterir 

f(p',q'lp,q) af{s) 

where 

2 co (Ks)n [£ 
f(s)•-2(4rrKAm) 8 ~ n!(n+lll(n+2)! 

3. Unitarity, Causality 

(Second Order , 

The expression (2.22) satis 
from the urlitarity_ condition s s·+ 

order of the perturbation theory in 

8(()(p'+q'-p-q)~mf(s)c2rr\fru ,ru ,ru ru· 
. p q p q 

where a + (a ) is the productior 
p p 

particle; b: ( b • ) is the productic 

particle; CLIP is the energy of a 

The right-hand side of (3.1) 

volumes' of particles n n +2( k) ( n. 

are spinor) 

2 rr 2 vru ,CLl , (Ll (Ll f ~ < a a I ·s I I 
pq pq 0 pq 

( fl ) 2 8 (4) ' , , ) ;: (K = 4rrK m p +q - p -q 
0 

where 

(IT k 2 .] 

nn +2(k) =.2 (n +I)! 
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• 2 

(p 2 +id]Z= 4T1K G:~ (K(p2+iflll,0,-(~:16) 

s G -function/
17

/. Also the 

( p 2 + Ide - 12" I 1 ,0 , -1). (2.17) 

using the representation of 

>ve get 

~~'I' T •••• { fn[cK(p2+1t)e-1(2.18) 

~) 2 

c is arbitrary dimensionless 

analytic continua- . 

value K ', where K ' .. -K > o. 

well behaved: 

'(p 2 +i-d e-1" jl,0,-1). 
(2.19) 

K '<o one notice that 

along the negative real axis in the 

quantity is as follows . 

0,-1) + (2.20) 

I. 

I 

I 
1 

1 

where _a+. {3 .. o _an::i where, from the unitary condition, Re (a ---{3) -· 0. 

As a. result .ve arrive again to (2.18). 

The . scalar particles scattering amplitude is written as 

f(p',q'lp,q) a((s) + f(t) +Hn), (2.21) 

where 

2 ~ ( K s) n [ n -lrr · ] 
f(s)a-2(4rtK~m) s .w Ln(cKse )-l{!(n+ll-tfr(n+2)-l{!(n+3) '(2 22) 

0 nl(n+l)l(n+2)1 • 

3. Unitarity, 'Causality arid. Locality of· the Theory 

(Secon::i Order of the Perturbation Theory) 

The expression (2.22) satisfies the · unitarity condition. Really, 

from the unitarity_ condition s s·+ .. 1 one easily obtains;·· in the second 

order of the perturbation theory in ~ m ( S .. 'i ( ~ m ) n S ) , 
0 n 

the following: 

8(4)(p'+q~-·p-q)gmf(s)e2" 2jcu ,cu ,cu cu Jf<a a ls 1lnb+b:><b 0 b niS_1+1a~~:V,> . P qpq-O pq •c.. c..P .·pq 

where a+ (a ) 
p p 

particle; b: ( b • ) 
is the production (annihilation) operator of a scalar 

is the production (annihilation) operator· of a spinor 

particle; is the energy of a scalar particle. cu 
p 

The right-hand side of (3.1) contains the sum of invariant phase 

volumes of particles n n +2 ( k) ( n -particles are scalar and two-particles 

are spinor) 

2 :I f ... · I . I + + " I +I . + + 2 rr v cu ,cu , cu cu .w < a a S 1 u b b o ..-< b o b n S1 a ,a , >= (
3 2) 

pq pq o pq rt. c..r pq .• 

(4rtK~m) 2 8(4
) (p '+q '-p-q) I 

0 

where 

(K /ll')n 
_n_l_ n n+2 ( p + q). 

0(k 2 l0(k
0

) 0 n+2(k) -.2 (ll'k
2

)n+l 
(n +1)1(n +2)1 

9. 

(3:3) 



Comparing (3;2) v.ith the imaginary part· oi (2.22) we see that the 

equation· (3.1) is· valid. Thus, we have proved that in the second order 

of perturbation expansion in ~m • the theory is unitary. 

Let us investigate the asymptotic behaviour of the scattering ampli

tude at s .... , in order to show that r ( s ) . obeys also the locality and 

causality conditions of field theory, 
. . . /15/ 
It turns out that, at s -+ .. , it grows as follm.'VS 

.... 
f(s).;b K(~m) 2 t/a] 

0 
( -. 

exp[3(Ks) ()+ · (Ks)t/3 )). (3.4) 
s-+oo 1 3 

( K s ) 

Here b is the dimensionless constant. This behaviour of the scattering 

amplitude satisfies the condition arising from the generalized causality 

and locaiity principle of the theorJ
12

• 
13

/, 

4. Spectral Representation of the Functions 1/1 ( p ) and p ( p) 

In order to investigate the higher orders of perturbation expansion, 

in addition .to the function II ( p 2 ) studied in 2,3, two more functions are 

needed, which we denote by 1/J ( p ) and <{> ( p) • In this section we shall 

obtain for them the necessary integral and spectral representations. The 

function II ( p 2 ) has similar representations, but they are not written 

down here. 

Let us consider, first of all, the spinor Green function · 'I' ( p) 

IJI(p)afd 4 xS 0 (x)expi[p~·-(2g)2 ~0 (x)]. (4,1) 

Using .the method developed in the second section it is easy to obtain 

the following integral representation for the regularized function 11'8 ( p): 

4 -IITz ( 2 + . l ) z- 2 
11' 

8
(p) a-lp _K_ fdz e P 1 r8 (z),(4.2) 

2 L' sinrrzr(z)T(z + 1) 

10 

.. 

I 

~ li 
~ 

1 

where the contour L ' is shown 

range 0:;;. Re z <2 has the repres 

. 1 .. 
f 8 ( z) .. -

2
- f d ,\,\ z [ (l + i a ) 

0 

exp( A 

(,\"+ i' 

and can be analytically continU:ee 

plane, for the. exception of the 

. II' ( p) is a limit of 'I' 
8 

( p) at 8 

sary ·to perform beforehand rotati 

the minus sign appears in the eJ 

In the integral .< 4, 2) . the inte 

that it· will b~ parallel to the imagi 

pertur~tion' orders we use the G 

of ( 4. 2) with the straightened intE 

go over to · the lirri t · 8 ... o we she 

and after that. return again to the 

'l'o eq. (4.1) there may cc 

qr 8 ( p ) n is obtained from 'l' 8 

to the right by unity, single out 

first order pole of the integrand 

the remaining integral we straig 

.. .. 1 
II' 8 < P > -- P I 2 · • +- 1 ...!L f d z 

p +Jl 2 c s: 

Noticing that in the region 

-lrrz 
-·IT ( p 2 + i l) z - 1 e 

sin 11 z 

we can rewrite (4.4) in the form 

11 



the imaginary part of (2.22) we see that the 

have proved that in the second order 

the theory is unitary. 

the asymptotic behaviour of the scattering ampli

to show that f ( s ) obeys also the locality ·and 

field theory. 
. /15/ 

at s .. "" , 1t grows as follo\'\IS 

...,; 
1 

I' A" L- '"'- • • ( 1 + 0 <-------)) 
-'- / (Ks)l/3 

(3.4) 

constant. This behaviour of the scattering 

condition arising from the generalized causality 

th 
112,13/ 

the eory' • 

the higher orders of perturbation expansion, · 

studied in 2,3, two more functions are 

.p ( p ) and cp ( p) • In this section we shall 

integral and spectral representations. The 

similar representations, but they are not written 

first of all, the spinor Green function · 'I' ( p) 

(x) ex p i [ p ~ ·- ( 2 g) 2 !'!. 0 ( x) ] • (4.1) 

second section it ·is easy to obtain 

for the regularized function 'I' 8 ( p ) : 

-' -ltrz ( 2 • ) z- 2 
i p + J d z e P + 1 

£ f 
8 

( z ) , ( 4, 2) 
L' sinrrzr(z)r(z+l) 

10 

i 
J 

' 

where the contour L • is shown. in Fig. 3, p - p v y v and f 8 ( z) in the 

range 0 ~ R e z .<2 has the representation . 

exp ( K 
(8(z)·+-id.uz[(l+ia) exp(~) 

. 0 . 
(A+ i 8 )

3 
+(1-ia) -x-=-i'B 

. 3 ] 
(A- i 8) . 

(4,3)r 

and can be analytically continued throughtout the whole right half z -

plane, for the. exception of the real positive axis. Then . fr;te _function 

. 'P ( pl is a limit of 'P 
8 

( p) at a .. o. In this case, in (4,3) it is neces

sary ·to perform beforehand rotations of the integration contours so that 

the minus sign appears in the exponential of the integrand. 

In the. integral (4,2) the integration contour may be straightened so 

that it will b~ parallel to the imaginary axis (Fig. 4). In investigating higher 

perturb::l.tion. orders we use the Green function representations of the type 

of {4.2) with the straightened integration contour c . Then in order to 

go over to· the lirrit ·a .. o we should firstly integrate over all the momenta 

and after that return again to the contour L ' . 

To eq. (4.1) there may correspond another regularized function 

,P 
8 

( p) n is obtained from 'l' a ( p) if we shift the integration contour 

to the right by unity, single out from· (4.2) a term corresponding to the 

first order pole of the integrand at z "" 1 arid let 8 tend to zero, In 

the remaining integral we straighten the integration contour. Thus 

.. 4 1 -11tz( 2 • 1 z-1 
'I' (p)•-p{ · +i~fdz e _p +J£ . · 

8 p
2 + I£ 2 C sin tr z r ( z + 1) r ( z +. 2) 

(4A) 

fi;(z+1ll( 
; 

Noticing that in the region O<Rez < 1 we have the integral equation 
' j 

-IT(p 2+i£) z-1 -11Tz. afdm 2 

sin " z o· ·• 

we can rewrite {4.4) in the forrri · 

11 

2(z-1) 
m 

m2 -p 2' -if 

(4.5) 

' ~- ' 
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A 1 •+_K_ 
'1'8tp>=-pl p2+1t 21ft 

f<>(z+l) 00 
-·_ ll(s-1) ~-) 

fdz u f dm2 m '14.6 
C f(z+l)f(z+2) 0 m 2 -p 2 -it 

{ . . 

Eq. (4.6) ·may be consi?ered as a spectral representation o( !he function 

lf8<P>·· ... 
Now we consider the scalar function ~ ( p) 

- ~ ( p) • I f d 4 x ex pI [ p x + ( 2 g) 
2 6. 0 (x) ] • (4~7) 

-. 
Similar procedures lead' to the following spectral representation of the re-. 

gularized function c~rresp~mding to •I> ( p l : 

.$8(p)"' 1(217)
4 

8(4)(p) + (417)
2

_K I-/---
~ p +It 

(4.8) 
K f .p 8 ( z + 1 l f.. 2' 2(a -u - I 

- dz dm m , 
2171 c f(z+ 1 )f<z+ 2) 0 ru 2.-P 2 -li 

where .p 
8 

( z ) in the range 0 ~ Re z:< 2 is represented by the integral 

.P <~>-~ f .. dA"-"1 
8 2 0 

( 
. _K ____ ) 

exp - ·..\+ 18 
(4.9) 

- ( K 
exp - -x-::-ra _ 
. (,\- 18) 8 

I. + 
(..\+18)

8
' 

We give also a_nother type of the regularized function ~ 
8 

(p l similar to 

( 4. 2) for 'I' ( p ) 

. -117• 2 •-ll 
~B(pl•1(211') 4 8(4 \p)-l~rr 2 K2fdz e · (p +It) ¢i(z). 

C slnrrzl'(z)I'(z+l) (4._10) 

The most essential difference of the function ~ ( p) from 'I' ( p) and 

n (p 2 ) . consists In that t~e- scci.Iar particle propagator in the exponential 

has opposite sign. Due· .to this fact, it is unnecessary. in the integral (4.9) 

to rotate the contour in passing to th~ limit 8 · .. o as .we have to do in 

12 

-. 

-·. 

" ~ .·~ 

·) 

j 
l 
I 
l' 
l\ 

1 
l 
l 
I 
!' 

l 
\' 

finding similar limits of the functiom 

· gularization itself is here necessary 

centaur in- the z -plane from -L' 

Using the obtained representati 

it is easy to prove the unitarily. of 

ultraviolet divergences in the model 

5. Unitarity and Absence of th• 

~-
(Higher Order~ of the 1 

' .. . . . . ~ 
_a), We consider the- matrix ele: 

With ~c~uin in the third perturbatio 

rity cbndition gives the equation for 
.. -;.~. 

I I ' + . 
He < b P S 8 bP, >=- R 

The left-hand side of eq. (5.1) is e: 

functions ¢1 8 ( p) and q; 
8 

( p l 

Re < b 
p 

. 8(4)( ') 
Is lb+> .. r p-p 

a p' a ·- .. • 
-ya 

v 

where va+ < -p > and v {3- c-p > are tl 
v ' ' p.' ' . ' 

(5.2) as an integral of the product < 

the functions 'I' ( p) · 

(

8(p
0
)al, p 0 ~_o), 

8 ( p 0 ) .. 0, l'o< 0 

and.~ (p) a 

For this 

· representations of the two-point Gre 

section, to divide them into parts cc 

namely 

13' 
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1111 AOO . 2 
tp8 (p)., p f dm 2 p 8(m ) [ I· • +' i2rr8(m 2-pli')O(f)], 

0 m2-p2-i2cpO 

and we do the same for 1:8 (pl. Using the property 

4 • ret 2 • ret 
fd ~<< '1' 8 <~<>> ·P 8 <~<-pl=o 

it is easy to write {5.2) in the form· ( p 0 > o l: 

£imltefd4kWB (k),i)
8

(p-k) ·-2(2rr) 4 Re'l1 (pl~m 'l'(p)-
8 .. o 

4 f d 4 k Re 'l' ( k l ~ m 'I' ( k l :Jm '<1> ( p- k) x 0 (k
0

) 0 ( p 
0

- k 0 ) , 

• where 

, . 4 (4' 
<1> (pl • <l>(p)- i(2rrl 8 '(pl. 

Introducing the intermediate states between s 2 

for the right-hand. side of {5.1) 

and s+ 
l 

(5.4) 

(5.5) 

(5.6) 

we get 

Re r < b l's In>< ll l's +I b+,> .. r 2rr 2 8(4)(p- p 'lva+(p)vf3- (p1x{5.7) 
0 ,.P 2 l P 8 · V Jl 

oo tOil ... n A ~ ./-\m 
X fd 

4
J<'Re 'I' (k) :£ .J..!u..E_l_ {} (k) :£ _b.L!!l.__ {} (p-kl; 

· ' 0 11! n+l 0 ml m 

A 

where nn~/k) and n m(p~k) are the p~se volumes of particles (i~ nn+l(k). 

" -particles are scalar and one is-spinor; in 0 m (p- kl all . particles 

are scalar). , Inserting the expressions for the imaginary parts of the func-

tions 'P ( p) and ·ll ( p-kl into (5.5) and for the phase .volumes into 

14 

(5. 7)/
16

/ it is easy to see 

that in the third perlurbal 

author' expects that the c 

point ·Green functions wou 

order ·in L'.m as well. 

b) ConSider the intE 
' ) . 

and calculate it usi~g the 

and 1> 8 <p-lil {see (4.2) a 

. f d 4" 'l' § ( k) , <1>8 (p- (k) = i 2lr 2 ~ 

X 

r ( z 1 + 1 ) r( z'2 + I ) f< z 
3 
+ 1 ) 

I'he requirement tha 

violet . divergences imposel 

tl Re 

Since the contours . c 1 li 

ment is fulfilled. The ,inte, 

J d 4 k ( k 2 + id zl + z2 -3 

= i rr 2 ( p 2 + i f ) z I+ z2 + z 3 -a 

Inserting (5.10) into {5.8) <: 

arm;tnd the real positive E 

the residues at the poles 

Let us prove that u 

perturbation order in L'. m 



2 p B ( m 2 ) [ 1" ' + i21T8(m 2_ p 2') 0("') J. 
m2-p2-i2tpo 

q; 
8 

(pl. Using the property 

ret ) 2 • ret 
(k) .p 8 

8 
(k-p)=O 

in the form· (p 0 > 0): 

k) •-2(211)4 Re 'i' (pl ~m 'i' (p) -

>5m'.P(p-klx 0(k
0

l0(p
0
-k

0
), 

• 

(p) • 

states between s 2 and s+ 
1 

J. 

.,.# 

(5.4) 

(5.5) 

(5.6) 

we get 

+I b+,> a r 21r 2 8c4'<p- p 'lva+<;>vf3- <p1x(5.7) 
1 P .a v p. 

<-~ 0 <p-kl; 
--- m m! 

A 

the phase volumes of particles (in nn+l ( k) ' 

and one is spinor; in 0 m (p- kl all particles 

expressions for the imaginary parts of the func

kl into (5.5) and. for the phase volumes into 

14. 

(5,7/
16

/ it is easy to see that eq. (5,1) is valid. Thus, we have proved 

that in the. third perturbation .order in ~m the theory is unitary. 'I'he 

author· expects that the obtained· spectral representations for the two

point Green functions would provide the validity of the unitarity in higher 

order in 1\m as well. 

b)~ Consider the integral contained in the right-hand side of (5.2) 

and calculate it usi~g the integral representations of ·the , functions 'i' 8 ( p l 

and •P 8 (p-kl {see {4.2) and (4.10)) 
J 

Id4k'l'; (k) '.P (p-(kl=i27T2 K4 I I I dz dz dz exp[-iiT(zl+z2+z3llfs{zl)f8(z2l~z~ 
. . u 8 1 2 a .,., ----'---"--"---"-2-lL-~..::.IL 

. Cl C
2 

C
3 

sin7TZ jsiniTZ 2 siniTz r<z 1Jr(z Jr<z ) 
a . . (!f.s) a 

X 
I • 2 · 

r<zt+Ilr(z2+llr(za+ll dk(k +irlzt+z2-a [(p-kl2+it ]za-2 

I'he requirement that the integral over k must be free of ultra· w 

violet .divergences imposes the following restrictions on the variables z
1

: 

' 
t! Re ( z + z ·+ z ) < 3 • 

2 3 
(5.9) 

Since the contours . c 1 lie in the range o :5 Re z 
1 

< 1, 

ment is fulfilled. The ,integral over k is: 

this require-

2 z + z -a z -2 
Id 4 k(k +id 1 2 [(p-kl 2 +id 3 .. 

= i" 2 ( P 2 + i £ l z I+ z2 + z a -a r<za-1lr<zt+z2-2lr(3-zl-z2-z8) 

ro-zalr(2-z l-z2lr<zl + z2+ z3 -1) 

(5.10) 

Inserting (5.10) into {5,8) and rotating the contours C 1 so that they pass 

around the real positive axes in the appropriate z 1 7 planes and using . 

the residues at the poies we can explicitly calculate all the integrals./16/ 

Let us prove that ultraviolet divergences are absent in the ·n-th 

perturbation order in 1\ m too. To this end we consider a diagram ~1vith 

15 
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,, 

n vertices, two exterrial spinor lines and an arbitrary number of ex

ternal scalar lines ( Fig. 6). _ All the vertices are connected in pair by 

lines each of which corresponds to one of the Green functions consi

dered by us and having the integral representation like (4.2) or (4.10}. 

We consider the case whenc all the vertices are connected by a conti-

functions qr ( lc 1 > • Then, nuous. spinor line corresponding to the n - 1 

in addition to these functions, (n-l)(n-2) 
2 ----- scalar functions like 

ti> (lc J) will correspond to the diagram. The product of .all these func

tion$' will have the sign of 2 ( n - 1 ) ( n- 2 l fold integral over lc y_ • Then 

the requirement of the absence of ultraviolet divergences is written as 

n (n-1) ,--
2(n-1Hn-2) + n-1-2n(n-1)+2 l: z

1
.<o, 

hence, it follows that n(~- !1 

Assuming all z 
1 

2 3 
Re l: z < --(n-1)• 

I 2 

to be equal, ( z 
1 

.. z > 

Rez < -2L.. 
n 

we· get 

(5.11) 

(5.12) 

(5.13) 

Since the contour c in the integral representations of our Green 

functions may eXa.ctly coincide with the imaginary axis, the condition 

{5.i3) is well satisfied. 

We prove in a similar manner the absence of ultraviolet divergen

ces in higher orders in l:\m in terms somewhat different. To this end, 

following the work by N:N.sogolubov and D.V.ShirkoJ18/, we introduce the 

notion of maximum vertex index and calculate it in the framework of our 

model: 

max 
rul _1_ l: (r +2z > -4 .. -3. 

2 flnt. f f 

16 

(5.14) 

. Here the summation :is made "over 

lines and zero for scalar lines a 

zero. From the _inequality ru 
1
m ax <: 

gences are absent in lower pertt 

pear in higher orders too. 

Thus, it is provect that in th 

ces are absent in any perturbatior 

6. Generalization of the 

Spinor 

In the previous sections the 

found, in terms of which all phy.;; 

pressed. The spectral representat 

ted and the integrals of their prod1 

our model of field theory was unit 

A particular case \'\>as inves 

were assumed to be zero. This ca 

tion since the propagators have a 

the interaction Lagrangian inCludes 

different states it is interesting tc 

spinor non-zero masses. This se 

Let us discuss the spinor Green 

qr (p) -Jd 4 x S" (x)ex 
m m 

where 5° ( x) and l:\0 (x) are th 
m 

fields, respectively. The .. rest mru 

that of a spinor one differs. from 

In order to illustrate our m< 

instead· of eq. ( 6.1), · the function 

D ( p l .. J d4 
x l:\ : ( x) e : 

17 



lines and an arbitrary number of ex

the vertices _ are connected in pair by 

to one of the Green functions consi

integral representation like (4.2) or (4,10}. 

the vertices are connected by a conti-

to the n- 1 
(n-1) (n -2) 

functions W ( k 1 ) • 'I'hen, 
I 

---- scalar functions like 
2 

'I'he product of _all these func-
- ,r 

fold integral over k i. • Then 

ultraviolet divergences is written as 

n (n-1) ,.--
2n(n-1)+2 ~ z

1
_<0, 

< ....L-(n-1)· 
2 

.. z) we- get 

(5.11) 

(5,12) 

{5.13) 

integral representations of our Green 

with the imaginary axis, the corrlition 

_the absence of ultraviolet divergen

terms somewhat different. 'I'o this end, 

and D.V.ShirkoJ18/, we introduce the 

and calculate it in the framework of our 

+2z£ > -4 .. -a. 
(5,14) 

l 

, Here the summation is made -over- internal lines, ~ £ is unity for spinor 

lines and zero for scalar lines -arrl 2 f .. Re z f are assumed to be 

zero, From the _inequality w 
1
m ax < 0 it follows that if uitraviolet diver

gences are absent in lower perturbation- orders then they can not ap

pear in higher orders too, 

Thus, it is proved that in the considered model ultraviolet divergen

ces are absent in any perturbation order in ~ m • 

6. Generalization of the Model to Case of Massive 

Spinor Particles 

In the previous sections the finite two-point Green functions were 

found, in terms of which all physical quantities of field theory are ex.:. -

pressed, The spectral representation for these functions were construc

ted and the integrals of their produCts were determined. It -was shown that 

our model of field theory was unitary and free of ultraviolet divergences, 

A particular case ""as investigated: the rest masses of all particles 

were assumed to be zero. This case is the most convenient for investiga

tion since the propagators have a very simple form, However -as fas as 

the interaction Lagrangian includes the mass difference of nuCleons in two 

different states it is interesting tcr generalize the model to the ca~e of 

spinor non-zero masses, This section f_s just devoted to tHis problem. 

Let us discuss the spinor Green function W m ( p) 

W (p) -Jd 4 x S 0 (x)expi [ px- (2g) 2 L\ 0 (x)], 
m m (6.1) 

where s:< x) and ~0 (x) are the propagators of the- spinor and scalar 

fields, respectively. 'I'he- rest mass of a scalar particle is zero, while 

that of a spinor one differs from zero. 

In order to illustrate our model by simpler example we consider, 

instead of eq. (6.1), -the function D ( p) 

D(p) -Jd4 x~~(x)expf[px-(2g) 2 ~ 0 (x)], 
t6.2) 

17 



where tJ. ':., ( _x l .Is a ~calar propagator with non-zero rest mass, The cal- • 

culation for eq. (6.2) is easily exterrled to the integral (6.1). 

We consider eq. (6,2) in a physical domain p 2 >O. This integral· re

duces to an integral in the momentum space of the product· of two func

tions tJ. m (p-Ic) arrl 1> 8 ( lc) 

,..,!. n Cpl .. -( 2; ) 4 . f d 4 lc <I> 8 ( lc) 
(p-Ic ) 2 --2 -m +it 

(6.3) '• 

where 

a+too 
... 4 (4) 2 
<l> 8 (Jc) a i(211) 8 (lc)+ IB(rrK) f d z 

a-too 

e-t:rz(lc2 +itl z-2 

sinrrzrCzlrCz +ll 
r 8 c.>. (6.4) 

K = ( 2! ) ~ - 0 ~ a < l , r ( Z) is the gamma function, f 8( Z) is the regu

larized function (see (4,3) ). Inserting eq. (6.4) into .eq. (6,3) we obtain 

D(p)a 2 2 -lf 
m - p 

2 a-too -t!Tz ( ) 
+ __ K_ f dz e f 8 Z d(z,p)(6,5) 

2 rr 
2 

a+too sin 7T z r ( z i r { z + 1 ) . 

where 

d(z,p) afd41c(lc2+idz-2 [(p-Jc)2 -m2+id -1 
(6.6) 

In the region o < p 2 < m 2 d ( z , p) is as follows : 

d { z, p) .. _ 1 11 a m 2Cz-l) 
tiTz !. (L_)n rczlr!z-1). (6 .7) 

0 m2 . 
n !(n+Illr<z-nlr(z-n-ll 

e ------
slnll' z 

arrl in the region p 2 > m2 

18 

.; 

d(z, pl_•-lrrll p2C•-I>:£1rr e lrr·. 
· 0 sin,.,. 

+0-~)h+n-l 
pll 

r (n + z 

nl 

Substitute it into eq. (6.5) and r 

passes ar:.:..tnd the real positive 

that in the .. ~xponential there a1 

limit 8-+ o and th~n c~c· •!at~ 

the poles. J'he result has the fa 

In the r.::gion 0 < p 2 <m 2
, 

( )2 .. 2 II. k 
D(p)a~-.;- ~!. 

2 ° (lc+2l! 0 

( . 

n !(n t-lll( 

+ ~· ':Jc-n+2) +'!' 'ik-n+l l-[fn(Km 2 

. l ' oo ( ~k oa 2. • 
+ -:-:r!. ~!. (...1!._ )n Cn-lc)L(n-1 

m o 1c! k. m2 -
n !(n + 1) 

Here we put a "' 0 (in ( 4.3)) for 

For p 2 >O we give only 5rn 

j m D ( p) .. rr (8 ( p 2 - m 2 ) + K h + K2 p 2 h 

(b .. I 

From the unitarity condition it fall 

jm D(p) = _!!..,... ~ 
2 0 

where· {l .C p) is the phase vol1 
n+i 

non-zero rest mass and n • 

1~ 



with non-zero rest mass. The cal

•--•~rvled to the integral (6.1). 

physical domain P 2 >0 · This integral· re-· 

space of the product of two func-

<PB (kl (6.3) . 
4k -

( p- k- ) ~ - m 
2 + i ( 

e-IIT~(k2 +ill z-2 
r 8 < z l. (6.4) 

sinrrzr<z>r<z +ll 

the gamma function, r 8 ( z l is the regu

eq. (6.4) into eq. (6.3) we obtain 

e -IITz r B ( z) d (z,pl(6.5) 

slnrrz r<zir<z+l) 

[(p-lc)2 -m2 + iE] -1 
(6.6) 

is as follows : 

k (~)n r<z>r<z-1) <6
•
7

) 
o m2 ·· 

n! (n+ Ill r<z- n Jr(z-n-ll 

~ 

00 ur.- ll n+l 
d(z l•-IITllpll(a-I)::Eirr e (---;;;--) 

. •P o sin,.,. P 

+ (1- ~)lla+n-1 
pll 

r<n+zlr(n+ z-ll 

nlr<n+2d 

... 
r < z > r < z -1 > + (6.a) 

nl(n-:-111 r<z-nlr<~-n-1) 

I. 

Substitute it into eq. · (6.5) and rotate the integration contour so that it 

passes ar::..:.md the real positive axis. K.otating the contours in r 8 ( z l so 

that in the :~xponential there apears the sign minus we may go to the 

limit 8 ... o arxi th~n .:.~c·•lab eq. (6.5) as the sum of the residues at 

the poles. J'he result has the · forn! of a well ·convergent double series. 

I th . . • 2 I 2 b ·t n e • .::g1on o •. p < m · , D ( ,.> may e wn ten as 

( 
.p2 n 
-) 

( )2""( 2 .. k 
D(p)a~~ ~ ::E 

2 ° (k+2)1 ° 
m2 l~r 2 +'l''(k+3l+ 

(6.9) 
n! (n t-ll! (k-n)! U-n + 1) I 

+ '1" ':k-n+2) +'!' '(k-n+1 l-[fn(Km 2 l-'l'(k+3l- 'l'(k-n + 2)- 'l'\ k-n + 1 l]2 I+ 

1 · 00 ( ,k 00 2 n + -:-r ::E ~ ::E (_!!_) (n-kll(n-k+ll 1 
m 0 kl k mll 

-IC i ~c:__[fn(Km2>-'l'<;.+n-2'l'(l)]. 
0 nl[(n+ll!]ll · n!(n+1l! 

Here we put a .. 0 (in ( 4.3)) for simplicity. 

For p 2 > 0 we give only ~m o ( p) • (Here n ( p) is complex) •. 

d 00 
( 2 n oo 

.J m D ( p) a IT I B ( p 2 - m 2) + IC j, + IC2 p 2 h 3 ::£ IC P l · ::E h k (k- n l! ( k -n + 11 ! 
0 nl(n+1)!(n+2)! 2n (k+ 3)! (k- 2nl! 

2 
(h- 1- 2!....-)-· 

"jill (6.10) 

From the unitarity condition it follows that the imaginary part ml.tst · be 

~m D(p) a-"-
2 

oo (K/IT):{l +l(p) ~ ---- n 0 n! 
(6.11) 

where {! .I p l is the phase volume ci n + 1 particles. One particle has 
n+f 

non-zero rest mass arxi n -partkles have zero rest masses.· Such 
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phase vo~umes are calculated in ref. 19. Substituting their values into 

(6.11) we make sure of the validity c;;f eq. (6.10). Thus, the function ob-. 

tained by us obeys the unitarily condition. 

The functions D ( pl obeys also the locality and causality conditions 
. . 112 13/ 

of the fteld theory' ' • 

ln conclusion we note that the integral (6.2) may be calculated not 

going to the momentum representation but simply using the following integral 

representation for the propagator ~ e ( x l: • m 

2 a-too 
6.e (x) .. __ m __ f dz 

m 2 3 rr a+loo 

[ m 2 
( x 2 _ 1 f ) e lrr ]>: -2 

4 

sin 2 rr z [' ( z) [' ( z- 1 ) 

7. Conclusion 

(o:;_a<l ), 
(6.12) 

Thus,· on the basis of the model with unrenormalizable interaction, 

we have constructed the/ local unitary quantu'11 field theory free of the 

ultraviolet divergences. The scattering amplitudes and the Green functi

ons in this theory are nonanalytical in the coupling constant g. This fact 

forbids utilization of the ordinary perturbation theory with expansion in this 

constant. The investigation of the asymptotic behaviour of the scattering 

amplitude at higher energy shows that one has an essential singularity at 

infinity. But the model belongs to the class of the local and causal the

ories defined in the axiomatic method/12•13/. 

From the spectral Green function repre;:;entations it. follows the uni

tary and the causality of our model, The Green function representations in 

the · Mellin-Barnes integral forms permit t_o generalize the notion of the maxi

mum vertex index so that our model can be described by a '11ethod close to 

the renormalizable theory, and the ultraviolet divergence absence in any 
perturbation order in · 6. m can be proved. 

The di'11ensionless parameter C in (2.18) and (2,22) is a consequence 

of the fact the scattering amplitude is not defined at the origin of the light 

cone x .. 0. 
I 

20 
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"-

Similar situations pften ta 

ordered operator functions (see 

arbitrary parameter, whereas th~ 

theories give iruinite number of 

The .method. demonstrated r 
can be· applied to some) real un 

. the · Bethe-SalPeter amplitude · n ( 

scattering A + A .. A + A (A 

der approximation, the equation ' 

j .(x) .. : ii• (x) y 'I' (x)a , 
A · .A 3 A 

m am 
·.A 

. on (x) .. -
(x2 

This equation has the folloWing : 

n Cxl .. a e xp 1 __ fi_ 
x2 -

This function is easily described 
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in. ref. 19. Substituting their values into 

eq. (6.10). Thus, the function ob,.... 

corx:lition. 

also the locality arx:l causality corrlitions 

the. integral (6.2) may be calculated not 

but simply using the following integral 

(xl: .... 

2 IT (x2 -iE) eiiT )11-2 

(O~a<l ). 
(6.12) 

sin 2 rrzr(zlr(z-l) 

7. Conclusion 

unrenormalizable interaction, 

local unitary quantu'll field theory free of the 

functi

cal in . the coupling constant g. This fact 

perturbation theory with expansion in this 

the asymptotic behaviour of the scattering 

an essential singularity at 

to the class of the local and causal the-

thod/12, 13/ me . 

function representations it. follows the uni

model. The Green function representations in 

generalize the notion of the maxi

model can be described by a 'Tlethod close to 

anct the ultraviolet divergence absence in any 

C in (2.18) and (2.22) is a consequence 

is not . defined at the origin cif the light 

j 

20 
t 
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Similar sltuation.S often take place1 when we work with the time:-. 

ordered operator functions (see e.g./7/). But o~r method gives only one 

arbitrary parameter, whereas the usual 'llethods in the unrenormallzable 

theories give iruinite number of them. 

The method demonstrated here on the basis !=If field theoretic model 

can be applied to some real unrenormalizable ·interactions. For instance, 

. the "Bethe-Sals)eter amplitude · n .(x-yl = < o I T 'I' A ( xl iP A(yl I A A > fo.r the 

scattering A + A .. A + A- (A is the spinor particle) obeys, in the lad-

der approximation, · the equation ( L tnt ( x l .. ·g J A ( x l i 
8 

( x l , 

j (x),;.,q; (.:)y 'I' (x.ls,·m =m =0, pmp +p =0) 
A· A e A A B ·I 2 

. 0R (xl = ---~- R (x). 
(x 2 -itl 3 

This equation has the following solution 

I ,;g I I vs • I R (x) • a e xp ------- + b exp - ------ • 
X 2 - if X 2 -if 

This function is easily described by our method. 
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