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The so- called sum rules have recently attracted a great attention 

of many physicist. 

Historically, they were· w:-itten long before the current algebra had 

appeared I ll but at that time they were not considered so important. It 

was the current algebra I 21 that gave a strong push to this approach and 

originated a lot of different sum rules. But current algebra is not the on-
. . ·~ 

ly source of these sum rules. IVIany of them can be obtained on the ba- · 

sis of the dispersion relation ( d.r.) superconvergency assumption. Let us 

try to make the comparison between these hyo sources of sum rUles. The 

first one is based upon the vanishing of two current commutators under 

space-like sep~ration of their arguments and upon the definite fonn of 

singularity when their arguments coincide. Besides that an additional 

a.ssumption. is necessary about the validity of unsubtracted d.r. for the 

Fourier transforms of the retarded commutator of ·these . currents. The se

cond method Is characterized by more severe condition on the asympto

tic behaviour of the scattering amplitudes of the type 

E £(E) ... 
{ oc when E ..... 

which lead to the relation 
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But, in,spite of its generality , the second approach has two main de

fects. 'rhe first is the lack of common and reliable criteria, which of the 

asymptotical behaviour may be imposed on· different invariant ampUfudes 

of th~ process in question. ( ln the frame of the first method all of them 

are considered as vanishing). The other defect· is that the second method 

says nothing to us about the character of the constant c. Some additional 

assumptions are necessary here, while the current algebra connects it 

with the form factors. Of course, aJl these advantages are the consequences 

of more wider information underlying current algebra. ln
1 

l:he present work 

we try to overcC:nne, to some extent, the above- mentioned defects of the 

dispersion relation approach using validity of a double spectral representa

tion for any ·of the invariant amplitudes of a ·process with a virtual photon 

( or with a· lepton pair described by . the conserved vector . current),. gauge 

invariar:tce and some assumption about the "character of potential". the 

sence of which' will be clear what it follows/
6
/. We are ·going to· out-

line here only the main idea of the method by the example of photopro

duction of a hypothetical scalar m:=son and a W- boson ( lepton pair ) 

on a sca:lar meson. We hope to consider more realistic cases elsewhere, 

· 2. Let us consider the process shown in Fig.1. 

pj c 

P,a 
~8 

into 
Fig.1 

The amplitude T I' of the process has the • following decomposition 

the invariant functions of the. variable s = .( p 1 + k l 
2 

u ·= ( p 2+ k l 
2 

2 • 

t = (p
3 

+ k l 

and 

Tl' =P/LA 1 + ki'A 2 +~1'A 3 
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where PI' .. ( p 1 - p 2 l I' and ~ 
1 

shall omit the isotopic indices " 

suppose the validity of the doul 

on A 1 

1 . 
A 1 (s,t ,u l .. -- ff dada'( 

"2 ) 

1 (I) 
+ -.- fda ( r I (a) + -

1T a-s 

It is convenient for us to make 

the discontinuity in one variablE 

rewritten in the form of usual d 

(I) 
a 1 (a ,t) 

A (s,tu),._L_fda 
I 1T a-s 

Usually, this d,r. is vvritten in 

1 "' A 1 (v,t) =-- f 
1T 

So, instead of the usual nonst 

constant contribution. Notice, th 

boundaries of spectral regions 

a correct physical thresholds ir 

Gauge invariance, which : 

implies on T . 
I' 

the requirem• 

kT •vA 1 (v,t)+k 
I' I' 

Besides that, cf> 1 having only 

must satisfy the relation 

va 1 (v.,tl + k 2 a 2 (v, 
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has the following decomposition into 
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s=(p
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I 
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' 
j 

' i. 

I 

\ 

[ 

' I 

where Pp.a(p
1
-p

2
lp. and l1p.a(p

1
+p

2
) ·(Hereandfurther·we. 

p. . . 
shall omit the isotopic indices when they are not necessary). Then we 

suppose the validity of the double spectral representation for the functi

on A 1 

. 1 p (:2) (u u,) 
A 

1 
(s,t ,u) • --ff dudu'( + 

l: 8lu ,u 'l 

\u-s) (u-t) 

p<;8lu,u'l 
+ . )+ 

IT2 (u- s )( u '- u l (u- u )(u' -t) 

+ 
(8) (u) 

r 1 l . 

(I) 
(2) ( ) 

r 1 u + r<!> (u) 
+ _1_ fdu ( 

11 .. u- s u- u u- t 

It is convenient for us to make such a picking out of the parts having 

the discontinuity in one variable only because· the expre~sion (I) being 

rewritten in the form of usual d.r. with a fixed t looks as 

(I) ~ (II) 

A (s,tu),._l_Jdu 
a 1 (u ,t) 

+ _l_fdu 
a (u ,t) 

+ _l_f 
I IT u-s IT u-n 

Usually, this d,r, is w-itten in terms of v .. k P .. 5 
-

0 

2 

1 00 

A
1 

(v,t) .. -- f 
IT 

a
1

(v',t) 

v ,_ v d v ,. + cp I ( t) 

IT 

(8) 
r 1 (u) 

du 
u-- t 

( 2) 

So, instead of the usual nonsubtracted d,r, we obtain d,r, with a 

constant contribution. Notice, that in the spectral representation ( 2) the 

boundaries of spectral regions are nonessential for us if only they give 

a correct physical thresholds in d,r, ( 2) 

Gauge invariance, which is the result of current conservation, 

implies on Tp. the requirement: 

2 
k p.T fL av A 

1 
(v,t) + k A 2 (v,t) + (k l1 )A· 

8
(v,t) a 0. 

(3) 

\ 
Besides that, </> 1 having only t -discontinuity the imaginary p~rts a 1 

must satisfy the relation 

v a 1 ( v ·, t ) + k 
2 

a 2 ( v ,t) + ( k l1 ) a 8 ( V , t) a 0 • ( 4) 
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The substitution { 2) into { 3) and the use of the relation ( 4) gives us 

immediately the sum .rule 

where 

co , 
_1_ f dv. 8 1 

"-
(v',t)=-k </> (t), 

- Jl Jl 

</> a P </> { l) + ~ </> ( t ) + k </> ( l) 
Jl pl p3 p2 

( 5) 

...-1 Now we give some comments about the convergency of integral in 

( 5). The validity of_ the double spectral representation { 1) results in the 
a

1
(v',t) 

convergency of f , .. d v ' • This means that each of "'t 

goes to zero when v ... co faster than 1 I fn v • But ga.Uge inva-

riance condition for the imaginary parts { 4) shows that- a 1 is to 

decrease, in fact, faster than 1 I fn v. • So, the integral in the l.h.s. of ( 5) is 

meaningful. 

Let us go now to _the interpretation ·of <f> Jl and comparison of { 5) 

with the sum rule from commutator 

[ja (x),j 0 (y)]8(x
0

-y )oai(Fa) jd(x)8C4) (x-y), 
- o 0 _ ad 

( 6) 

where ( F a ) 0 d are the isotopic group generators in the representation 

to which belongs our/scalar particle~.and their sources j d (x) • To-

.. pologicaily </>p is a weakly connected diagrams of the type 'of Fig.2, 

that is 

Fig.2 

diagrams which cor.sist of two threepoint blocks of different tensor 'nature 

depending on the character of the vertex which_ connects them. But the 

'compariscn with the sum rule following from { 6) shows that this vertex 

is to be a scalar one, so that 
k </> (t) -.. (t-m 2 Jf~ (t)G(t), 

Jl Jl 

6 

(7) 
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r and G where are 

tices with one vector and 1 

pondingly. In order that r.h 

product must have a pole , 

is to be the sum of di&gra: 

'\ 

.. 
/ 

after the renonrialization · tc 

k </> =k r 
Jl Jl /l /l 

where ~R (t) is the prop< 

Ward-Takahashi identity 

k r <k. P 
Jl Jl 

Thus, we obtain in this cc 

k 2 </ 0 there is no full c 

-1-fdv'a (v', 
11 -oo l 

This means that when k 2 

-transform of the retarded 

coincides with ·the one- of 

momentum p 
3 

took part 

the neglect of higher orde 

one pole_ diagram of the ~ 

vector vertex. As a resuli 

rule even for the cas-e k
2 

. 3. Now let us ·go o 

photoproduction on a seal 



( 3) and the use of the relation ( 4) gives us 

( 5) 
a 

1 
( v '., t ) :ok cf> ( t), 

. p. p. 

( t) +!!. cf> ( t ) + k cf> ( t) 
1 p.S p.2 

comments about the convergency of integral in 
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• dv' • This means that each of "'t 
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imagina.ty parts ( 4) shows that a 1 is to 

1 I l:'n v. • So, the integral in the l.h.s. of ( 5) is 

cf> p. · and comparison of ( 5) 

( 6) 

representation 

particles,and their sources j d (x) • To-

connected diagrams of the type ·of Fig.2, 

Fig.2 

threepoint blocks of different tensor nature 

the vertex which. connects them. But the 

·following from 

that 

c (t-m 2 Ji'~ (t)G(t), 

6 

( 6) shows that this vertex 

(7) 
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!1 
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.i\ 
'I' 

·) 
·I 

I 
I; 

I 
\' 

! 
t\ 
t' 
'j 

,j; 

,~'.: 

.. 
where r and G are the invariant functions of. the threepoiht ver-· 

• 
tices with one vector and two scalar . tails and three scalar tails corres-. 

pondingly. In order that r.h.s. of ( 7 ) should not vanish· at t = m
2 the 

product must have a pole at this point. This means topologically that cf> . p. 

is to be. the sum of diagrams e>f Fig.3, which leads 

.. 

after the renorniaUzation to the expression of the form 

k cf> =k r (k,p
3

)f!. (t)G(t), 
p.p. p.p.· R 

where !!. R ( t) is the propagator of the scalar meson. But due to the 

Ward-.Takahashi identity for k 
2= o 

k r (J.:, p 3 ) f!. R (t) = e. 
p. p. 

Thus, we obtain in this case e:Xactly the current algebra sum rule. If 

J.:ll,f 0 there is no full compensation and we have the expression 

-1-fdv'a (v',t) 
fT - 00 l 

.. (e +k 2 y(t))G(t). (a) 

This means that when k 2 '!" 0 the unsubtracted d.r. for the Fourier-

-transform of the retarded co'mmutator is not valid. This conclusion 

coincides with the- one of the work 151. By the way, if the particle with 

momentum P 
3 

took part only in weak or electromagnetic 'interactions,, 

the neglect of higher orders in those small constants would give us only 

one pole. diagram of the type of Fig.3 with a bare propagator and a bare 

vector vertex. As a result we would obtain the current algebra sum 

rule even for 'the case 1:
2 

,f. o 
. 3. Now let us go over to the process of ·the type of the W- boson 

photoproduction on a scalar meson, which has two vector tails. This 

7. 
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aJJ!plitude is decomposed as follows: 

T = p· P A+ P k B 
1 

+ P /'1 B 2 + P k B +p /'1 B + 
llP IL P IL P 1L P P 1L 

8 
P ll 

4 

+ k k c
1 

+ k 1'1 c + k ~- c ll p ll. p 2 p ll a 
t-1'1 1'1 c +l'l c 

ll P 4 · llP 

As in the previous section we shall ·assumed for each of the invariant 

functions a double spectral representation of the form ( 1) which gives us 

after reformulation the usual d.r. of the type 

1 00 

T =-f pp If -oo 

t (v',tl 
UP dv' +</> (t} 

v'- v llP 

Gaug~ invariance with respect to the _photon· tails, results 

f 
1T -oo 

dv' 

1 00 

-;;-fdv' 
-oo 

_1_· j dv' 
1T -oo 

va 
1 

(v' ,tl + (k 1'11 b 4 (v' ,t l +k 
2

b3(v',tl =-f (tl 
l 

v, -11 

vb
1
(v',tl+(k!'1lC

8
(v'tl+k

2
C 1(v'tl+C 5(v',tl l: ( 

----~--------~--.~~--------~------~----=-~2 tl 
v -v 

v h 
2 
< v '. tl + < k 1'1 1 c 4 < v ' , t 1 +. k 

2 
c2 < v ' , t 1 .. -fa (t l ' 

v'-·v 

~ere the functions f 1 
are determined by the equality 

k IL </> llP .,f cP p + f 2 k p +f s 1'1 p 

( 9) 

. ( 10) 

Now because of the fact that the r.h.s. of ( 9) is independent of v the 

following equalities for the imaginary partS are valid 

v a ( v , t) · + k 2 b 
8 

( v , t) + ( k 1'1 ) b 4 ( v , I l. = 0 
2 . . . . . 

V b l ( V , I) +' k C l ( V , I .J + ( k f'1 ) C 3 ( V , I) + C 5 ( V , t ) • 0 _ 
( 11) 

• 2 . . . 
vb

2
(v,tl+k Cll(v,ll+(k!'1lC 4 (v,ll=0. 

8 

that gives us, together wifr 

1 j dv' 
1T -oo 

.-!-jdl 
1T 

-~ 1 dl 
rt ....,. 

'l'o reproduce the 

again' to ~e topological· 

as in the previous sectio 

the contributions of. the v 

but in this case the part 

lowing the same way we 

. pole .!YIJe· .In the .. lowesl 

(the only interactions ~wl 

the diagram of Fig.4. 

which goes for </> f1l' 

<P 
llP 

'l'tie contraction with 

f
1

(1l=F 

that together with ( 1: 

Schwinger terms. 

'Ihus, we cone 

algebra are the con: 

resEmtation and assJJ 
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~ 1'1 1'1 c +8 c p. p 4 p.p 

shall-assumed for each of the invariant 

esentation· of the form ( 1) which gives .... /1s 

type 

I dv'+cf> (t) 

"'-" p.p 

,photon tails, results 

b 4 (v',t) +k 
2

ba(v',t) =-~ 
1
(t) • • 

<" , t > + k 2 c I<" 't > + c 6 <" , • t >-- e < t > 
~ . 2 

I 
( .. ' t ) + k 2 C2· ( v , , t) _c ( t ) 

4 v ' ' · a '.::. 3 
1 

determined by the equality 

+e 2kP +ea1'1p 

is independent of 

partS are valid 

+ ( k 1'1 ) b 4 .(" • t >. = 0 

) + (k/'i)C 3 (v;tli. C
5 

(v,t) .. o 

+ (k 1'1) c 4 (" • t) = 0 

8 

( 9) 

( 10) 

" the 

( 11) 

I 

that gives us, together with · ( 9), the sum rules 

j dv'a(v' ,t) -~ 1 (t) 
1T _.,. 

_j__ j d v' b I (v,t) .. e (t) 
1T • 2 

( 12) _ 

1 .. -- f d "' b ( v • t) = ~ (t) 
rt ..., 2 3 

To reproduce the results of current algebra / 
2

/ let us turn 

again-to ~e topological interpretation of cfop.p- • In the same way 

as in the previous. section we can easily conclude that cp are . P.P 
the contributions of. the weakly connected diagrams of the type of Fig.2, 

but in this case the particle of momentum p 8 is ~ ve~tor one. Fol-

lowing the same way we conclude that these diagrams are to be of a 

pole type. In the lowest order in weak or electromagnetic interaction 

(the only interactions ~which involve the W- boson) the:e remains only 

the diagram of Fig.4. 

which goes for cp 
p.v 

cp 
P.P 

The contraction with k p. 

e
1

<t>=F<t> 

~~~;~ 

-~ 
Fig.4 

in the following _expression . 
p (2pa +~-F(t). 

p -- --2-

w 

leads us immediately to: 

e2=e a =o 

( 13) 

that together ·with ( 12) reproduces the current .algebra sum rule without 

Schwinger terms. 
Thus, we conclude that in . some cases the results of the current 

algebra are the consequences of gauge invariance, double spectral rep

resE:mtation and assumption about the dynamics of interactions: from all 
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the- possible graphs _having only t -dependence we pick out the pole 
• graph of the type of Fig.4. By the way, these graphs correspond to the 

Fourier transform of the potential in 'quantum mechanical d.r. Unifortuna

tely, we have not succeeded in showing such an equivalence for the 

commutator [j:(x), j;;(y) ]o(x 0 ~--y_ 0 ) a.2j
0
(x)o 4 (::.-y) and it is 

not clear for us what is the way to do this. The matter is that it is 

difficult to connect this commutator with any physical process because 

the l.h.s. of it can be considered only as "elastic scattering" of a lep

ton pair while the r.h,s. can not be described in terms of this process, 

due to the lack of weak neutral currents. As to the remaining commu

tators there is no wonder that they give the same sum rules as gauge 

invariance because one of the consequences of it is the necessity for 

any charged particle to interact with an electromagnetic field, This· re

sults / 
4

/ in the graphs of Fig.4, 

We have considered ·in this paper ohly the currents, but almost 

all the arguments are easily extended to the case of axial currents, 

<J:he PeA C.. hypothesis will play the role of gauge invariance. But in 

this case there rerripins the. difficulty connected with the commutator 

[A; (x),A;(y)]o(x0 -y0 ) and, consequently, with Adler-Weisberger 
sum rule, 

In conclusion . we want to make a remark about the Schwinger 

. term. We have the impression that the absence or the presence of it is 

completely defined by the interaction mechanism, So,. if. we assumed a 

somewhat different interaction than that which have led to expression ( 13) 

then we would have e 2 .; 0 • e 3 .; 0 that would be equivalent to the 

presence of the Schwinger terms in the current commutator. 

We are grateful to thank S,B,Gerasimov, L.D.Soloviev, R,N,Fa.ustov 

and A. T.Fillipov for very valuable discussions. 
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