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1. Introductio n 

For a rela tivistic genera lization of SU(6) Budini and Fro nsda/
1

/ a nd 

Miche/
2

/ proposed the symmetry group G-PS being the semidirect pro

duct of the Poincare g roup .P and the inte rna l symmetry g r oup S which 

contains the s ubgroup S [,.(2,C). In such a theory with i nfinite multiplets 

the symmetry properties are consistent with the unitarity o f the S
matri)3- 5/. 

In the papers of Feldman and Matthews/
6

/, N guyen van Hie j
5

/ a nd 

Fronsda/
7

/ different attempts have. been made to introduce quanti z ed 

fie lds describing the se infinite multiplets. For the description o f each (in

finite-dimensional) multiplet the authors of the pape/
6

/ pro p osed to u se 

a field o perator tra nsforming a ccording t o a unitary irreduc ible represen

tation of a n auxialiary group is omorphic t o $ . Such a n o p e r a tor h a s in

dices running over infinite values and a particle corresponds to a com

ponent of this operator. For such a field irre s pectivel y of the partic l e 

spin only one wave e quation can be written - the Kle in-Gordon equation. 

Thus all particles independently of the values o f s pin must s a tis fy the 

Bose-Einstein statistics. A different me thod was proposed in the pape r/'• 7 [ 

According t o tha t method an infinite number .of s pinor fi e lds tra n s fo rming 

according to non-unitary finite-dimensional r e present.:..ttions of the a uxi-

liary group and satisfying the Bargmann-Wigner e quation (compone nt or 

projective physical fields) are t o be introduced fo r the description of each 

infinite multiplet. In the fra mework of this scheme the conventiona l rela tio n 

between spin a nd statistics holds. Furthe r it was s hown in/
5

/ (using 

g eneral considerations) that the amplitudes of c ros s ing processes a r e r e-
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l ok"'Cl among lheonsclves by the Low substitution rule, In other won:ls, the 

Low substitution rule anc:t symmetry properties are comp..~tiblex/. This state

ment have been proved for special cases by Dao vong Due and Nguyen 
18/ /91 x .:xl 

van Hicu · and FronsdRl · . It has been shown also that the Barg-

mann-Wigner equn.tion is invariant with respect to the group G . 
One may naturally ask: is it poss ible to introduce a unique field , 

(big fi e ld) in the framework of the second method? \NiB then this field 

a nd its component physical fields be local simultaneously? Further will 
the field energy derived from the Lagrangian be positive definite and in

variant with respect to the internal symmetry group? In this paper we 

shall g ive positive answers to a ll these questions. We follow the method 

proposed by one of us in the pape)
5

/ . For the sake of simplicity we con

sider the symmetry g roup SI.,.(2,C). We note that the big field has also 

been considered in the paper/
7

/, However, for particles with half-integer 

spin, the big field introduced in that paper and its component field cannot 

be l ocal simultaneously without symmetry breaking. 

2, Basis for the Reduction SL(2,C).::::J SU(2)J' 

As it i s \Nell known for the classification of elementary particles 

the basis of representations correspon::ling to the reduction 

SI,(2,C).:::> S U(2) must be constructed, For particles in motion we 

have to use the basis corresponding to the reduction SL.,(2,C) =:J ,S U(2)p 
The explicit form of the bases for both reductions \'VaS given in the 

papers/ B, 
11

/. The firs t one can be constructed from generalized spinors 

of SU(Z) : p~ ··bJ.-Y (;!) (the sig n · '-" means that correspon::ling indices . -.. ... _, ... 
x/Ir) th~ paper' s/ the term "crossing symmetry" is used. It turned out, 

however !7 ,8/that the scattering amplitude has not the usual ann].~~·city 
properties. Therefore, as it has been pointed out in the papers/tl, the 
L ow substitution rule should be used instead of the term "crossing sym
metry". 

xx/\Ve have not seen the pape)
9

/, we know about its content due 
to a nothe r paper/ 10/ . 
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om genera lized s pinors 
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lhe term "c r ossing sym-

v about its conte nt due 

a re conn ected with the frame, in which . pa'"!ic l es a re a t r est), the second 

is formed from spirors of the fo r m ~ ~ · · .],j~JI (l>;z\ tra n s fo rming ac c ording 
a, ... 4,~w / 

t o corr esp onding s pinor representations o f the homogeneous L o r ent z g r oup. 

\Nit~ th~ help of momenta (- ~) t the dotted indices o f the s pino r 

p 1>.._ .. . ~--JI (p;z\ can be transformed into undottecl indices. Furthe r a ll 
llt1. •.· • Bj-... v /' 

upper indices can b e l owered using the a ntisymm etric s pino r E-a,b • W e 

obtain thus symmetric s pinors, rlenoted for the sake of symplic ity by 

P~ (z) == P~a '3-' . (z) J P~ . (J>;z\ = P,_ . (J>;zl a,zj. J'""'2J ... 2J :J ..., ... a.~ / 

lJes ides the s pino r ~dzj (p;z) by multiplying the s pinor p 11-zj (p;z) by 

a necessar y number o f momenta (- ~) ~ it is p ossible t o introduce 

anothe r set o f 2
2L 1 s pinors with a ll possi ble number o f l ower dotted 

indices. Combining all these s pinors we get s pinor ifi ('~>·lj q. run-::t: ,../ . .L ~ J '1 . . -~ ning now over four values 1,2,1,2. I nstead of the basis p~ (z) we 

c a n use the bas i s J,jj
3
(z) which is a linear combination of p;i'_..i(z) 

J having a fixed value). A s i mple r e l a ti o n can be established between 
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2) 
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2
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This will ensure the "crossing symmetry" o f the theory (by "crossing 

symmetry" the p ossibility o f the a pplicati o n o f the L ow substituti o n rule 

is t o be understood). In our paper we use only self-conjugate representa
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can be easily derived, wh~re dt"(z) is the invariant measure on the 

group / 11( We prove now the following important formula 

L.. ~ . (:t.r;UJ\L1 o~ii(±J>;:iis'\ = gik~1Jk 
j "'.zJ :J v ~ ' 

wnere t:, "" ( ± r• ;;~ -['~,, N (± J>;ii~ +( r • .>;- .. (r.)~ C
o ~>~ '\ 

T-t = ~ o) . 

First we consider the case with the sign + before f . Using (1) 

we have 

(2) 

L L) .(l>;lkJ\fi"~(lo;iiJl = fJl p . (r;~polzj(1';w)5: (z)? .. (w).lr(z)J,..(0.(3) 
j ol.zJ ') / J. J -'z; :J :_)

1 '3 

As spinors P 
31 

. (.t;~ form an orthonormalized system of vectors in the 

Hilbe.rt space, ..Je have the following covariant relation 

L ~ . (J>;z'~P ~zj(t;w\ -
j oCZJ ':! :; 

s,.(z-~ ) 
(4) 

where the generalized function sr (z-0 is defined by the following 

formula 

J 6r(z-w)f(w).1p-(w) = J(z) 

Inserting (4) into (3) w e get (2) immed iately. 

b) Let u s take n o w the c a s e with the sign - before r . 
the tra nsforma tion 

We introduce 

T za.4 &,u,z*l>, z* .. ~ z.J,E.N. E-d.J, = f. a.l> = 0~~) 
chang ing the s ig n o f the time compone nt and leaving unc hang ed the signs 

of the s patia l components o f the vector XI" = Z.r ( 6j-){ Z * s. With the 

help o f the follo\..,;ng rela tio n, which can b e eas ily v e rified 
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we get 

As the measure dr(z) is also invariant with respect to the T -trans

formation we can repeat the proof of the preceding case and formula 

(2) can be proved for both cases. The following relations (their proo f 

is omitted here) are also necessary in what foll ows 

(6) 

3. Locality of the Big Field 

L e t now '!' be an element of the Hilbert space r ealiz ing the self

conjugat e unitary repres e ntation '{;""-'(~tV . We cons ider "P as a unique 

field containing an infinite multiple t. The big fi e ld ~ T = 1J!.. + lJI_ can be 

decomposed into components w ith the h e lp o f bases p . (t; z \ a nd 
q2J / p /-J;z) in the following way 

"'2J \... 

lJT(ri~ L 1Jr«2t-r)~~2 .(l'd~J0~1k (z) + tpotzj(-r)L1".zi ErJ13~~u (z). (7) 
j.kk_, 11 ~ 0 ;;. 3 

~ · ". ) . . 
The spinors \fJ :1(t); If .Y(-1' saltsfym g the Bargmann-Wi ~ •.ncr equa-

ti o n s 

7 



")13· . . ( l+ ~ :: ljJ~~· · · ~i ·· ~(~ = 0 ( :i~)ri Tfr "'~ · .. <~i · · · "'"i( ) 1 -- 'r -}=0 
:m "'i 

can be in turn decomp osed into spin s tates (s ummation over j
3 

i s un

d e r s t ood) 

"z · ~zj · ~ · · 2J 2J . 7 .. 
)

. c(" o(• + ) 
lJf >J(r) = u (J>;J~a(r;JJ3 _, tl' (-J>) = v (-.P;J;)!; ( p;JJ3 _. 

whe r e a + 
a nd 1 a r e particl e annihilation a nd antiparticle creation 

oper a t o r s , respectivel y . 

We write now the big fi e ld (7) in X -re presentation 

lJ' (x; 9 = f ~ ~ u~>J(t;j~a, (p;j~VL1c~z/1';U3)5~ (z}, -iF-+ 

(8) 

+ v "zi ( -J;j0 lf (i;dh) flc~2J (- }';HJ5kk3 (z) e. if>X J dr CF) ' 

wher e dr(r) i s the u sual invariant meas ure o n the mass s h ell. The 

H e r mitia n c onjugate expressi o n o f the big fi e l d i s 

lf(y;0 _ J ~ ~ u,,j (f;j,)a+(l;,ii,)ll";;(!JJ;)5;;, (.)e "r.r + 
+ v.,/- j;j.) h(¥;jj0ll ";;(-~J>;J5:, ( 0• -'t.r J dr CJY . (o) 

Assuming that operators a, a nd b satisfy the usual commutatio n r e la

tions 
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1 

[ ~ (;;jj,) 7 ate f 

[ bC¥jjj~, b+C 

and using (5), (12) and tl 

over the spin ind e x 

u q~( r;j~"fzJ (r;j~ = 
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nrnatlon over j 3 i s un-

"1d antiparticle creation 

sentation -

i 
(8) 

:m the mass s h ell. The 

usual commutatio n r e la-

[ ~(;;jj,), a+( p;jjO] + ~ Sjj, sj~~ ~ C¥-F) 

[ b c;j;;j~, b+ c fjj'j~)J ± - sjj, bjJj~ s Cf-f) , 
(10) 

and using (5), (12) and the following generalized formulae for summation 

over the spin ind e x 

(11) 

(12) 

• (13) 

Thus the causality condition requires the big fie ld to be quantized ac

cording to the Bose statistics in the case of a boson infinite multiplet 

and according to F e rmi-statistics in the case of a fermion infinite multiplet. 

Obviously for component physical field with definite values of spin, using 

(10), (11) a nd (12) we get the conventional rela ti o n between s pin and sta

tistics. Us ing (4) we can rewrite express i on (13) in o. more compact form 

This commutation relation is invaria nt with res p ect to the symmetry 

g roup G. 

Thus fo r the free particles both big fi e ld and compone nt fi e lds can 

9 



be constructed to b e local. The situation is quite different for Interacting 

fi e lds . If vve suppose tha t the big interocting field lJ/ (x,;z) is local, i.e. 

assume the r e l a tion 

[ lJ!(-";z),ty+~;w)J± 0 for (x-y) 2> 0 

which is con s iste nt with symmetry r e quirements, the n for the component 

intera cting fields the l ocality will be violated: 

[ 1}rQ.zj (x)) wf2j (y) J± + 0 for (~-YY)o 

A d eta il ed conside ration o f this proble m will b e g iven in a sub 

seque nt pape r. 

+ 

1-. Lagra ngian F o rma lism and "Crossing 

Symmetry" 

The Lagr a n g ia n for the whole infinite multiplet i s 

~i 
/ ll "j_iW .(1). :L =T ( z ol.l · .. Ji·· c(_.J r 6~ 

a w"'.1 ··· 6i -·· <¥2j 

'dxr + (15) 

,. m ~-
j_ J '.:! <>lj. . Ji · ·· ol2j ( 1) l.. 1fT ~j.· ·· 6i· ·· ct2j 
2 'l:l.x. r 6 .1 r 

:m, '1! Tr! <4:1· . . ct2j J 
c4.!. <l'_,_j ':t' 

When p e rfo r ming varia ti o n the comp o n e nt fields with diffe r e nt s pins a r e 

con s ide r ed t o be indep e nd e nt. Carrying o ut s tandard cal c ulations we get 

from (15) the fo ll owing expressi o n fo r the e n e r gy-momentum te n s or 

Trv 
Lj1F c \~i ') -polj. . 6j .-. ... ~ 

j "!.1.··Ji ·· · <l2] Jy)6. --
(! l. ' i .X; 

~~JT"'.1 .. ·fl.· ·· "2j (r:). qr"'l··· 6.i -·· t¥~j . 
?X 1>.1. r 
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different for interacting 

11r (x,;z) is local, i.e. 

te n for the component 

be g iven in a sub -

"Cr ossing 

"!t is 

+ (15) 

th differ e nt spins a re 

1rd calcula ti ons we get 

-nomentum tensor 

• 

After the quantizati o n we get fo r the ener gy o f the infinite multiple t th e 

formula 

6 = J: Too: :Jt J JlVf4m~ [ ~t(iJj3)a(/;Jjv+b+(i;jj~b(f;jjJ] 
= j J;V;~m2 j: 1R+(£;9G{(r;~+ 1E_+(p;~\fl- (1>;V: Jr(z) . 

The energy i s thus positive definite and is i nvaria nt with r es p ec t to the 

internal symmetry g r oup. 

W e consider now the interactio n o f a n infinite multipl e t with a s inglet 

field. The operator matrix e l ement i s o f the form 

(16) 
) 

where £ ~,t,u) is a f o r m-factor. In the expression (16) the fi e ld oper a t o r s 

of the singlet fi e ld a re omitted. I nserting (8) ,( 9) into (16) we get the fo l 

lowing ma trix e l ements fo r the scattering a nd a nnihila tion c h a nne ls: 

(17) 

(18) 

E x pressions ( 17) and ( 1 8 ) demonstra te in the most gener a l manner tha t the 

L ow substitution rule holds for this case. However, the r e a r e no yet theor e

tical arguments for analytical continuatio n of ( 17) to ( 18). For illus trating 

let us consider the annihilation process ~ + t ~ 0 + 0 . First we 

calculate explicitly the matrix e l ement. Using (18), (1) we get 

11 



_F (+,s,v)v-< (-l'~u~ CrJ J p ~(_:_ _l>.,;z)Pp (r~;z) dr (z) 
(19) 

= F ( -t,s,u) v;. ( - r.,) u c((1'~" 1 [V-a+~-V-a-vac1] 
':J2(1-a)V.1'-1 ) 

where a= _ f1.f.o. 
)')1, 2. • 

The expression (19) can really be derived fro m the matrix e lement of 

the scatte ring process (s ee (28) in/
8

/) using the Low substituti o n rule 

t-> s 

We are deeply ind ebted to Prof. N.N.Bogolubov fo r inte r est in this 

work. 
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