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1. Introduction 

In the paper / 
1

/ the functions were considered, which form. the 

representation basis of the group of motions on the hyperboloid or, what 

is the same, the basis for representations of the class I ( the most de

generate .representations). These· functions can se!Ve as a basis for 

integral representations of the scattering amplitudes in the form, ·indicated 

in the paper, mentioned above. At the same time we can consider therri as · 

solutions of the wave equations for free spinless particles and having . a. 

comple(e set of these functions use it for the integral representation of 

the wave function of the spinless · particles in the external field. It is na

tural now to generalize the method developed in/1 / ·to obtain other repre

sentations. of the Lorentz group. 

The construction of the representation begins with the choice of a 

space, in which this r~presentation will be realized. In the mathematical 

:;;~tement ·of a problem the group_ properties themselves . from which the 

corresponding· Lie algebra follows play the main role and the problems 

of the specific realization take the subordirn;;_te (often only illustrative) 

part.. In physics the problem of realizing the representations ( choosing the 

functions) is connected with the solution of the equations and usually is 

a principal goal of the research. Mor.eo.ver. different . r.ealizations o.f the 

representations of the ~e group often meet -various. probl_ems. For 

instance, the group S U( 3) meets the problem of oscillator ( Hermite functi

on.S) and the sym~etry of the ele]Tlentary particles (Legendre functions). 
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In physical problen1s the space is usually· defined by the conditions 

of the problem. 'Ihe displacements (differentiation) in this space (together 

··with symmetry conditions ) define the Lie algebra according to which the . 

group is now. being built; It is clear that with such a costruction not all 

the representations of the group turn out to be used, but only some part 

of them( as · f~r instance in the Coulomb pr~blem or in the oscillator . . ·. 

\ problem). • Formally the restriction of. the representations turns out to be the ~ - . 
consequence of the additional symmetry, inherent ·in the basis, what leads 

sometimes to the appearance of the additional quantum numbers. 

The well- known example of such a_ kind is the spherical functions 

with spin introduced by Berestetsky /
2
/. _ ''Ihese functions ·realize the 

basis of all the representations of the group 0( :3). At the same . time 

they are ~onstructed as the linear combinations of functions on which 

one may build the ~ider. group, namely the group o( 3) x o( 3). '!'here

fore the Berestetsky 's functions have the additional property - they are 

tensors of definite rank { spinors), while in. the group o( 3) there- is no, 

generally speaking, separate spin quantum number, but· there is only the 

quantum number of the total angular momentum. ; - . . - . -
The reference to the Berestetsky s functions makes· clear further 

choice of the realization_ of representation of the_ Lorentz group. 

In the_ homogeneous' Lo~entz gro~p there is obviously no operator 

to W"lich one WJUlc:i ascribe spin. But one· may introduce the additional ,, 
spin quantum number, if one chooses such a realization of the represen-

1 
which would admit the extensic;m. to the ~ tation of the group 

Poincare group P 'Ihis · can be achieved, for instance, if one· defines 

·on the cone not the scalar spherical-function, but the Berestetsky's 
. . J3/ 

one and makes the- horisphere transformation of Gelfand-Grae _: •. 

However, this way leads -to cumbersome. ~alculatioilts, which for the pre

sent we .have not been able yet to reduce to mo•re simple form. 

'Iherefore ~- have chosen another'- more straight forward way, 

having realized the representation on the space of functions, defined on 

the direct product of tWJ ·· spaces the hyperboloid ( with -the fufinitedi

mensional represe~tation) and the sphere ( with the finite-dimensional 

spinor representation) or the cone. '!'hus the representation will be built 

as the direct product of the irreducible representations: infinite-dJmen-

I 
J 

I 
! 

-, 

sloncl nonunitarY and finite-dimension 

dimensi~nal ~epreserytati~n the functio 

finite- dimensional representation the 1 

chosen, wh!ch corr~sponds to th~ fUI 

case and the application ~f the . res 

higher .spins' will 'be presented else 

2. 'Ihe algebra ·of t 

Only the· _most degenerate rep 

can be realized on the upper -shee 

to scalar particles: If one wishes t< 

to the states of particle~· with arbib 

was ~entioned _ in h)troduction, to e21 
which is the direct product- of: a h)' 

spin space. 

In such a space one . may re.: 

the principal series_ of the Loren~z 

Such. a consideration is ·a dh 

We shall describe the coordinate s 

sing the four homogeneous cartesic 

through angles; for this we introdw 

·the hyperboloid: I 
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same time 
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property - they are 
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there is only the 

clear further 

is obviously no operator 

introduce . the additional . 
the represen-

to the 

for instance, if one defines 

but the Berestetsky's 

Gelfand.-GraeJ 3/,. 

which for the ·pre

simple form, 

straight forward way, 

defined on 

infinitedi
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sionat nonuni~ rind finlte-dim~nsioneu nonunitary ~For the basis of the infinite-.'. 

. dimensional represe~tdticin the functions frodt 11 ~e ~hos~n, for the basis _of 'llie . 
. '.. • ~ ' ' I ' ,., . • 

finite- dimensional ~epresentation the representation of the special kind ( s,o) is 

chosen, which corresponds to-the functiory with one spin value, The general 

case and the application of the results to the. equations for particles 'with' 

higher .spins will 'be presented elsewhere. 

2, 'The algebra of the Lorentz group 

Only the· most degenerate representations of the type ( I p 
0 

, I p 
0 

J 

can be realized on the upper ·shee.t.of .the hyp_erboloid which corresponds. 

tq scalar particles, If one wishes to' obta-in representations, corresponding 

to the states of particles with arbitrary spi~ s • it is necessary • as it 

was mentioned. in lr)troduction, to extend the hyperboloid to the sp~ce, 

which is the direct product of: a hyperboloid and a . finite- dimensional 

spin space, 

In such a space one . may realize the. representations ( m , p ) , of 

the. principal series of the Loren~z group with -s s; . ; s; s • . 

Such a consideration is a. direct generalizatlon of the paper / 1 / 

We shall describe the coordinate system in the velocity . space by expres- . 

sing the four homogeneous cartesian coordu;ates of the velocity .. 
u 0 'u 

through angles; for this we introduce the' spherical coordinate system on 

·the hyperboloid: / 

u 0 .. cha u2 .. sh a sin 0 sin cfo 
·( 1) 

ua ':"-sh a cos 0 /i 
Q. • sh_a sin 0 cos¢ 

_'The spherical system of this ·special type\is chosen in order to preserge 

the standard form of· spin matrices, In· this coordinate system the gene-

raters of the Lorentz group are written in the form f 

L 
. a . . a • 

•-i(sin¢7f6 +<:tgOcos¢ iJcfo.) I +.L 1 
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L 
2 

= i (cos</> _a_ ·- ctg ()sine/>~) I 
. iJ() , ucp 

. ;_a_ I 
L 3 =- a¢ -

a 
+ La 

, a 

+ L 2 

. / a () A.~ 1 a . ) . . a 
,.K 

1 
.. -i(sin8 cos cp -- + ctha cos cos'~"=>() -.~() hasincp~ I + K 1 

aa u sin ucp . · 

K 
2 

=- i (sin() s·in_cp _a __ + ctha cos:() ~in cp ~- +. -L8· ctha cos ¢-f-,-ll+K; 
da aa, sin ucp · .. 

/ 

'. a: . . a - . · • 
K

3 
.. !(cos~ -ctha sin8-;ro-')I + K3 

where I is the' unit matrix ( 2 s + 1 ) x ( 2 s + 1 ) 

usual 'commutation reiatioris I 41 : 
' 

and satisfy the 

.L 1 , L l ·) ·= i t Ilk L k [ L 1 , K l 1 "' ~ f Ilk K k 
( 3) 

[ K i , K 1, ] = - i c · Ilk L k, 

or using the operators !I ± = L 1 :1: i L 2 , F ± ,. K 1 ± i K 2 , H 8 ,. L 8 , F 8 ... , K 8 

we have I 41 . 
I. 

[H+,H~] .. -H+,"' [H_ ,H 8 )='H'"" 
[H+,H_) .. 2H 8 

jl 

[ H + , F + ) = t H _ ,• F _ 1 = [ H 3 , F 8 1 = 0 
' \ 

[ F + ,F 
8 

1 = H + , [ F _ , F 3 ]"' - H _ ~ [,f.+ : F _ 1 = -:: 2 H 3 

[H+-_,F
8

)a-.F.i;, [H_,F.8 )• F_ 

[H+, F_1=- [H_,F +)a2F8 

[ F+,H 8 ).,-:_·F + [r::_,H 3 1aF~ 

. \, 

.'\ 6 

., -.,, 
i; 

1 ,, 
I 
I 

·I 
1 

" ' ·-· -z; 

• 

l 
I 

I 

! 

l 
l 
1 

I 

Since the representations 

product of the hyperboloid 
• 0 • 

are realized 

space and 
' 0 we ·have L I ,. L I + L I K I = K I + 

are the "orbital" generators on· the h~ 

we are searching Jor is a . product of 

( i p 0 , i p 0 ) on the hyperboloid and 
~ /5/ x/ ·· a a 

spin space , Here L 1 and K 1 are 

'( 2si-1)x( 2s+1), obeying the commutati 

a choice of ·representations we are wo1 

spinor components. 

3, 'The Contructi 

An irreducible representation of 1 

by two · Casimir operators: 

. . 2 

A .. L 1 

'The functions 

2 
K I A' • 

forming ·the basis c 

of the Lorentz group, · satisfy the relatio 

' ll 
Afoo[(...!!!...); -p2 

. 2 

··A' I .. imp! 

- For unitary irreducible representations 

· integral and p ls real, Since the reJ: 

' (- m ;- p ) . are equivalent, for uniquenes . , ]· 

tion as - · oo < m < oo and 0 ~ . p < oo • VI 

the form: 

x/ In other words, we use spinor, 
the same type, 
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ctg ()sin~ /q,') I 

• \ 

• 
+ L 2 

' 

() .~...:L 1 a-> - • 
ctha cos cos'~'a() - slnOcthasln</>"'J¢" I + K 1 

-,, >, 

~ 

+ ctha cos.() sin if>~- +. _L_(} ctha cos if>-aa _ H+K; 
aa ' sin </> . . 

a ·->i slnO~ 
·• + Ka 

/ 

+'1) x (2s + 1) and satisfy the 

L k ( L 1 , K I 1 = ~ f Ilk K k 

( 3) 

a-if.ljk Lk. 

1 :1;IL 2 ,F±aK 1 :!;IK 2 ,H 8 =L 8 ,F 8 _..;,K 8 , 

- • H a 1a'H - .. [H+,H_1=2H 8 

]a[H 3 ,F 8 1=0 
\ 

a. 1 =- H _. , [ ,F: + ; F _ 1 = ': 2 H a_ 

_,F 8 1•F 

1 .. 2 F8 

F_,H 8 1aF 

6 

d 

'j 

'· 

I. 
I 

1· 

Since the representations are realized in the space, which Is a direct 
. . 

product of the hyperboloid space and fr1e finite- dimensional spin space, 
• . '0 • 0 .. •• . 0 ·0 

we _have L I • L I + L I , K I .. K I + K I • where L I , . K I 

are the "orbital" generators on the hyperboloid, and _the representation 

we are searching for is a . product of the representations ;;f the type 

( i p 0 , I p 0 ) on the hyperboloid and ( s • o ) . i~ the firute- dimensional 

spin SPace/ sf x/ , Here L ~ and K : are the matrices of. the dunension 
. . 

' ( 2s+ 1) x( 2 S+ 1) I obeyirig the 6ommutation relations ( 3). Due to such 

a choice of representations we are working with a minimum number of 
spino; components. 

3, The Contruction of· Basis FUnctions 

I An irreducible representation of the Lorentz group is characterized 
by two · Casimir operators: 

2 ti ., L I 
2 

K I ti'•21L 1 KI 

The functions forming 'the basis of an irreducible representation 
of the Lorentz group, satisfy the relations 

t1 f .. [ (~ )2 
. 2 

t1, f "' lmpf • 

p 2 -11 f 

,_ 

(_4) 

- Ii'or unitary irreducible representations from the principal series m is 
integral and p js real, Since the rep~esentations ( ~ P) and 

' (- m ,- p ) are equivalent, for uniqueness we choose the range of defini-
# l . / . . . 

tion as - oo < m < oo 'and o ~ _ p < oo • We construct' the basis function_ in 
the form: 

x/ In other words, we use spinor, which has all 'the indices of 
the same type, 
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, . 2 s+ 1 8 
8 

· • £,I 8 

<a,O,<f>l'p~jM>=~ ~ Bl(j,m,pH£ 1 sjM\f 1 sm 0 p)fm(a,O,<f>l</> 11 

. 2 1~1 p=-8 L . £ · r 

' ( 5) 

where £
1 

=i_.+s -~+1, the Clebsh-GOrdo.n coefficiepts corre~pond to .the ad

dition -;: + .. £·
1 

= i , so that ! i-s I·~ f 1 < i + s; fm;!a,O,¢l are the basis 

functions for. the infinite- dimensional representatio~ on _the ~yperboloid. 
( i.p 0 •• 1i> 0 ) and ~' </> ; are the basis functions for the finite- dirnepsio-

nal representation, corresponding to the particle with spin s ' For .such 

_r representations K ~ . .,; -i·L 8

1 
• 'Ihe diagonalization of :La . defines the. 

·dependence·of(5) from. ·M 'Ihe functions 1:1 
(a,O,<;I>l are. the eigenfunc-

tion~ of the operator /':,. ·:_ = /':,. -· /':,. ' £ . 

£I' · m 2 
/':,.I (a,O;..~,.)=[(--ipl 

- me 'I' ' 2 ' 

i £I ' 
-1] I (a,O,<f>). 

me· . ' ( 6) 

We note, that the operator /':,. _ does not contain spin matrices, Solution 

of ( 6) which i~ regular at the origin haVe the form X/ "' 

£I J< £ 1-> -<£1 +t> 
( 7) 

I (a,O,<f>l = 
sh li a 

p 
-·-'-+IP. 

(cha)Y£ · (0, .Pl. 
me a . O· 

. I~£ 

and the spherical functions are normalized so . that 
where .;.fp 0 ,;riP 

an integral of their modulus squared over the sphere is ,..equcil to 1, and 
. .- "' m * , . • 

have the symmetry property Ye,m=(-1) Ye,..:m • fixing the phase.· 

The expre~sion for N(£ 1 ) is obtained,. if one 'demands, f<:>r the-

to have the canonical form in be representation matrix elements 

(i'Po•ipcil: 

K~ 

0 2 2 
0 · £I L I ·. + Po 

- (iF 
3 

) f. =- y ( £ 1.- m 0 ) (£·1 + m 0 ) V 2 
m £ . · L L · 4£ I ":' 1 

· £1'-1 

I 
m £· 

+ 

•' ,[(£1 +1l' 2 +~ .£1+1 
+y(£1 + mr:+ 1)(£1 -m£ +1) V· ~. lm / (8) 

. - 4(fl+ll 2 -l' e 

·a 

\ 
I 

j 
'.j 

:,, 

~ ~ 
I' . I 

1 

I 
1 

Hence, with the use of ( 2), we get: 

.o el a : 
(iF ) f (a,O,<f>l =[-cosO~+ctha siD 

8 me 0. 

=[-cosO~+ctha sin iJ_l_] N <el 
a ao ---...!:-· 

II one uses the recurrence relations 

the expression { 9) can be taken in 

(IF: )lei 
me (a,O,<;I>l• _ _..___.~;...:_ I~ 

8 -eel +T> 
x P _...!., ·+IP

0 2 

( e 1 i' m £) 

( 2£ I + 1) 

(21 

me lm 
(cha) P (cosO) e e 

e1 +I 

-Cf 1 --f> m 
P. 1 (cha)P f 
·-2+1Po £1-1 

Comparing ( 10) with ( 8), we get the 

of f I by unit: 

N(£ 1 ,m£ ) .. y <£12 +. P~ l <£1 :-me 
(£ 1 +m£)(2£ 

Taking into account, that 

we find 

. Ill£ 
N(£ 1 ,me >.•N(f 1 >\J¥;. v 

X/ A choice of the regular' a_t fr 
allows to define the nonrelativistic lin 
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el 

1
(j,m,pHelsiMie Ism e Ill lm/a,O,cplcp 

8

/l (5) 

Gordon coefficients correspond to 'the ad-
. . el • . 

-s j ~ e 1 < i + s. lme~a.O,cpl are the basis 
·• ' 

~epresentation on .the hyperboloid· 

basis functions for the finite- dimensiO-
• ~ ~· e 

the particle with spin s · For l'fuch' 
2 . . 

L defines the·. 'Ihe diagonalization . of 
· e I . 
'Ihe functions I (a , 0 , rp l are the · eigenfunc-

_. /1., 

2 
~ -ip l 

2 

me 

I e 
-1]1 

1
, (a,O,cpl. 

me·, ( 6) 

/1. _ does not contain. spin matrices, Solution 

origin have the formx/ . ( 
/ 

oo<el +t> ( 7) 
p . . 

_ _J_+ lpo 
2 • . 

(chalYn (O,cpl, 
L1!"e 

spherical functions are normalized so . that 

squared over the sphere is ,equal to 1, and 
m * ,, 

Y e,m=(-1) Y f. -m •. fixing the phase. 

ce 1 l is obtained, if one demands, f<?r the 

the canonical, form in the representation 

e 2 + p~ . ·e~·-1 
mf ) (f·l +me) v I· I + 

4f: ;_ 1 ' me 

+ 1) ,;.-ru I ~ n2 + Pz . e1 +1. 
{ 8) I 

4(£ 1 +ll 2 -I· 
me./ 

c-.· .. I 
I 

. I ., 

I 
I 

l 
! 
I 

Hence, with the use of ( 2), we get: 

. 1 
4 £1 (iF l f 
8 me 

a : a N (£1 l -C~ +Tl 
(a,O,opl =[-cosO(T;"""+ctha sinO-]~ P 1 (chalY 

0 
. (0,¢l• 

• ao .sb a -T+IPo Ll mf 

a . a N' Cf1 • me l -<e1 +f> .· m f 
=[-cosOcr.;:-+ctha sin 0-ao ] · P 1 (chal P f 

a sh !i a . - T+IPo I 
(cos 0 l e lm f cp 

II one uses the recurrence relations for the Legendre functions, · then 

the expression ( 9) can be taken in the form: 

(IF: l I £1 · (a,O,¢l• N(fl ,mel 
me sh lia 

ce 1 -me + Il 

(2e I + 1 l 

8 -eel +2> 
x P _..!, ·+lp

0 2 

me lm cp 
( cha l P (cos tn e f 

e1 +I 

[Cf 1 +·ll
2 +p~]x 

( f 1 + m fl 

( 2£1 + ll 
-cfl --J.> m 

P . 1 (chal P f 
·-T+Ip

0 
£1 -1 

(cos8)e lme<P I. 

( 10) 

(9) 

Comparing ( 10) with ( 8), we get the formula for the increase of the value 
of f 1 by unit: 

.-c·· l _, Cf 1~+p~)(f1 ~me )(2£ 1 +ll -c· 
1 

l 
N L I • me .. v . N L I - ,me 

( f I + m () ( 2f I -1) 
( 1.1) 

'Taking into account, that 

·~f (2f 1 +IlCft -mel!· C-ll . v ~::.:.._;,--___;--:-: N'Cf 1 ,mel.•NCfl>~ 2ce
1

+melr 

we find 

x/ A choice of the regular' at the origin solution of the equation ( 6) 
allows to define the ncinrelativistic limit. · · 
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2 
N <f 1 ) "' V f 1 + p; N ( f 1 - 1 ). ( 12) 

'Ihe solution of ( 12 ), taking into account ( 7) have the form 

> 
r[£ 1 + 1 +<-}->p>fn£1 +1-<...!}-ipll. 

N(£
1
)ay ' 

( 13) 

r[flmln +<4--ipl] r[£ I min -<-T-ip)) 

where. =hl 
2 

+s-i+2 f. I min 

'Ihe equation 
f I ( 2 f I /).+1 (a,O,¢)= (_lll.tip) -1]1 (a,O,cfd, 
mf . 2 mf 

where 

/).+.f). + /).' • 

leads to the restriction on m / 

m 
-2- cs- s , -s + 1 , ••• , s- 1 ' s . ( 14) 

For the basis functions 
• 

.piL we choose 

( -s S IL 'is ) . .p ; (a) .. B a • a -IL + I 

ln the scalar case m •0, p 
0 

.. p , the functions .I .£1 (a, (J , .p l mf . 
turn into the functions, obtained in the papej 

1
/ , and realize unitary 

\ 

rep-

resentations on the hyperboloid. 

ln the general case of non- zero s ~ p is complex with m ~ 0 . 0 . 

and the representation, which is reali~ed on these functions, is infinite-

dimensional and nonunitary. Therefore the problem is to take a product 

of two nonunitary representations: infinite- dimensional on the hyperboloid 

and finite- dimensional in the spin space and to extract the unitary part 

19 

' i 

I I ,, 

I 
11 

1" 

~from the· product, :nus is ·achieVed ir 

generator~ of .the group· on the: funct 

,· 

f 1 -1. a • . 
ori I and 't' . 11ndependenUy i.J 

mf IL · .. 

0. f I ' . f ·. f I . 
H+l =v<f 1 +m 0 ·+1H 1 -m;,l 1 

mf L · _ . .' L mf +I 

0 £1 £1 
.H 3 1 '"mnl• 

mf. L mf 

-3-

0 f .£ + 
F+l 1 =v<£ 1-m.H£ 1 -·m. +1liv-1- 2-m£ L L · ·4£ 1 • 

• 2 

x 1..; <£1+11 +:a 
4(£1+:1) -1 

., . . . -2--
0 f ' £1 + p 2 f . 

F I .1 =-y(f1+mf)(f +.mc1liy o I· I 
- m£. . , 1. 4£(-1 m£; 

0 £1 ·. f2+p2 
F.-I -J<£ 1 -m 0 )(f 1 +m 0l!y~ 

0 m f . L ' · L 4L j -1 

u~.pa .. ~.;.l)(s,-lll ¢/+1 
. IL 

• s ¢ a 
Ha¢/L"'IL IL 

F: ¢; .. (-ily(s +IL + 1 )(s -,Ill ~/La+l 

Fs ¢a· •-ill¢ a 
a 1L · IL 

'Ihe action of gener<;Ltors of ·'the· gro 

for· unitary representations from the 

· lowing manner: 

H+<l> 1M'"~~l)(j-M).<J> 1 . , I . · · M+l 

· H 8 4>~ aM~<l> I 
----·-~ (Jl 

F <l>f ·.,.I( j- 1>1 l<J" -M-1) ·-· i_ _;_ 
+ M V . .. j 

.-

11 



f I ) ~ V f : + P; N <f I - 1 ). 

into account ( 7) have the form 

[e.+ 1 +(.2!!..2 -ip)]r[e. +1 -(....!!!.-ip)]' 
. 2 

[flmln +< -~ -ip)] r[e I min -<-f-ip)] 

_l.!!!.L +s-i+2 
min - 2 

e 
O,<f>l=[(_m.tip) 2 -1)f 1 (a,O,<f>l, 

' 2 me 

~+ -~ +~' 

on m 

•-s,-s+l s - 1 , s • 

4> • · we choose 
ll' 

( -s S ll <£ s ) • 

( 12) 

( 13) 

_,.J 

( 14) 

ma01Po'"P I the functions f.e. (a,O,rp) 
I me 

obtained in the pape) 1 
1 and realize unitary rep-

10 

is complex with m ~ 0 

infinite

to take a product 

infinite-dimensional on the hyperboloid 

and to extract the unitary part 

1-

_. 

I 
! 
'~ 

1! 

' 
\ 

t. 
/ 

. ----

~from the product, This is ·achieVed in the following way, We act by the 

generators of .the group' on the. function ( 5) 1 orbital and spin partS acting 

on f e I and </> 
8 

'independently in the follo~lng wa.) 5 / : 
me ll - . "" . - . 

o e I - . · · e. 
H +f =y<£ 1 +m.·+ 1)( e1 -m;,) f 

1
, o e • . · . e 1 ~ 

H f o:y(e 1 ·+m._)Cf 1 -m.+1) f me L L me+ . 
o e. - e • 

me· L . - L . ~ f" 1 

F o re• 
+ me 

H 3 f ,. m • f ' 
me , L me 

e 1-1 , 
f + y <e1 +m.+2He1+me+1 )x ~ 15) me+ I L • . ; 

~ 
~----:---_ --- . . e I + Pi 

=v<£ 1 -me><£ 1 -~e +1hv 2 - 4f I -1 
. '2. 

x iv <£1+1> + pa r e.+' 
4(fl +:1)2 -1 me+' 

· · ~ e · <e. >2 2 e • 
F

0
re•:.-,;<e1+m.><e+m.-1lly t+Po r- 1-

1
-vCf

1
-m.+l)(e

1
-m..+2liy + 1 +Po r •+ 

- me . L I L 4e12_1 m£7'1 L • L '4(f +1)2-1 m -1 
. I _! 

• I I I 

o e. . e~+P; e _, . . . . . <e.+u~~&+~ 
F 3 .f -y(e 1 -m.)(e 1 +m.lly~f 1 -\/<f 1 +m.+1Hf 1 -m.+l.Hy e f.lmn' 

m f L . L 4e J -1 me L · L . 4 ( I+ 1 -1 L 

II~¢" =y(s +t.L+1)(8,..../l) </>1'8+1 
. ll . 

.,---~---:--:-• 
H.:.<{>; =y(s+~tHs _-I' +1) .</> ;·_1 

H:</>:=1'</>: 
(16) 

8 • .! . ) ,i, 8 
F +</>!' =(-ily(s+/l +1)(s-;ll '~-'ll+l F: </>; .. (-i) y ( s + ll) ( s -~t·+ 1) rp ;_, 

F"<f>•·,..,..lll¢ 8 

8 ll ' ll 

The action of generators of 'the group on the· functions <a , 0,¢ j p .Jil. J M > a ctl1 · 
• . ' 2 M 

for· unitary representations from the_ principal series is defined ·in the fol-

lowing manner: 

H+ctl
1
M=J(j + M +lHj -Ml.ctl~+t , H_ctl~·V<i +MHJ-M.+.ll «1l~ .... 1 

f 
F+ctlMay(J-

· I I 
H 8 c1l M .. M rctl---I);ML..--....,....----

j 
' § 

. --·· • (j2- : ' ) (j 2 + p2) 
M) ( j- M -1) ·-· -1 - · . . : 

J 4j2-1' 

-11 

f -1 
ctl' 

M + 1 

1-. 

.,_ 

.-

/ 



-._ ( 

-~ <' 

+.I ( . M -: 0 • • ~ [(j+" 1)2_;_.m.2J[(" 1.2 2 
v J+, +1HJ.+M+- 2 l-'-

0

• 1 -- 4·J J+I+P] _ , . (' 1)v 0 ,..]+1 
. . )+ ,0 4(j+1)2...:1 "'M+l 

-y (j- M) ( j + M + 1 ) ~ <lJI 
2j(j+ll M+1 

0 

(j2-..!!!1(j2 +p2). . . . 
-I · 4 1-1 I 

F .(l .=-y (j + M)(j+M-1)!,-y , <ll 1 +y(j+MHj-M +1 )_!!l!_·<lJ 
- M J 4 j2_ 1 M- · · · . . 2j(j .j-1) M-1 

- V ( i - M + 1 )( j - M + 2 ) __ i _ . 1 [( j + 1 )
2 

- ~] t (j + 1 )
2 

+ p2J .. 
(j+

1
lv · 1>1+1 

4(j+1) 2 -1 . M-1 
_,.! 

- ( . 2 __m_ a (. 2 2) 
I · . J- I J + p 1-1 ' - I 

Fa ti>M =y(j -M)(j +M)~y 4 2 <lJ +M ~2~. 1 <ll J. ,4j.:.) M 2j(j+l) M 

. -y(j+M+1)(j-,M+1l-i-y [(j+1)2-~)[(i+d +p21 

(j+ll 4(j+'1)2 -1 

For our purp9se it is convenient to ·use the relation: 

·-

1> I +I 
M 

" 

·(iF)<lllo=~<lll 
3 I 2(j+ll I 

+y'2j+l 
(j +ll 

[(j + 1)2 -~-][(j + 1 )2 + p 2 1 ' !+1 ( 18) 
. I · 4 · <lJ 
v . 2 I 

4(j_,.+ 1) -1 

'I 

Applying ( 1~ )( 16 )( 18) to ( 5), we get 

. '2•+1 
~:E 
2(j + 1) 1=1 

a f I a 
:E a;(j,m,p)(£ 1 siilftsi-ILIL)f 1-fL rf> 1L 

~L=-s . , , . 
+ 

+ v2T+l ...; Ui + n2 --7? H<i + d + p 21 2s+1 's 
:E :E B 8 (j+1;mp).x· 

I , 
i + 1 4(j+1) 2 -1 l= ~ P,*=-tJ 

. £1 +1 
X ( f I + 1 s j+ 1 j I f I + Is i -IL IL) f I - Jl rp ~ / . 
2s+l a . £2'+p~ £1-1 

= :E ':E B~ (j,m,pH£ 1 siil f 1 si-ILI' l[-y(f1 -i+~tHf 1 +i-~tlv 
1 0 

f 1 _ I= 1 fL=(' . 1 4£~- 1 -J.L 
+ 

[(£ +ll 2 + p 2
] f +1 - . f • 

+y(fl+i-p-t1Hfl-i+fL+lly I 2 0 £/ .. +fLI/ IL 1 rf>IL 
· 4(£;+1) -1 . .- IL .. 

• 
12 

/ 

-~~:;~~ 
\ ~ .. 

, ;I _ 
,_ 

I' 
~--

' ~ ;. ' 

" "l 
. v, 
'~ -

{\ -
'liJ ', 

J 
1 ,, 
·I 
r 
ij·. 

1

\.: 
- I' 

I .. 

)' 

,, 
-~~ ,( 

·!'··, I 

' 
I 

l 
tl 

!· I, 
'1,\ 
''h 

. '!1,, 
• r •. 

~:: 
j 

I 
) 

~ ;' 

,. -. ~j 

After a 'number -of simple transfer 

for a~ 

B~ {j) (£ 1 si.il f 1 sj -I'lL l[ ~7r+ 1). -fL] 

-x- B ;+ 1 ( j + 1) ( f 1 s j + 1 j f£ 1 s j ) I' fL _ ) = • 

_X y ( f 1 + 1- j + Jl) (f 1 + 1 + j - 1L) V 

'· 

f 2 

xy(£1 +i -~tH_f I-)+ fL) v~ 

With the choice of · fL ,;, i - s - 1 

B "1 {j)(£
1 

sjj I £ 1 s£·11-s.::_ll [~ 
• 2(j + 

/.<{flsj+lil£; s£ 1 i-s-1)' V2
i+ 

j + 

=-B~-i(j)(£ 1 +i&jj J£ 1 +hf 1 : 

Putting the· values of the Clebsh 

we get: 

B~ (jl[ Imp + ( s + 1 -i) 1 + B 
2 (j + 1) 

xy i(2s-i+1l 

(2j-1+2)(2j+2s::_l +.-_3) 

= B Is I ( j) 'y[ ( j + s - I + 2) 2 - ( ..;.!!!. -
- ' 2 

13 



. ' 

/ 

+ V ( i +. M + I )( j ,+ M + 2 ) _1_-'/)+ll~i-2_] [(j+If+p 
2
J 

' . (j+l) . 4(" I)2. «1>1+1 , J+ -I M+l 

• 
~ . J-1 ./ J 

<llM_
1 
+y(j+M)(j-M+l)~'<ll _ 

. - 2j(jj-l) M-1 

[(j+I)2- ~2][(j +I)2+p2j . 
--.:!.----:_· -- 11 I+ I 
4(·j +I ) 2 -I M-1 

-1 ~<Ill 
cl>J .f.M2j(j+ll M • '> .2 1 M 

4 " -

[ ( j +I) 2 - .JE.! ][ ( j + I )2 + p 2 ] 
y . . 4 I 

.. 4(j +"I) 2 -I 

to use the relation: 
' 

11 I +I 
M 

""' 

[(j +I)2-~-][(j+I)2 +p2]' .._1+1 (18) 
' 4 WI 
4(J:::.-t-I) 2 -I 

), we get 

.. ·· f 1 . a 

. I s j j I f I s j -pp )I 1-p </> IL + 

+n2+p2] 2~+1:;, Ba(j+I,mp).x . ~ I 

• I=~ p=-s -I 

fl +I a 

1-p </>IL 

f 2 ' 2 
sj -pp) [ -v (~ -j+p)(fl +J-pi v~ 

4f~- I 

e, +1 . fl l a 
f I .- IL , + IL f .I ~ IL </> IL 

fl-1 
f .. 

J -p 

/" 

+ 

-· 

I 

t,-' 

\ 
f, 
\ 

I t.• . 

r _, 

' 

l t 

. I. 

After. a' number 'of siinple transformations, we .. get the re curremc~ relation ...... ,,. -' . 

for s • I 

B~(j)(fl sJilflsj-pp)[ Imp -p]+ y"2'j;l V [{j.f-1)2- ~2][(j+1}2+p2] 
2(j+U· (j+l) . . X 

4(j +I) 2 -I 

., 

. X B ;+I (j + 1 )(fl sj + 1 j I£ I sj - ILIL ) =- B ;_I (j)(f I + 1 s_j j I £I + 1 s J- p IL) X ( i9 r 

I, 

. . [(fl + 1) 
2 + p 2 l 8 . • ;. • • 

xy(£ 1 +1-J-+IL)(f 1 +1+J-p)y . 
2
° +BI+ 1 (J)(£ 1 -IsJJI£ 1 -1sJ-PfL).X 

' . 4(£1 +1) -1 ·. 

f 2 2 

X v (£I + j - IL ) ( £ I - j + IL ) v . I + l 0 

. . 4 f I -1 

With the choice of · p = i - s - 1 in equation ( 19) we get for . / . 
B • 

I 

B 
8

1 
( j) (£ 

1 
s j j I £ 1 s £- 1 I - s -I} [ 'Imp + ( s - i + 1) ] +. B t + 1 ( j + 1 ) X 

2(j+l) . 

1
><.<£ 1 sj +1il£; s_£ 1 i-s-1) 

v2i"+l 
j + 1 

[(j+ 1)2 _....,!!!.2][(j+1)2 + p2] 

'v 4 ' 

'4(j+1)
2 

-1 

a . ' 2. 2 
=-BI_;(j)(fi+Isiilf

1
+lsf 1 i-s-l)y2f +1,.;(fl+l) +Po . , I V. 2 

4<£1+1) -1 

Putting the· values of the Clebsh- Gordon· coefficients in this expression, 

we get: 

B~ (j)[ Imp +(s+l-i)] + Bl".r~ (j+l)--1-y[(ji.02-:-...!!!.2][(j+1)2+p2] 
2(j+l) (j+l) I. 4 • 

xy i(2s-i+l) 

( 2 j - i + 2 )( 2 j + 2 s :... i + --~3) 

= st_l(j)y[(j +s-1+2) 2 -(; -lp) 2 ] v(i:...l)(2s-i+2){2j ~2s-2i +'3) 

· (2j + 2_s -i+3H2j +2-i)(2j+2s-2i+5) '/ 

13 
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In the followirlg it is converuent ~fo~ us to pass from the· coefficients 

B: .< jl ·to the quantities. A: (j). where 

a 
A I 

nt<JlN<f1 l ( j) = _;_~--=--at (j)N(£ 1 ') 

Then with the help of the expres'sion ( 5) we get a final form of the func

tions realizing a basis of the representation ( p 1 m ) of the Lorentz group: · 

2a +I a . 
, <: a , 6 , </>I p T j M > = G ( j, s) :£ :£ .. A 81 ( j, m, p )( f 1 s j M I f 1 s m n M ) X 

\ · ·-.. t c I Jl•-11 t. 

( 20) 

-<£1 +t> 
X --li- P 1 (cha) Yf m . 

sh a - 2 + I P 0 · 1 f 
(6 • .p ) .p~ 

.where 

i Po =- ~. + I P 

( 21) 
G (j,s,m,p) = s; (j,m,p)N (f 

1
) 

and l!!!.l' defines the lower boundary of the possible values of s 
2 . I 

coefficients . A 81 . ( j) are defined . by- the recurrence relations X 

.The coe 

a [ imp ] • . [ { . ) 2 ( m 2] A 1 (j) + (s+ 1-1) +AI+! (J + 1) J + s +.1 - --lp) 
2(j+l) 2 

X \j (2j +2s+2H2j+1H(2s-i+1) =A 8 (j)y (i-1H2s -1+2lC2j+2s-21+3) '( 22 ) 
1-1 . 

(2j+2H2j+2s+1H2j+2-1)(2j+2s-i+ 3) · (2j+2s-1+3H2j+2-1)(2j+2s-·. 21+5) . 

\ 

x/ The condition for the existence of a nontrivial solution of the sy&
tem of . homogeneous equations ( 22) leads to . the. restriction on ~ : 
· -f-=-s ,-s+l, .. , s-1, s. 

14 

We shall list ·the values c 

definition A ~ ( i ) • I . Hav 

coefficient: 

A a (j) • 
2· 

) 
[ (....!!!... 

2 

Similarly, having put I • 

A: (j) • (2j+2s-1 

[(j+ .. )2-(...!!!...-i 
2 

[.!.!!!.e..+ s-1·][ Imp + 

I 2j 2(j -1) 
x. 

[<J + s -n2 -c...m.. -tpl
2 

•' ' 2 

~-!,~ 

We still owe to. define B ~ 

fl.•i+.s+1 

We get the following exprE 

---· i.1L±..! 
[(j+1)2_..!!l.?][( v . 4 . 

l + 1 4(j + 1 )
1 

•B:(j)(J+ssJilJ+ssj+s 

Inserting the expression 



.for us to pass from the· coefficients 

(j}, where 

'• ~' 

( 5) we get a final form of the func-

( p , m ) of the Lorentz group: · 

' 
i.A 8;(j,m,p>lf 1 sjM lf 1 sm

0 
M) x 

1 f!=- L 

( 20) 

. (8, ¢) ¢ .p. mf . . 

..-·. 

(21) 
( J, m, p) N (f 

1 

of the possible values of s • '!he coe 

by' the recurrence relationsx/ 

• [ · 2 m 2] +AI+l (j+1) {j+s+.1) -(--lp) 
2 

=AI~l(j)y (i-1)(:is -i+2H2J+2s-2i+3) ( 22 ) 

3) (2j+2s-1+3ll2j+2-i)(2j+2s- .. 21+5) .. 

existence of a nontrivial solution of the sys
( 22) leads to ; the. restriction on + : 

'l 

We shall list the values of the first three coefficients A~ ( J). By the 

definition A : ( i ) • 1 . Having put in ( 2 2) 

coefficient: 

i •1, we find for the following · 

A a ( ') • 
2. J . 

[~ + 8 ] V ..L (2j + 28 .:..1 l 2j . 8 

ar [{..l!l..-ip)2- (j + 9) 
2 

Similarly, having put i .2 we get: 

A a (j) .. 
8 

(2j+2s-1) V 2' 

[(j+.,)2 -(..l!l..-ip)2] _(2s -1)(2j +2s) 

X 

2 

x.l 

i l 
1 · · s(2j+2s-3) 

i ][ mp + s V [~ +s-1· 2(j-1) V (i:1) (2J +2s-3) + ( 2j+ 2s~1) (j-1) 

[ (j + s - 1 )2 -<1- - ip )2] 

We still owe to define. B • ( j). For this purpose choosing in the formula( 19'): 1 . . 

e,.·J+s+1 and p.--s • 

We get the following expression: 

--- [(j+1)2-...!!L?][(j+1l2 +p2] . • 
V2j+1 y 4 · (j+s+1 sj+1JIJ+;"+18J+8-8)B 1 (j+ll• 

j + 1 4 (j + 1 ) 2 -1 . 

.. B: ( j) ( J + s 8 J j l J + 8 8 j + s - 8 ) V 2 j + 2 s + 1 V [ ( j+ 8 + 1) 2 + p ~ ] 

4(j + 8 +1) 2 -1 

Inserting the expression for the Clebsh- Gordon coeffiCients we get 

15 
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n;<i+1l ;.B~(j)(j+llv.[(J+s+d+p;l<2i+2s+2l{.2J +11 

[ (j + 1) 2 - ~ 2] [ ( j + 1 )2 + P 2] ( 2 j + 2 )( 2 j + 2s + 1 ) 
(23) 

The recurrence relation ( 23) gives the ,following expression for B ; ( j l: 

B~ (j) =N 
1
(m,p,s) r(j +l) 

nli!!I+ ll 
2 

r[(j+s+ll+<-T--ipl]rl<J+s+1l-( ~rip)] 

X 

X 

r(< hl + s+1 )+ (~-ipl]r[(hl+s+ll-(~-lp)] 
2 2 2 2 

r[( hl + 11 + ~1 r[ thl + 1 >- ..!!...JI nhl + 1 +; P > 12 

2 2. 2 2 2 . 

r < i + ·__!!!_ + 1 > r <i - --.!!!.. + 1 > 
2 2 

lr<J+ip +1) 12 

(2j+2s)!! (2J-1)!! lml!! <lml +2s-lll! 

{jm-l+ 2s)l! <lml_-ll!l {2jl!!(2j + 2s -1) I! 

II-i 

(24) 

Since we consider unitary ·representations, we can choose the in-

variant norm in the Hilbert space of functions .11
1 

(a, fJ , </> l to be 
M 

positively definite. The condition 

N
1

{jml,p,sl= r(s+1+ipl 

r<!ml+s+1 +ipl 

(25) 

just realizes such a choice with 

N
1 

<-lml,p-,s) = N
1 

<lml,-p,s) = N*1 {jml_,p,s) 

16 

Final!Y• we-- shall write c 

the functions < a • o. 4> 1 P -

simple calculations we i . -

.. l'i':_.
0
<a,·o. <PI PT jM) 

(...!.)-.0 - ) 
• 0 . 

. N (£1 l J 
X (--'!...) 

v2r<£1 +2..1 · 2 
. 2 

,_ 
We notice therefci 

angular mo~entum in til 

by the wave with a mi1 

/ 

We pass now to 

space oL functions < a, 
·-- l(p) 

the functions 1p c..m. (a 
- M 2 ) 

of · the -complete ( with . 
l(p) 

'P (..!!!.) (a;O, </> l are 
M 2 . . cp 

- q,~ (a,O, </> ): 'P .,<_X l 

-iflg to representations 

w HP> -<~.o. cf>l = < 
M(~) 

,Here the operation of 

ner: 
1p, ( a 



[ < i + s + 1 >
2 

+ p ;1 < 2 i + 2 s + 2 > !-2i + 1 > 
) V 2 m 2 2 2 ( 23 ) 

[ (j + ll - 4 ][ ( i + 1) + p J ( 2 j + 2 )( 2 j + 2s + 1 ) 

( 23) gives the ,following expression for 8 : ( j): 

r[(j+ s + 1) +<-f-- ipl]f'"[(j+s +1>-<-Trip)] 

r(<¥ +s+1l+<-}--ip)]r[<¥+s+ll-=t-t-lp)] 

[(hl+1)-..E?...]!r<hl+ 1 +ipll
2 

2 2 2 . 

.2!:+1) 
2 

lf'<i+ip +1) 12 

+ 2s -ll!! ll-2 

(24) 

unitary ·representations, we can choose the in-
. . I 

of functions <I> (a,(), </>) to be 

.I <I m I . p. s) .. r ( s + 1 + i p) 

f'<lml+s+1 +ip) 

choice with 

N1 !lml,-p,s) =N*
1

<lml_.p,s) 

16 

M 

( 25) 

Finally, we shall write dov.rn an expression for 'the nonrelativistic limit of 

the f~ctions-<a~8,cf>I_.P-f"iM > Taking into.account tha = 1:1 after· 

simple calculations V\e get 

2s+l ·a 
fim <a,'8,cf>lp-f-iM>=> ~ ~ B~(j,m,pl<f 1 sjM lf 1 ,;meplx 
(_:l)~O - , , , I =1: /ltc~ 

• 0 . 

N (£1 ) . : £1 
X - ( _!..) s 

y2f'<fl+2..) 2 "'ll 
' 2 

'· We notice therefore that ·in the states with. a fixed foUl'- dimensional 

angular momentum in the ·nonrelativistic limit ,the largest coritribuHon is given 

by the_ wa~ with a mirumum vaiue of f 1 ;. f 1 = ~ + s.- I + .2 
mln .• 

( 4. Definition of the Scalar Product 

We pass now to the definition of the scaiar product in the Hilbert 
. : ·, ~ { 

s\ace oLfunctio~~P~ a,~·fl i>-f- _iM > . • For this purpo~~-we consi~:r 
the functions 'l' ..m. (a,() , </>). realizing unitary irreducible • representations 

. . M(2) . • •. . . • . 

of ·the ·complete (with space reflections) Lorentz group. '!he functions 
l(p) . . ' . . . 

. 'PM<-]\> (a;8,cf>l :re bispinors, which ~re .formed out of the functions _ 

<I>~ (a,() , </> ) : 'l' = ( X ) , where the spino:s cf> • and X transform accord

ing to repre£;entations ( s , o ) and ( o , s ) respectwely: 

'l' l(p) ·(~.(). cf>l= ( "'l;. 
M( ;;'> . X 

<a,8,cf>IPTiM> ) 

(.::::l)l+s+m <a,71-8,rr+~ li>-~iM> 

(26) 

Here. the operation of ·1he space· inversion is defined in the . following man-. 

ner: 
'l' .' ( a .• () , cf> ) = .I .f' 0 'l' (a ;11 - () 11+"' ) • 

j 

17 
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'•! 

- W"lere 

r o = < o • > 
I 0 

and I is a unit matrix of the dimension (2 s.+1)x( 2 s +1),· The- expres

sion ( 26) can be obtain~d from an explicit· representation of the generat«>rs 

of the . complete Lorentz ~roup: 

-~ 

~I 
Lo + L s 

I I 0 
.; ( 

0 0 s 
L I + Ll 

(27) 

0 s 0 
_K 1 -iLl )-. 

K .. ( ' Ko+iLs 
I 0 I I 

We. define now a norm in the Hilbert space of functions '¥ 1 C P > (a, (J , q:, ) 
· x/ M(....!!!.) in the following way : 2 

l(p) j(p) .. , 21T 2 +l(p) .....0 j(p) ( 28) 
(qt (a,(J,rp), '¥, (a,8,rpl),J f fdad8drpsh asin8'l' (a_,8,rp)l· '¥ (a,tl,.pY, 

M(~ > . M<r> o o o M<r> M<-F> 

where · '¥ + is a hermitian conjugated of '¥ • Since the functior{s 
1 J( p) • . 

¥ M(!!!..)" (a, (J • rp) form.the-basis for tJ:e irredicuble representations pf 2 

the Lorentz group, then the ol:'thogonality r~lation 'should be 

x/ This scalar product is invariant under the complete Lorentz 
.. We notice that the scalar product for. the functions <.a;B,.rpjp ~)M> 
r.iant only under . the proper Lorentz group . · 

group • 
inva-

- ooTT21T -

(1>
1

·· (a,8,¢l, <1>
1 

(a,8,rp)l) = f f f dad8d¢sh2a sin8•ll+1(a,8,¢J<ll 1 (a,8,¢J (2B) 
M M OOO . M M . 

leads to the divergent integral, 

18 

I 

.. 

c; 

··, qrHP> (~·.o .¢>, 'l' 1'cp'>, (a, 
.· MC"f> . .. M'C-f-> 
I ' 

We remark that. the density '¥ + r 0 

product, given by' the expressiC:,n 

tiom~:'l' 1 
(p) ''(a, (J , rp) realiz~ unital 

M(..!!!.) 
. 2 

group. 

5. The Relation to the So: 

·since the bispinors '¥ ~ . ~ C ~ 
resentatic;m: of the . complete homoge 

as a . direct prcfd~ct of the finite- dh 

~e ( s 1 o ) + ( 0,, s ) and the inl 

the ·hyperboloid, then these represE 

representations· of, the Poinca:e -grc 

possible relativistic equations for f1 

spin s are derived from the co1 

transform ·according to the irredud 

grou;/ 61 ( K ~ s ) , it is obvious that 
• j ( p) 

'l'M<r> (a, 8 ·.<P l ·.are the solut 

complete 'set of functions in which 

As ·an illustration of this stat 

tions, solutions of which are the s1 
of components, necessary to descr 

according to the representation of 

tions. do not require subsidiary co1 

fluous spi~or co~p~nents/ af,. 

These equations have the fot 

( p<s> (pl - K as ) 

where 

!J'~s) (p) .. -i 2s y P.jP.2."' 

p P.l 
. a 

c-1·--

aq 
p. 
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0 

0 

/ 

(2 s +1)x( 2 s +1),- The- expres

explicit representation of the generat~<>rs 

( 27) 

). 

iL~ 

space of functions 'l' l(p) (a,t:l,cf>J 
M(..!!!.) 

2 

2 +l(p) '..JJ j(p) ( 28) 
dcpsh asint:l'l' (a_,t:l,cf>Jt· 'l' _ (a,~.<;>Y, 

MC{L> MC-]l> 

functio~s 
irredicuble representations pf 

~lation ~shoUld be 

under the complete. Lorentz group, 
the functions <a ,8,.¢ I p ...!lL j M > inva-

group - 2-

t:ld¢sh
2
a sin{/•p+l(a,t:l,cf>J;I> l (a,t:l,cp) ( 2B) 

M M 

/ 

-. 

,I,._~ ·. '· 

/ J c p > • --. - . · l 'c p '> - • - , . , 
( 'l' .(a,t:l,cp), 'l'. , (a,t:l,¢)).=8 . ,-8 , - 8 , 8(p-p) 

M(.l!l) . · M'(~)- _ - _ mm lJ MM -
I ~ - . - _:, _· . -_.._ 

We remark that' the density 'l' + r 0 'l' is not positively definite, The s-calar 
- ' -- i . 

. product,. give.rt bY' the expre~ssion ( 28), is always positive, sift'ce the f~nc-
tions 'l' l (p) '(a, {I , cf>) realize unitary -representation of the complete Lorentz· 

M(..!!!.) ' - . 
- 2 

gr~up, 

5. The Relation to the Solutions of the Free Fieid Equations 

Since the bispinors 'l' ~ . ~ c t- > re~allzing a unitary irreducible rep

resentatic;m of the _ complete homogeneous ~rentz group, haw been built 

as a direct proC:fuct of the fh~ite- cfhnensio~a.I represen~tions of the special 

'ty}:le ( · s , o ) + ( o, ' s ) and . the infinit~ dimensionar representations on 

the hyperboloid, then_ these representations may be extended to irreducible. 

represen~tions of. the Poincaz:e -gro~p. ~king into- acC::ount that all the 

possible relativistic equations for free_ fields with fixed_rriass· K and 

spin s are derived from the considerations, that the solutions woUld 

transform according to the irreduCible repre'~entations of th~ Poincare 

grou;/ 
6f .< K- ; s ) • it is obvious that the above constructed functions 

l ( p) • • - • ' .. 
'l' M <"' > (a, 8 , , cf> ) _are the solutions of such equatio.rts and form . the 

T - -· ·- -· , 
complete set of functions in which arbitrary solution may be expanded, 

- As ·an illust::ation of this statement :"'!e choose the relativ_istic _ equa-' -
. ~--

tions, solutions of which are the spinors, containing a minimum number 
' ! • ·----:-- ' 

of components, necessary to describe. the spin s. , and- transforning 

according to the representation of the type_ (s,_o>+_(o,s) / 7/~ Sucl:J. equa

tions do not require subsidiary conditions necessary to elirriinate supeP. 

fluous spinor components/a!:,. -

·where 

These equations have the form 

' 
(9'(S) (p) -Kh)'l'aO, 

9'(s) (p),. -i h y P 1 P2.''' P2s p,. P,. 

,.. t· ,.. 2 

P i't 
,._; __ a_ 

a q Pi 

fg 

( 29) 

~ 

•• ; p 

P 2~a 

v 



;.. 

_,iii 

.. 

/ 

... 

: 
and the . gene;~ized Dirac Y, -matrices are defined in the following 

manner: 

IL I IL 2 •••IL2o • 2a 
y = -· 

here 
j!lj!2 ... j!2o 

•±. 

0 
jL I IL 2 ... j! 2o 

_ IL1 IL2 ·~·IL 2o 0 
I 

Ill IL2 ···IL2o 

• The sign + is _taken for an even number of -spacelike indices and the 

sign - for an odd' number. ' 

(2s+l)- rowed matrices 1
- IL 1 IL 2 ···IL 2o 

u u' are the immediate 

generalization of the Pauli matrices and obey the following restrictions: 
1L11L2 ···1L2o , • • • • 

1. au'" are symmetr1cal for all 1nd1ces IL , 

'2, g t 
jL 1/L 2 

IL 1 IL 2 ••• IL 2o 
0 • 

where 

3, t jL I f 2 • •• jL 2o 
·- qq 

is a ten;;or in the sense that 
/ 

- (a) IL 1 IL 2 ... jl' 2a (a) + IL I IL 2 
D. (Alt ' D <AlaA A 
. - ~I V 2 

IL 2s 
A· 

v2a 

v 1 v 2 ... va. 

n'"' <A> is_ a 
--, 

( 2 s + 1) -rowed matrix, corresponding_· to _the Lo- " 

rentz transformation A in the . repres7ntation ( s · 1 0). It may be shown, -

that 

pCa) (p) am 2a ( 

.... ( •> 
0 exp ( -2a_n L

1 

exp <2ait · i: c'a> > . o 
) . 

where 

.. 
.. - p n ,. __ 

I 'PI 
sha • ill 

m 
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We look for such a : 

-realizes· irreducible unite 

ln this case it may be l 

rior ( 26). In the Appen< 

of the equation ( 29) for 

Generally . speaki~ 

order has 2s indepen 

Actually, since 

y jL I jL 2 '"j! 2s y II I 11 2 

then- acting on the equa· 

we get 

[ ( p 2 

Hence we see that lhe 
· · ·· 2s · 

equation (p_2 ) -- K 2 J 

Howe-Yer, we pick 

to a free particle with t 

p 2 ,. K 2 which fixes 

the upper sheet of the 

In conclusion we 

ko, V,I,Ogievetsky and i 

In this case the 
00 (!i' (p)-K)l¥•C 

or, taking into account 



!: 

' I 

--=frirPs are defined in the- following 

JL I JL 2 ... JL 2a 
0 

_ fl 1 fl2 .,.JL 28 o 
I 

fl I JL 2 ••• fl 28 

' 
number of 'spacelike indices and the 

- fl JL •ooJL 2 
t 

1 
, 

2 
• 

8 
_ are the immediate au 

and obey the following restrictions: 

symmetrical for ciJI· indices JL , 

in the sense that 
/ 

JL 28 "• 11 2···"2• ... A-v 
2e 

corresponding_· to the Lo-

,_,.> 

( s ' o). It may be shown, 

( -2ai: ~ <_•>' 
, I 

L (a) ) 0 ) . 

a • JiL 
m 

~ 

We look for such a solution of. ( 29 ), that the spinor cp •<a,8,¢!P.!!!;JM> 
2 

realizes· irreducible unitary representation of the proper LOrentz group, 

In this case it may be shown that the soiution of ( 29) would be the bispi

'rior ( 26). In the Appendices an explicit form of functions - the solutions 

of the equation ( 29) for spins s = i and s .. 1 is written down. 

Generally speaking, the equation ( 29) · as the equation of the 2 s 

order has 2s independent solutions for each spinor component. 

Actually, since 

fll fl 2 •••fl2a II I II 2 ••• II 2s 
y , y p p ···P 

fli fl2 

2 )28 
fl p II p_ II ... p V a ( p . ' 

28 1 2 2s 

then acting on the equation ( 29) by the 

we get 

operator (-1)28 yfl1fl2•fi2"P, P,; ••P.+Kh} 
_ , · rl r2 1'28 

[ ( p 2 ) 28 ':"" ( K 2 ) 2s ] l!' ,. 0 • 
(30) 

Hence we see that the 2s solutions correspond· to - 2 s roots of the 

equation (p 2 )
28 

-- K 2 >2
" ;. o. 

However, we pick out the unique "physical solution", corresponding 

to a free particle with the mass K , by the "subsidiary condition"-

p 
2 

= K 
2 which fixes the phase and means that the basis is built on 

the upper sheet of the real hyperboloid, 

In conclusion we make use of the opportunity to thank D.P,2heloben

ko, V,I,Ogievetsky and I,V,Polubarinov for illuminating discussions. 

APPENDIX 

Spin 1/2 

In this case the equation 
(li) ' 

(:f (p)-K)lp.Q 

( 29) reduces to. the Di~ac equation 

where 1p = ( cf> ) .. ( ~; ) , 
)( )(1 , 

or, taking into account ( 1), we have 
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X = ( cha- sha cosO) cp + sha sinO e -lcp rp 
1 1 2 

. ( :1.1) 

X 
2 

= sha sinO e lrp cp. 
1 

. + ( cha + sh a cos 0 ) cp 
. 2 

_,iii 

Spinor cp 1) 

cf>2 
is chosen in the form 

G(l) 
< a, 0 • cp l p - 1- j M > .. ( cp I l = --· 2- ( j + ..L -L j M I j + :.L _1_ Ar- -L _1 ) • 

2 rp shli a 2 2 2 2 2 2 
2 

( 1,2) 

p M-1 I(M . I 
I+..L (cosO)e ,-:;>cfo 

2 

, ~M+1 ) 
(J -M +1) l+_({cosO)·ei(M+fllp + 

( 1 )M-IS x--:.,__ V(j+1Hj+1-M)I ·-CJ+Il 
y2rr (j+M)! [P (cha) 

-1 + lp 

2 

+ P-I (cha) ( 
-1+lp 

(j + M) M-.J.. 1 

(j -M + 1) p 
1
_1 (cos 0) e I(M-:;>cf> 

2. 

)] (j+1-ip) 
M+.l. p 2 1( 1 

-M+1) 1-'-'- (cosO)e M+T>cf> 
2 

I-hving put the expression ( 1,2) into ( 1,1) we get the following expres

sion for the spinor X : 

3 

X(a,O,cp) =(-)1+-r 0 · A [ 1 . <a,rr- ,rr+'f' p-TJM> 

22 
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.'The Wive 'functions are nor 

( 'l; I C P) . ; 'l' j ~( P '> ) .:, G (.l 1[ 2 

M(...!.)· M'(.L) 2 
2 . 2 

In this case the 1 equa 

<PCU(p) -K2l' 

or, taking into account ( 1) 

) . ~ 

_;,ha cos 
x1 

sb a sin I 

72 
x:i ) = [. 11 + 2 ( 

X a 
0 

.cba -:- sba cos 0 sba 

X (. sba sin 0 
y2 

0 

e lcp cba 

sba sin I 

~ 

. x/ H~ving ~ut ·the exr: 
·difficult . to make oneself s1. 
. pend on j and therefor 
tion• 

·• 



.P, + sha sin 0 e -It/> .p 
. 2 

( 1.1) 

. + ( cha· + sh a cos 0 ) cp 
. 2 

,Aii 

form 

Gf-21 > I I . M I ~· + -L --L ~r- --L --L >. a----{j+221 2 2 2 2 shli a 

p M -I ( 1,2) 
f +..L (cos 0) e HM,--t> if> 

-(J+I) 
2 

. _1_ ~M+I (j -M + 1) f+ ?icosO).e I(M+-:1->~ + 
2 

(cha) 
-1 +lp 

(j + M) M-..!. I 
(j -M + 1) p f-j_ (cps 0) e I(M--a>t/> 

2. 

) J 
(-1) M+..!_ 

(
.-P 2 I( I 
I -M+l) 1-..!. (cosO)e M+-y)rp 

2 

into ( 1.1) we get the following expres-

, rr-0, ,·+¢I p---!. j M > 
2 

t 

_The wive 'functions are 'normalized by the ~ondition~/ 

··f<P> ITt i:<P'>>,:
1
. c.l>l:i ·o+4l>lr<-++ip>( 8 8 B< ,_ . 

('!' l ,T •l G 2 · If' MM' p p). 
M(2) M(2) . lr<j.+2+ip)l2 . 

'/ '" 

I' 

/ 

APPENDIX II 

Spin 

In this case the 1 equation ( 2g) takes on the form 

( l) . ' 
( 5' ( p) ·- K 

2 
) I!' a 0 

or, taking into account ( 1), we have: · · 

'l' "' ( t/> 
X 

-~ha cosO 
sha sin 0 • -It/> 0 

XI "J_2 
e .. 

"'· 
x2 ' sha sinO e I rp . sha sinO 

) "' [ I + 2 ( · 0 
y2. y2 

e -1</> 

X a sha sin() elt/> 0 
y2 

sha cos 0 

_cha ':" sha cos 0 sh a sin () · e -I</> 0 <Pr 

cha sha sin() e -lrp ) J ( </> ' 

y2 
2 X ( sha sin 0 

y2 
ell</> 

sha sin 0 e 'rf> 
</>8 

y2 
cha + sha cos 0 0 

' 

1-

v· 
I ~., 

. (l.3) 

) 

( II,1) 

x/Having ~ut the explicit expression for I G(-T>I2 in (1,3)-it is not 
difficult -to make oneself sure that the normalizing coefficient does not de 

. pend on j and therefore ll' · may always be normalized on · B :..; func
tion, 
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- + 

" '< '', 
/ ' .. 

'-:: 
....:~ 

We iook · for the solution of the form: · 

,. <Pi 
G (I) . ·. · . M-1 </>2 ) =-< a,O, ,P'f plj M > :o 

sh %a 
(j + l 1j M' I J 1M--11) l::..!L 

</>a' _ ,- y2rr 

:-

' . p M;_ 1 
xy<

2
i+ 3Hj-M+

2
ll -CJ~) 1+1 (cosOleiCM-1)</> 

2
(j t M) I [ p -..!.+l:-(cha) ( y'i. -PM - . 

1+1 (cos0)e1M</>' 

../ 

. 1 

2 (. l -M+2) 

1 · M+1 ·' . . 
(j-M +1 Hj-M+

2
j p l+ 1 (cosO) e ICM+1)~ 

-(j +Ml 

(j-M+2) 
PM- 1 (cos0)eiCM-1)cp 
• J 

l-

(2j+1)_ -,(J+T) · . ·-y2M · M JM</> 
- P (cha) ( P (cosO) e · 

j(j+2-:-ip) -:+Jp. (j-M+1Hj-M+2l l l+ '•r-;) \ .. ~. 
• · - · M+1 

(j-M:'1l<j-:M+.2) p J (cosOleiCM+O</> 

/" 

(j+Ml(j+M:_1) PM--1 (cosO)eHM-1)</> 
(j-M+ 1) (J-M+2) J-1 

(j + 1) 
< 1 ' 
-CJ-:r> .. -v2 0 + M> 

p 8 · (cha)( . · 
2

) 
·--r+Jp ·- (j...; M+1HJ -M+ j(j +2' -ipl<j+ 1.- ip) 

M p . ( JM-l- . 
1_ 1 co.sOle '~' . )]' 

1 . . • M+1 
(j-M+1HJ-M+

2
): p 1_ 1 - (cosO)eiCM+O</> · 

Substituting the expression ( 11:2) in ( 11.1) after simple transformations 
< - \ we get.-· r 

X (a,0,¢)=(-1)1+
1 

<a,rr-0-, TT+</> r·p-1jM'> --' 

• I 

2,4 

. /['he "l.vave functions are normalized by the condillonx/ 

• < w H p > • w J h 1 >- = I co> 12 
.M(1) M'(1) 

4(2i +1Hp 4 +p2 liT<-1 +ipll 2 

i I r <i + 3 + ipl 12 

x o u' o~o~~o~' o(p' -pl. 
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