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1,Introduction

A possibility of construction of a unitary relativistic model of quantum
field theory without ultraviolet divergences was investigated by the authol 1'2[

The Bialynicki-Birula's lagrangian

L|m=—g,:¢(x)rl Y, (ﬁ(x)av qS(x):—Am:(ﬁ(x)ral/I(x): (1)
was investigated, where T, and r, are the isotopic spin matrices,
y, are the Dirac matrices, ¢ (x) is the spinor field operator, ¢ (x)

is the scalar field operator. In the first paper the model is considered
in the two-dimensional space-time and restrictions on the coupling constant
g are found under which all the physical quantities are definite. In the
second paper the model is investigated in the four-dimensional space-time,
A finite two-point Green function is constructed for any coupling constant
values, in terms of which are expressed all physical quantities in the
second perturbation order in Am . In higher perturbation order such
functions correspond to each pair of vertices. This function satisfies the
well-known unitarity and causality conditions.,

However, in ref./ 2/ only the second perturbation order in A.m was
considered. In this order the unitarity condition included only the imagi-
nary parts of the two-point Green functions. In order to check that the
real parts of the investigated functions are found correctly too, it is ne-
cessary to consider higher perturbation orders and to verify the wvalidity
of the unitarity. Besides, the investigation of higher orders is interesting
for the determination of the integrals of the product of the functions con-

sidered and for checking the absence of ultraviolet divergences in the theory.



The present paper is devoted to the above problems, It deals with

the lagrangian

Lint

(x) =Am: l-ﬁ(x)fae—"s'l ¢ x) ¢ (x) s
: (2)
which is similar to (1), (If the sign of the normal product is not ascribed
to the operators ¢(x) | then (2) is got from (1) by means of unitary
transformation ¢ “(x) =y (x) exp { igf, @ (x) } ). For the two-point Green

functions, corresponding to the Fourier transforms of the quantitles

(S(e)" expiasi2zgd)? A% ()},
(3)
where
Sx=xNV=i<T(g (x) P (x)) > A (x=x) =i <T(<i>(x)¢>(x’))>n
spectral representations are constructed and used to prove the validity
of the unitarity, Another integral representation of these functions was used
to determine the integrals of their products and to show absence of ultra-
violet divergences in any perturbation order in Am . The masses of
all the free particles are assumed to be zero, In this case in the third
order in Am all the integrals are explicitly calculated and the results

are expressed through the well convergent series which are finite functions,

2, Spectral Representations of the Functions
Y(p) and o (p)

-

To solve the problems formulated above, in addition to the function
O(p) studied in ref,/ 2/ , two more functions are needed, which we denote
by ¥(p) and ®(p) , In this section we shall obtain for them necessary
integral and spectral representations, The function [I(p) has similar rep-
resentations, but they are not written down here,

Let us consider, first of all, the spinor Green function V¥ (p)
W(p) =f d¥xS(x)expilpx —(2g) 2 At

(2)

. . 2/ ..
Using the method developed in ref./ / it is easy to obtain the following

integral representation for this function

A -t 2 % -2
- MK ctgm z e [k(p? +1e) ]
Plplepi 2 {dz sinmz L (z=1) ' (z)1 (z + 1) (5)

which corresponds to the well convergent power series in I

The contour L is shown in Fig.l.,P=PuYV,K-(7g—”—-)2, I'( zs the gamma
function, and ¢ is an infinitesimal positive quantity. In deriving (5)
ah intermediate regularization of (4) was used, which was removed in
obtaining the final results, The regularized function is as follows:

- L]
e l”.(paf-i!‘) *

fs (z),
sinmz Tz +1) (6)

in the range 0 £ Rez <2

¥ (p) =—ip %1{ dz

has the representation
)

where fg (z) :
N GA Y I

(A +18)° (A -i8)° (7)
and can be analytically continued throughout the whole right half-plane z,

exp( 5

=1 A"
ig (2) zfd)\ [

for the exception of the real positive axis, where it possesses the pole
singularities, Then the function ¥(p) is a limit of Y5 (p) at 8 +0 ,In this
case, in (7) it is necessary to perform beforehand rotations of the integ-
ration contours such that the sign minus appears in the exponential of
the integrand,

In the integral ( 6) the integration contour may be straightened so
that it will be parallel to the imaginary axis (Fig.2.), what is forbidden
in the integral (5). In investigating higher perturbation orders we use the
Green function representation of the type of (6) with the straightened
integration contour C and in order to go over to the limit & +0 we
should integrate over'all the moments and return again to the contour L .

To eq. (5) there may correspond another regularized function E’B (p?},
which is obtained from Y¥g (p) if we shift the integration contour to the
right by unity, single out from (6) a term corresponding to the first order
pole of the integrand at z =1 , let 5 tend to zero and in the remain-
ing integral we straighten the integration contour

Fo(p)amp -t v i & [da
sp P p2+i!‘ 2 c

e =M [phie) (20

fs(z +1)}e
sinmz [ (z+1)0(z +2) (8)

Noticing that in the region 0<Rez<1l we have the integral equation

-iTn 2(s~1)

o0
=f dm2 __m ,
sin 7 2 0 m3-p? —je (9)

2=~1) e

~m [p2+ie] ¢

we can rewrite (8) in the form

fglz+1) o milz=1) ) (10)

fdma____*__.__l

—p?—~ie

‘i‘_ * 1 K d
s(p)-—p{—-—r———--f- ({ z

p- +ie 2mi (z+D'(z+2) g

m




Eq. (10) may be considered as a spectral representation of the function
¥s (p)

In passing to the limit 8 + 0 both functions give the same function

¥ (p)
¥ (p)mlim¥s (p) =lim ¥y (p)
P 8m+08 P Su-;o 8P
(11)
Now consider the scalar function & (p)
P(p)mi [dxexpif px + (202 A% (0} .
P f (12)

Similar procedures lead to the following spectral representation of the regu-

larized function corresponding to ®(p)

(e~ 1

- _ i $5(z+l) 2 4 0m )
& (p=i2zm* 8P (pream? ke + &[4, P8 Sdm b(13
? plede 27 ¢ IM'(z+1)(z+2) mip?oie ( )

where ¢5(z) in the range 0<Rez<2 js represented by the integral

(= —X___) _—— )
A Ty AN WY B (14)

(A +18)?2 (A-18)8

1 7 2
(z) = dAAT [
g2 Tof

We give also another type of the regularized function ®g(z) similar to
(6) for 'Pip)

O (p)ai(2m) 8D (p) - ign 2k [dz_e”" (p2ie)” 7" $5(2): (15)
c sinmz ' (2)( z +1)

‘The most essential difference of the function ¢ (p) from ¥(p) and
I (p) consists in that the scalar particle propagator in the exponential
has opposite sign, Due to this fact, it is unnecessary in the integral (14)
to rotate the contour in passing to the limit § + 0 as we have to do In finding
similar limits of the functions ¥g (p) and g (p) The regularization
itself is here necessary only for straightening the integration contour in
the z-plane from L to C

Using the obtained representations for the two-point Green function
it is easy to prove the unitarity of the S-matrix and the absence of ultra-

violet divergences in the model studied,

g,

e T

3. Proof of the Unitarity

We consider the maitrix element of interaction of spinor particle with
vacuum in the third perturbation order in Am (Fig.3.). The unitarity
condition SS¥ w1 gives the equation for the matrix elements(S-og(Am)‘ S,

Re < b, | Sy |b% >w-Re< b, |Sysy [b} >, (16)
where b: and b are the production and annihilation operators of
a spinor particle, respectively. The left-hand side of eq.(16) is expressed
in terms of the well known functions ¥ (p) and ®{p)

. 5 (pep —at
Re< b |Sz|b) >mry ———u— v
( 2n)

(17)
a B~

wgt - .
where V) (Mand ¥ M () are the orthonormalized spinors, We write

& vﬁ" (DI Refd* k¥ 2 ()P (p—k),

the real part of (17) as an integral of the product of the real and imagi-
nary parts of the functions ¥ (p) and @ (p) and the corresponding

8(p%)=1;p°20
6(p%)=0, p0 <0
representations of the two-point Green functions derived in the previous

functions 8(p®)( ).For this it is convenient, using the spectral

section, to divide them into parts corresponding to ¢™ (p) and ¢*(p) ,

namely

\P(p)up.fwdmap(m’)[_ ! +i228(m 2= p 216 (p%) ]
0 m’-—p’+i2tpo (18)
and we do the same for ®(p) ., Using the property r

Fd'e (™ ()? 0™ (k—p)moO

(19)

it is easy to write (17) in the form (p°>0 )
4 2 4 4 0 % OQ%())& 0 kO)
Re [d* kW2 (KD (p— k)m—2(2m)* Re¥(p)Im¥ip) — 4[d kRe ¥ (K} Im ¥ (k) m D(p~k)HUK) P ~k" ),

where -
S(p)=d(p—izm* 8% (p).

+
Introducing the intermediate states between S and S; we get for

the right-hand side of (16):

oo ac(.ﬁ.)nA 00 (.L)m
ReZ<h, | Sy |n><a] stibtoar, 2n°8“’(p—pwﬁ+(p)vﬁ'(gﬂ[d‘k ne'l'(k)g-?”,—q“(k) pX ——;’T!—Q}‘p—k)y

(21)




where .., (k) and @ _, (p~k) are the phase volumes of particles

’ (mphHym=12 2 )
(0 =8908 +28(160(°)8 422 871821 0(m-2),
O ot ATy TSET A (22)
A 2 -l
& 0=k 128065, +2r LT 607)00:%)60(a-1)1
" L) (n+2) (23)
where 8., =i (1) :_’(: .

Now we write down the expressions for the imaginary parts of the

functions ¥Y(p) and ®(p)

. % 230 24)
In ¥ (p)m 5(p?) +x 3 (kp”) 16(p%), (
¥ (p)mr p[20p 0 ST+ a 271 P
Im @ (p)m(2m* 8(p ) 4167 *k[-8(p D) 4k 3 (=& p?)® 16y . (25)

al(o+1)!{n+2)!

Inserting (22) and (23) into (21) and comparing the obtained expression
with (24) and (25) it is easy to see that for (21) the following relation:

+,.+ 5“)(E-p') —a+ 4 B~ s
Re < hp[Sle]bp)nr8 (2”)3— v, (p)v# Pl202m * Re¥(p)Im ¥ (p) +
(26)

+ 4 d kR Y (I ¥ (D Im F(p—-0) 6 (k°) 6 (p° =k %) ]

is wvalid, Inserting (20) in (17) and comparing the obtained expression
with (26) it is easy to see that eq. (16) is valid, Thus, we have proved
that in the third perturbation order in Am the theory is unitary. The
author expects that the obtained spectral representations for the two-point
Green functions would provide the validity of the unitarity in higher order

in Am as well,
Eq. (16) may be checked without recourse to the spectral repre-
sentation of the Green functions, by using the direct calculation. The value
of the integral (17) is glven in the appendix, and the integral

in (21) is easly calculated for each member of the sum.

4, Proof of the Absence of Ultraviolet Dlvergences

Consider the integral, we have delt, with which enters eq, (17) and
calculate it using the integral representations of the functions W¥(p) and

®(p) (see (6) and (15) )

[ a0 20 B (pokdmizn 3k [ [ [ dzy dz, deg expl-1mlz 42, +2,) 15(2,) 15 (25 ) B5(zy)
C1Cq Cy sinmzy sinmz, sinmz [z (z,) (z)
x 1 fd Y (k2ri)®1 ™"t [(p=r)? +ie]®s™? e
[z, + 1) (2, + 1 (z +1)
The requirement that the integral over k must be free of ultraviolet

divergences imposes the following restrictions on the variables z,

Re(z_ +z_ +2z_, )< 3.
1 3 8 (28)

Since the contours ¢, lie in the range 0 < Rez, < 1 . this

requirement is fulfilled, The integral over &k Iis:

LIt PL +ogte g @8 sinmzg siam{z, +z4)

[ d%k(k? + 1¢) ip=1)? +1e)8 as in(p? 4i0)

sinﬂ(zt-!-z’ +za)
Tz, =Dz )0z (42 =2z + 24 ~1)

(29)

“‘Iﬂ(zl+z,+zs—2)r(z (tzg +2zg=1)

Inserting (29) into (28) and rotating the contours €, so that they
pass above and below the real positive axes in the appropriate z; planes
and using the residues at the poles we explicitly calculate all the integ-

rals and give the results in the appendix,

Let us prove that ultraviolet divergences are absent in the n-th per-
turbation order in Am too, To this end we consider a diagrams with »
vertices, two external spinor lines and an arbitrary number of external
scalar lines (Fig.4.). All the vertices are connected by pair by the lines
each of which corresponds to one of the Green functions considered by us
and having the integral representation like (6) or (15), We consider the

case when all the vertices are connected by a continuous spinor line

9



corresponding to the n-1 functions ¥(k,; ) ,Then, in addition to these func-

tions,(“;“;_“:.g_)_ scalar functions like ¢ (k, ) will correspond to the
diagram, The product of all these functions will have the sign of 2(a—1)(a~2)
fold integral over kjp . Then the requirement of the absence of ultra-
violet divergences is written as aln=1)
2(p=1){n~-2)+ n=1—~2n(n—=1) + 2Re 3, z, <0
’ (30)
hence, it follows A1)
Re 2z <g—la=1), (31)
Assuming all z; to be equal to each other (z‘ -z ) we get
3 (32)
Rez < -

Since the contour C in the integral representations of our Green func—
tions may exactly coincide with the imaginary axis then the condition (32)
is well satisfied,

We prove in a similar manner the absence of ultrawviolet divergences
in higher orders in Am in somewhat other terms, To this end, following
the work by N.N,Bogolubov and D,V,Shirkov, we introduce the notion of
maximum vertex index and calcuwate it in the framework of our model

oo -—21— 82 (tp +22; ) ~4 m-3.
i int (33)

Here the summation is made over internal lines, 1y is unity for spinor
lines and is zero for scalar lines and % g= Rezyare assumed to be zero,

ox

From the inequality /" <0 it follows that if ultraviolet divergences are

absent in lower perturbation orders then they can not appear in higher

orders too,

Thus it is proved that in the considered model ultraviolet divergences
are absent in any perturbation ordsc in Anm

-

5., Conclusion

Thus , we have constructed the renormalizable unitary theory free
of ultraviolet divergences with interaction essentially non-linear in the field

¢(x) , We have not considered here the diagrams which correspond to

the renormalization of the spinor particle mass, through they appear already
in the third order, It is supposed that all the diagrams may be excluded
from the consideration by introducing the corresponding counter-terms into
the Lagrangian, The problem of infrared divergences which may, perhaps,
occur in higher perturbation orders is not investigated too. However, the
main problems - the check of the absence of ultraviolet divergences in
the model and the fulfilment of the conditions imposed by the S-matrix
unitarity - may be considered solved in positive,

It is important, in our opinion, to try to treat in more detail the n-th
order of perturbation theory and generalize the obfained results to the case
of non-zero masses of particles, It is also interesting to study other inter-
actions leading to the Green functions like those considered in the present
paper (see,, e.g. [ 410/ ).

In conclusion the author expresses his deep gratitude to Prof, D,I,
Blokhintsev for the interest in the work and fruitfull discussion and G,V;

Efimov ‘who proposed a very useful integral representation for the Green

functions,
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APPENDIX

In order to demonstrate explicitly the fact that the theory is finite
in the third order in Am , we represent the integral (27) as power

series, It is not difficult to see that these series rapidly converge,

- L 2\n m
Im[7d'k Y3 (0T (p-k) m=2(2mi x?p3 3 _(=xp”) b (-1 % [faxp?-
’ O (a+1}!(e+2)! O (me2)I(n—m+1)!

00 2 n m
W +2) =V +3) =Y n—m+2)]=(2m) ' x®p' S _(okp)" 3 D meime2)!
° @+DMn+3)! ° (n —m+ 1)

x ¥ !

0 kl(k+ 1! (k+2)!(m~k)! bk +1)! (m=k +2)!

[P (0-m+2)-¥(0+3)-¥(n +4) — w3 4+

+lxp?[lnkp? + 2(¥(m+2) + V(m+38) = ¥in +3)=P(n +4))= ¥k +1) = V(k+2)—P(ke9)-

mV o=k D)= (m—k +2) =W (m—k+3)] + [P(0+3) + Y (a4 a N =¥ (aom + 2) -
~[¥(2 +3) +¥(n +4) + Y(a=m+ D] {2(¥(n+2° ¥Y(m43) -P(k+1) =

W (k+2) =W (k+3) = F(m=k+ 1) = ¥(mek+2)=¥(m-k+3)1}, (A1)

o0 k
Re [/ k92 () D(p—k)ma(2m)® kB2 3 __(—xp?)® 3§ (=D -
° (a+DHa+2)! ® (k+2)Hn—k+1)!

—(zu)‘x‘p‘f (=xp?)® 5 =D mDl@e2)! F 1 y
0 (n+2)(n4+3)! © (o —m+1)! O L1t (k42) ! (m—k)! (m—k+1)Hm — k+2) !

x[lakp? ¥+ D=V k+2)~¥(k+3) +¥(m+2) +P(m+3) - Y+ 3=V +4], (A2)

where ¥(a) is the Euler function, The prime [’ denotes that in calk

culating this integral we omitted the terms corresponding to the diagram

12

of Fig.5. since we agreed not to consider the diagrams corresponding
to the mass renormalization of a spinor particle, For completeness we

give here these terms

~ - 4
Jdk¥ 2 (k) D(p—i) —f'dw”(knp(p—k):i%";_z _xp? "; - [fn (kp 2 =18 - W(a) — 294 )T
Tn (o — !

In order to exclude similar terms from (26) it is sufficient in m¥(p) to
reject a term containing &(p?) .
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