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!,Introduction 

A possibility of construction of a unitary relativistic model of quantum 

field theory without ultraviolet divergences was investigated by the authof 
1

•
2! 

The Bialynicki- Birula' s lagrangian 

Lint =-s:t/J(xlrt Y., t/J(xliJ., cp(x): l'l.m:t/J(x)r
3 

t/J(x): 
( 1) 

was investigated, where r I and 

y v are the Dirac matrices, t/1 ( x) 

r 
8 

are the isotopic spin matrices, 

is the spinor field operator, ¢ ( x) 

is the scalar field operator, In the first paper the model is considered 

in the two- dimensional space- time and restrictions on the coupling constant 

g are found under which all the physical quantities are definite. In the 

second paper the model is investigated in the four•-dimensional space-time, 

A finite two- point Green function is constructed for any coupling constant 

values, in terms of which are expressed all physical quantities in the 

second perturbation order in tJ. m , ln higher perturbation order such 

functions correspond to each pair of vertices, This function satisfies the 

well- known unitarity and causality conditions, 

However, in ref./ 2 / only the second perturbation order in tJ. .m was 

considered, ln this order the i.mitarity condition included only the imagi

nary parts of the two- point Green functions, ln order to check that the 

real parts of the investigated functions are found correctly too, it is ne

cessary to consider higher perturbation orders and to verify the validity 

of the unitarity, Besides, the investigation of higher orders is interesting 

for the determination of the integrals of the product of the functions con

sidered and for checking the absence of ultraviolet divergences in the theory, 
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The present paper is devoted to the. above problems, It deals with 

the lagrangian 

Lint (x),. L\m: 1/1 (x) 'a e-t2grl </>C.x) 1/1 (x): J 

( 2) 

which is similar to ( 1 ) , ( If the sign of the normal product is not ascribed 

to the operators </> < x l , then ( 2) is got from ( 1) by means of unitary 

transformation "' ' (X) a"' (X) exp I i gr I </> (X) I ) . For the two- point Green 

functions, corresponding to the Fourier transforms of the quantities 

(S(lf )n exp I .:t i (2g) 2 /1° (x) I , 
(3) 

where 
S(x-x')=i<T(I/l(x)o/(x'))> ,/1°("-x'),.j <T(cp(x)cp(x'll> 

0 0 

spectral representations are constructed and used to prove the validity 

of the unitarity, Another integral representation of these functions was used 

to determine the integrals of their products and to show absenee of ultra.-

violet divergences in any perturbation order in 11 m , The masses of 

all the free particles are assumed to be zero, In this case in the third 

order in 11m all the integrals are explicitly calculated and the results 

are expressed through the well convergent series which are finite functions, 

2, Spectral Representations of the Functions 

·-. lj! ( p) and <I> (pl 

To solve the problems formulated above, in addition to the function 

II ( pl studied in ref/ 2/, two more functions are needed, which we denote 

by IJI ( p) and <I> ( p) , In this section we shall obtain for them necessary 

integral and spectral representations, The function 

resentations, but they are not written down here, 

II ( p) has similar rep-

Let us consider, first of all, the spinor Green function lj! ( p) 

IJI ( p) .. J d 4 x S ( x) ex p i I p x - ( 2 g) 2 /1° ( x) I • 
( 4) 

Using the method developed in ret.f 
2

/ it is easy to obtain the following 

integral representation for tl!is function 

etg IT z e -IITz ( K ( p 2 + If ) j • -
2 

IJI(pl•;i "t J dz 
L 

sin rr z I' ( z =-lTT (z l r ( z + I) ( 5) 

4 

.:;tl, 
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·~i 

11 • 

l1 

J 
~I 
fll 

,j 

which corresponds to the well convergent power series in K 

The contour L is shown in Fig,1, • P'" Pv y"' • K • ( 2
8

17 
) ~ f' ( z l-is the gamma 

function, and is an infinitesimal positive quantity, In deriving ( 5) 

an intermediate regularization of ( 4) was used, which was removed in 

obtaining the final results, 'The regularized function is as follows: 

e -111z ( p ll + j f ) ~ - 2 
• • K f d z 

ll'.,(p)m-tp-2- ' f'(z)f'(z+1) 
U L Sln 1T Z 

r B (zl, 
( 6) 

where r B (zl in the range 0 ~ Re z < 2 has the representation 
exp( K ) exp( K 

r (z),...LJdAA• [ A +iB + A -18 
B 2 (A +i8) 8 (A -iBl 8 (7) 

and can be analytically continued throughout the whole right half- plane z , 

for the exception of the real positive axis, where it possesses the pole 

singularities, Then the function 'I' ( p) is a limit of 11' B ( p) at 8 .. 0 ,In this 

case, in ( 7) it is necessary to perform beforehand rotations of the integ

ration contours such that the sign minus appears in the exponential of 

the integrand, 

In the integral ( 6) the integration contour may be straightened so 

that it will be parallel to the imaginary axis ( Fig,2.), what is forbidden 

in the integral ( 5). In investigating higher perturbation orders we use the 

Green function representation of the type of ( 6) with the straightened 

integration contour C and in order to go over to the limit B .. 0 we 

should integrate over· all the moments and return again to the contour L 

To eq, ( 5) there may correspond another regularized function ip B ( P) 1 

which is obtained from 'l' 8 ( p) if we shift the integration contour to the 

right by unity, single out from ( 6) a term corresponding to the first order 

pole of the integrand at z • 1 , let B tend to zero and in the remain

ing integral we straighten the integration contour 

- • 1 K e-IITZ(2·j(z•l) 
ll'a(p) .. -p 1----+ i-- fdz p=t-•t 

p 2 + i ( 2 c sin 1T z r ( z + 1 ) r ( z + 2 ) 
r8 <z +Ill· 

( 8) 

Noticing that in the region O.< Re z < 1 we have the integral equation 

-[ 2 . J (z-ll e -ITT• Joo 2 2(z-ll - rr p + 1( a d m __ m:;-----,----
sin rr z o m 2 _ p 2 _ i ~ (9) 

we can rewrite ( 8) in the form 
- • 1 I (z+1) 00 m2(z-l) 

ll'a(pl•-pi.,--.-+-K-fdz 8 fdm
2 I· 

p +ir 2rri c r<z+llr(z+2lo m2-p2-if 

( 10) 
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Eq. ( 10) may be considered as a spectral representation of the function 

ii [; (p) 

In passing to the limit B .. 0 both functions give the same function 

'i' ( pl 

'I' (p) .. ilm 'I' a (p) • lim w8 (p) 
8 .. o 8 .. o 

( 11) 

Now consider the scalar function <l> ( p) 

<l>(p) •i I d 4 xexpi I px + (2gl 2 ~ 0 (x) I • 
( 12) 

Similar procedures lead to the following spectral representation of the regu-

larized function corresponding to <l> ( p) 

- ( 1 · </> (z+1) 00 ~(m-1) 
¢~8 {p)=i{217) 4 8 4'(pl+(417l2 K( 2-.-+..2.!L-Idz 8 fdm 2 m 1(13) 

P +If 2l7 C f'(z+l)f'<z+2) m 2-p 2 -lf 

where ¢ 8 (z) in the range 0~ Rez<2 is represented by the integral 

1 
oo exp { - _.::,1< __ 

¢
0

{zlcrid.>...>..z[ A+i8 
0 ( .>.. + i 8 )8 

+ 

I( 

exp(--x-=:-1 B 

{ .>.. _ I 8 l 8 
l . 

We give also another type of the regularized function <l> B ( z) 

( 6) for •v <rl 

(14) 

similar to 

4 (4) -11Tz ( 2 i ) z - 2 
cp /) { p) *'· 1 ( 217 ) B ( p) - i 8 17 2 1< 2 I d z e P + f ¢ 8 ( z l · ( 15) 

C sin 11 z [' ( z) [' ( z + 1 ) 

The most essential difference of the function <ll ( p l from 1(1 ( p) and 

n ( p l consists in that the scalar particle propagator in the exponential 

I" ts opposite sign. Due to this fact, it is unnecessary in the integral ( 14) 

to rotate the contour in passing to the limit B .. o as we have to do in finding 

sin1ilur limits of the functions 'I'B (pl and nB (pl .'The regularization 

iLelf is here necessary only for straightening the integration contour in 

tl1e> z- plane from L to C 

Gsing the obtained representations for the two- point Green function 

it is easy to prove the unitarity of the 5- matrix and the absence of ultra,.. 

violet divergences in the model studied. 
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3. Proof of the Unitarity 

We consider the matrix element of interaction of spinor particle with 

vacuum in the third perturbation order in ~ m ( Fig.3.). The unitarity 

condition S s + • 1 gives the equation for the matrix elements(s-f<~l" s, ) 

Re < b p I s 8 I b ~ > • - Re < b p I s2 s r I b p+ > ' 
( 16) 

where b+ 
p and b p are the production and annihilation operators of 

a spinor particle, respectively. 'The left- hand side of eq.( 16) is expressed 

in terms of the well known functions 'I' ( p l and <l> ( P l 
(4) 

+ 8 (p-p'l -a+ 
Re < b I S 8 I b > • r 8 ----- v 

P P • 217la II 
(p) vfl- (p)Reid 4 k.'l' 11 (k)4l(p-k.), 

~ (17) 
-a+ ,. - fJ.. .. . 

where v 11 ( p l and v ~ ( P l are the orthonormallzed spinors. We write 

the real part of ( 17) as an integral of the product of the real and imagi

nary parts of the functions 'I' ( p l and <l> ( p l and the corresponding 
O<p 0 l•1; p 0 >0 

functions 0(p 0 l(O(pO).o, Po-<o l ·For this it is convenient, using the spectral 

representations of the two- point Green functions derived in the previous 

section, to divide them into parts corresponding to G rat ( p l and G + ( p l , 

namely . .. 
1(1 ( p) ,. p I d m 2 p ( m 11 l [ 1 + 12178 ( m 11 - p 2 ) 0 ( p 0 

) ] 

o m2 -p2+i2tpo ( 18) 

and we do the same for <l> ( p l • Using the property 

Id'k.C'I''•~ (1<)) 11 q;••~ {k-pl•O 
( 19) 

it is easy to write ( 17) in the form ( p
0 > o 

Re fd4 k '1' 2 (k)<l>(p- k)oo-2(271) 4 Re'l'(pllm'l'(p)- 4Id 4 k.Re'l'(kllm'l1 (kllm'¢(p-k.)0~~9~p0 -k0 ), 
where 

o1i ( p l c <ll ( p)- i ( 27T)' 8(4
) ( p) . 

Introducing the intermediate states between S 2 

the right- hand side of ( 16): 

and s+ 
l we get for 

oo {3-, oo (24 "• oo (.IL) m 

R~I<tp I s21 nXn I stl b!>~r 3 2tr 2 B(4,p-p1v~+(~) v " { P"lid 4k.Re'l'(k.)I-;-q+l (It)~ ~O<p-k.). 0 r 0 n. ii' 11'. 111 

(21) 
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where n n+l (k) and n m (p-k) ~e the phase volumes of particles 

( 2)m•2 
0 m (kl .. a<•>(klB mo +28(k

2
J8(k

0 
>Bm 1 +2rr "P 8(p

2
)8(p 

0
)8(m-2l, 

['(m)r!m-1) (22) 

• ( k2) n•l n + 1(kJ .. k l28(k 2 l8(k
0

JB +2rr " 8!k
2 

l8(k
0
l8(n-ll I. 

n no r(nlr(n+2) (23) 
mo/n 

where Bmn •I ~ m • n 

Now we write down the expressions for the imaginary parts of the 

functions 'I' ( p) and <ll ( p) 

Im qr ( P) • rr ; [ B ( P a l + I( l; (I( P a l n ] 8 ( P a l • ( 24) 
0 n!(n+l)!(n+2)! 

lm <ll(p) .. (2rr) 4 8(4)(p ) + 16rr 8 K[-8 (p 2 ) + 1C i (-IC P
2

)" ]8(p 2 ). 
n!(n+ll!{n+2)1 

( 25) 

Inserting ( 22) and ( 23) into ( 21) and comparing the obtained expression 

with ( 24) and ( 25) it is easy to see that for ( 21) the following relation: 

8(4)( ') a + f3 
Re<b IS 2 S~Ib+>=r 8~8 ..L v (p)v - (p)[2(2rr) 4 Re'l'(p)lm'l'(pl+ 

P P (2rr) v IL 
(26) 

+ 4 f d 
4 

k Re 'I' ( k) lm 'I' ( k) lm .Ji ( p - k) 8 ( k 
0

) 8 ( p 
0 

- k 0 ) ] 

is valid. Inserting ( 20) in ( 17) and comparing the obtained expression 

with ( Z6) it is easy to see tklat eq. ( 16) is valid. Thus, we have proved 

that in the third perturbation order in !!. m the theory is unitary. The 

author expects that the obtained spectral representations for the two- point 

Green functions would provide the validity of the unitarity in higher order 

in L\m as well. 

Eq. ( 16) may be checked without recourse to the spectral repre

sentation of the Green functions, by using the direct calculation. The value 

of the integral ( 17 ) is given in the a ppenrl ix, and the integral 

in ( 21) is easly calculated for each member of the sum. 

8 

4. Proof of the Absence of Ultraviolet Divergences 

Consider the integral, we have delt, with which enters eq. ( 17) and 

calculate it using the integral representations of the functions 'l'(p) and 

<ll ( p) ( see ( 6 ) and ( 15 ) ) 

fd 4 k'l' 2 (k)~(p-k)•i2rr 2 K 4 f f f dz
1 

dz
2

dz
8 

exp[-trr(zt+•a+•a)]rB(zl)fB(•alcf>s<zal 
C't C2 Cg sin77z 1 sinrrz2 sinrrz 3 r(z 1lr(z

2
l l'(z

8
) 

X • fd\(k 2 +it) 0 1+z2e 8 
[(p-k) 2 +it]•a-a. (27) 

I'<z1 +1)['(z2 +1lf'(z 3 +I) 

The requirement that the integral over must be free of ultraviolet 

divergences imposes the following restrictions on the variables z 1 

Re ( z I + z 
2 

+ z 
8 

) < 3 . 

(28) 

Since the contours C 1 lie in the range 0 !> Re z 1 < 1 • this 

requirement is fulfilled. The integral over lr. is: 

f d'k(k2+1t)•l+•a• 8 [(p-lr.)2 +lt]"a- 2 .. _ irr(pa +ill•l+•a+•a•
8 

sinrrz 8 sinrr(z 1 + •a) 
sin rr ( z 1 + z 2 + z 8 ) 

f'<za-l}f'<za )f'(z I +•a-2)['(zl + •a -1) 
X ~ 

l'(z 1+z 2 +z 8 -2lr(z 1 + z 2 + z 8 -1) 

Inserting ( 29) into ( 28) and rotating the contours 

( 29) 

C I so that they 

pass above and below the real positive axes in the appropri ate z 1 planes 

and using the residues at the poles we explicitly calculate all the integ

rals and give the results in the appendix. 

Let us prove that ultraviolet divergences are absent in the n-th per

turbation order in L\ m too. To this end we consider a diagrams with n 

vertices, two external spinor lines and an arbitrary number of external 

scalar lines ( Fig.4.). All the vertices are connected by pair by the lines 

each of which corresponds to one of the Green functions considered by us 

and having the integral representation like ( 6) or ( 15). We consider the 

case when all the vertices are connected by a continuous spinor line 
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corresponding to the n -1 functions 'l'(k 1 l ,Then, in addition to these func

tions, (n-ll(n-2) scalar functions like «<l (k ) will correspond to the 
2 I 

diagram, The p,roduct of all these functions will have the sign of 2(n-1)(n-2) 

fold integral over k f • Then the requirement o( the absence of ultra.-

violet divergences is written as a(n-1) 
:r-

2(n-ll(n-2)+ n-1-2n(n-l) +2Re~ 
I 

hence, it follows n (n- I) 
--~--

~ 
I 

Re 3 
z 1 <-y--(n-1). 

•t < 0 

Assuming all z 1 to be equal to each other ( z 
1 

• z 

Re z < _3_ 
n 

(30) 

(31) 

we get 

( 32) 

Since the contour C in the integral representations of our Green func

tions may exactly coincide with the imaginary axis then the condition ( 32) 

is well satisfied, 

We prove in a similar manner the absence of ultraviolet divergences 

in higher orders in t.m in somewhat other terms. To this end, following 

the work by N, N, Bogolubov and D. V. Shirkov, we introduce the notion of 

maximum vertex index and calculate it in the framework of our model 

m.x 
"'t .. L 

2 ~ (rf +2zf) -4 --3. 
flnl (33) 

Here the summation is made over internal lines, r f is unity for spinor 

lines and is zero for scalar lines and ze· Rezeare assumed to be zero. 

From the inequality IDOX 

""t <O it follows that if ultraviolet divergences are 

absent in lower perturbation orders then they can not appear in higher 

orders too, 

Thus it is proved that in the considered model ultraviolet divergences 

are absent in any perturbation ord?r in t. m 

5, Conclusion 

Thus , we ha'Ve constructed the renormalizable unitary theory free 

ot ultraviolet divergences with interaction essentially non-linear in the field 

¢> ( x l • We have not considered here the diagrams which correspond to 

-'0 

the renormalization of the spinor particle mass, through they appear already 

in the third order, It is supposed that all the diagrams may be excluded 

from the consideration by introducing the carr esponding countel'- terms into 

the Lagrangian. The problem of infrared divergences which may, perhaps, 

occur in higher perturbation orders is not investigated too, However, the 

main problems - the check of the absence of ultraviolet divergences in 

the model and the fulfilment of the conditions imposed by the ~matrix 

unitarity - may be considered solved in positive. 

It is important, in our opinion, to try to treat in more detail the n-th 

order of perturbation theory and generalize the obtained results to the case 

of non- zero masses of particles. It is also interesting to study other intel'l

actions leading to the Green functions like those considered in the present 
/4-10/ paper ( see,, e.g. ) • 

In conclusion the author expresses his deep gratitude to Prof, D,I. 

Blokhintsev for the interest in the work and fruitfull discussion and G,v. 

Efimov who proposed a very useful integral representation for the Green 

functions. 
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APPENDIX 

In order to demonstrate explicitly the fact that the theory is finite 

in the third order in ~m , we represent the integral ( 27) as power 

series, It is not difficult to see that these series rapidly converge, 

lm r 'd 4 k 'I' I ( k) i ( p- k) .. - 2 ( 2JT) 4 
I( I p I I 

. 0 
I (-1) ~ [fDICp ~-

(n+1)!(n+2)! 0 (m+2)1(n-m+l)l 

· 484 00 ( linn m 
-'i'(n+2l-'l'h+3l-'l'(n-m+2l]-(21T) IC pI -ICp) I (-l}(J~Ho1)1(m+2)! X 

0 (n+2)1(n + 3) I 0 (n - m + 1) I 

xf I 'l''(n-m+2l-'l''(n+3l-'l''(n + 4)- 172 + 
0 k!(k+ll!(k+2)1(m-k)l bn-k+lll(m-k+2)1 

+ fn 1< p 1 [fn IC p 2 + 2 ('I' ( m + 2) + 111 ( m + 3) - 'I'( n + 3) - 'P ( n + 4)) - 'I'( k + 1) -'I'( k+2 )- 'l'(k+'l)-

.. -'ll(m-k+1)-'l'(m-k+2l-'l'(m-k+3l]+['l'(n+3l+'l'(n+4)l
2

-'11
2

(n-m + 2)-

-['I' ( n + 3) +'I' ( n + 4) + 'II ( n- m + 2) J [2( 'II (m + 2~ 'I' ( m ..+ 3)) -'II ( k + 1)-

-If' ( k+ 2)- 'I' (k + 3)- 't' (m- k+ 1)- 'II ( m- k + 2)- 'I' ( m- k + 3) ]J , (A,1) 

Ref'd 4 k'l' 1 (k)itl(p-k)•-(21T) 1 1C~ll I ( -Kp
2

)n 
0 (n+1)1(n+2)! 

i ( -1 )k 
0 (k+2)!(n-k+1)1 

I oo 
-(21T) K 8 p 4 I 

0 
(-Kpa) n i (-l)m(nH-1)1(nH-2) I i 1 X 

(n+2)!(n+3)! 0 (n-m+1)1 0 k!(k+lll(k+2)1(m-k)l (m-k+l)l(m -k+2) I 

x£fnKp2 -'l'(k+ll-'l'(k+2)-'l'(k+3) +'l'(m+2) +'l'(m+3)- 'l'(n + 3)- 'l'(n + 4)], (A,2) 

where 'I' (n) is the Euler function. The prime J' denotes that in cal-

culating this integral we omitted the terms corresponding to the diagram 

12 

of Fig.5, since we agreed not to consider the diagrams corresponding 

to the mass renormalization of a spinor particle. For completeness we 

.~ive here these terms 

[d k '11 2 
( k) :P(p-k)-J'dk '11 2 

( k )(ii(p-k )=i~ I (-1Cp 2
) n [fn (ICp 2 e- 1~ -IJI(nl-2'1'(n~ )}f,) 

P nln!(n-1)! 

In order to exclude similar terms from ( 26) it is sufficient in Im'l'(p) to 

reject a term containing o ( p 2 
) 
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