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It was recenUy-;hoWn that the diSpersion .sum rules1 :whl;h follow: 
. . ·"" 

from ·.trte ordir1ary o!'le-dimensionai di;;persion relations' under. cert<;i;n as-

sumptio~ about the high e-nergy beha:;,ri.our of the scattering amplitudes . ~ ' _. . \~ ' . . ' .. . ·-

allow . one to ~btain ·a ·great nuinber of relations between. the ~oupllng · cori-
'· ' ' . ' . . ..'· \ . . z.;. 9 . : ' . ' 
stants .. of particles and resonances • -'These' sum rules. ~;e .of the'· fo~ 

'i 
('--

.-where f ( v ) 

, a+· b ... c · + d 

. \ f Im f ( v ) d v 0 
va . ( 1) 

., ' 

is crossing-odd iilvariant'amplitude of ,_the reacti~n 

which satisfies- the dispersio~ relation5.-in tfie invari-
' • .- • - -r ' ' 

ant energy .variable v. at fixed i momentum trai"lsfer:. The dispersion 

< ~~'? ~e.s · (~1) h~lds: only ·if, the ,function · f ( v ) • , decrea.e&s ·with' in-. 

~reasin~ ene~gy,.. Therefore,' for each process only those amplitUdes .'Were 

considered up to' riow which, for kinematiCal reaso,ns, must' decrease 

. 'quicke; than the ·remaining ones. 

. ' 'I:h.e .pUrpose of this note is to show that the sum rule ( 1) can' be 
' . ' 

~eneralized to non-decreasing amplitudes if we know from experiment the 

'high energybehaviour ~f these amplitudes. At 'p;esent it is k~own11 'th~t' 
. I ., . •· , • • 

' the total and' differential (tor smful momentum tr;:;,n;;fers) crosS- sections in " ~ \ ' ' ' ..; '• ' .. ·. ' ' . 
f!1e range 5-30 GeV can be 'de.scribed . (with the experi.nlental accuracy) · 

I 

bY ci 'sum over Regge p~les I 1 b
1 
~ • .al '• with· the par~eters b

1 
1 'and· 

·a 1 ·. determined from expe~iment. ·'We will ~tiow that the dispersion 
' ~ ., . ' 

sllin rules p_ermit one' to connect these parameters with the· integrals of the. 

~ross- ~~ctions' over ·th~- region of lower. energies; , 'I'hl~ makes . it p'ossible
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r· ~~-the. one hand, t~ use in a ·simple manner .the eJq)erimenW inf~rm~Uon 
6~ the lov~.:.. ~n~r~y cross- sections for the a~ys~ of ru.~h energy ~catter- ' 

ing, · and 'o~. ~e ofuer, - to conne~ · the low ~;..ergy par..;_meters ( ~o~~ll~ 
co~s~nts, res~nance ~ld~) with fue high- ene~gy ones. . . 

. . ·. . . . . I. . . . ' 
"So, we · s~ppose that; at high eriwrgies.. v > A and fixed morren-

tum transfer the amplitude f ( v ) can be represented a;; ,._ / 

,• 

. c' 
f ( v) = l: c y 1 + l '( v ) J 

' • 1 ( 2) 

where the function l ( v ) .. q'-:'ickly decrease~ a,s v .. .. 
)'.'· 

and is. negllglbly . 
. r 

small at v >A 

Applying the Cauchy theorem to the function · l ( v.) 

croqsin%- symmetry, and neglecting the integral 

.. -
f Imdv)dv, 
A 

we get the following sum rule 1 

A • .: tm·c 
f lm f(v) d v-- !--1 

v 1 a + 1 
0 I 

a 1 + 1 
A =0 

., usmg the 

(3) 

' (-4) 

•,;..,hich generalizes the sum rUle ( 1) ,to the ·case of nondecreas.irig ampll- · 

tudes, 

We note th<1t the· analogous .. sum can be easily written down if the 

sum· over Regge poles in · eq. ( 2 ). is replaced by· any known analytic funo- . 

lion. For ,the cas~ of an arbitrary l?~haviour of f ( v) . at infinitY one ~y 
consider. the sum rule for. the function f ( v ) ·..p (v) J where "' ( v) is a •. 

- c '· - • .,_~ -

. crosSing- even analytic function holomorphic at. I v I < A <1nd decreasmg 

quickly enough as v .... .. 
As an example, we consider the sum . rules ( 4) for the forWard pion

~-

\. 

4 

'• 

·. 
-;, 

- ~ucleon scattering •. '1'8.king . as: 
'(-) 1-l '· . (+) 
A -+vB ·and·v(A. 
1±1 ,· . _; . · 10 

B . · are defined, e.g. rn ref •. 

A· 
. -2172 g2 (.!::. )2 +" f k/(J-_1_ 

m· . 
fL 

'' 

A .. . 
. 2 2 ( fL )4 f kv ( 1-l I· 

17 g -· + -· u + u 
m.. p' m 

where g 2 = 14. 6 fL is th 

stand for tl k and v 

dent pion and a (±1 is the toi 

fi 
. . b( ±! 

TI-le coef e1ents 1 

( at v > A ) 

\ 

(±) 
a· 

(±! 
! b 1 

Doing as in the' _current ,high:.. ~n 

restrict ourselves to the two ve 

rdnd sides of eqs. ( 5) . and ( 6 

'Then only the p meson 

caic:ulations of the integrals of the 

For ap•0.54. the· coefficient b· . p 
A •5GeV and . b p a2,60 at 

of the cross- sections at. v > A 

The vacuum terms 

MAle ( 6 ). Usin'g for the 



use in a simple manner the ex.Perimental 

cross- sections for the analysis of high energy scatter-
# ' •' ' ' ,. 

other, - to connect the low energy parameters ( ~oupl.fng 
.:.Vid~) with the high-energy ones. . .. 

I . 
that_ at high enli!rgies, v > A and fixed morren-

f ( v -, can be represented ~ ,- ./ 

. a' 
f ( v) = :£ e 

1 
.v 1 · + t '(v ) , 

( 2) -_..1 

J ',' 
. quickly decrease~ a_s v .. .. and is negligibly 

Cauchy theorem to the function E ( v ) 

and neglecting the integral 

.. 
J Im d v) d_v; 
A 

sum rule·~ 

.• using the 

(3) 

,\'' 

A' ':Im'e a+t 
J rm r < v > d V'- :r 1 

• A -
1 

= o (-4) 
vo a 

1
+ 1 

sum rule ( 1) . to the case of nondecreasirig ampll- · 

sum can be easily written down if the 

is replaced by any known analytic funo- . 

I;>ehavlour of f ( v) · at infinity one nay, 

rule for the function f ( v) ·t/1 (v) , where tf!_ ( v) is a 

function holomorphlc at I v I < A and decreasmg - · .. 
we consider the sum rules ( 4) 
1-

4 

'. 

for the fonvard pion-· 

,; 

{' 

. . . . : . . ·. . . "· ' ·. ;.--· ; ; . . . . . 
-nucleon scattering. Taking as f ( v ) -the combinations of amplitudes , 

·(-l . . !-l · •... . !+l. '·· !+I. . '· ·-. · --, . 't+l-_ --· -
·A +v B and: v(A -.. + vB .. ). (the amplitudes ·A.,. ·and 

!±) -- . ' ' . 10 ' . 
B . - are defined; e.g. in ref.. ) we get 

.', 

A · .. ' . . · b 1- l. _ b ! + l .·_ a 
1

- 1 ;: 

-2rr 2 g 2 (E-) 2 +Jk(J-.1-.a1 +~dv= :£ 1 1 .(.A.,) · A
2
(5) 

- ·m ·· - a·.+ 1 v 
1-' l l - 1 

I 
'' 

3 ' 

( _!_, )a1 -1 ~( 
6

) 
v ' Ill 

1 

A b(-l (+) 

. 2 2 ( IL )4 . I' k_ v ( [-1 [+)) d '<' 1 + b1 
rr g -- + -· a + a v = "" 
_ . m - Jl m 1 a~'+ 2 

\'where g 2 = 14.6 IL is the _pion mCl,SS0 m is _the nucleon mass, 

k and v stand for the lab~ _momentum and energy of the inci-
. (+1 ' + ' -

.dent pion and a - is the total' '1T - p 
. . ' b' ±) Tile coeffie1ents 1 

'scattering cro~s-section • 

are -normalized by the equality_ 

( at v >'A • ) 

!±I !±l al-1 
a =:£bt (..!-) 

VI ( 7) 

\ 

Doing as in the current _high-energy analysis
11 

we take A ias--'.7 GeV and 

p - rreson terms in the right-restrict ourselves to the two vacuum and 

rand sides of eqs. ( 5) and ( 6). 

_ 'Ihen only . ~e p r:teson term contributes to ~q. ( 5). 'Ihe numerical 

calculations of the: integrals of the cross-sections yields the followingr~sults. . ' . , __ 

For ap•0.54 the coefficient bp !~.found .to be.b p _•2.48 {in~~) ~t 
A ·5G~V and · b .p -2.60 at A .. 7GeV,· while directly from the analysis. 

11 ' ' -
of the cross- sections at v > A , it· follows that b • 2. 75+ 0.25. ; p .. \-

-, 

The vacuum terms 

Using for the 

give the · contribution to the 

parameters of the vacuum 

sum·, 

n.tle ( 6 ). 
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-;\_ ---' '- ' - ··,- ' - -, ' _' - - ' 11 -, 
- tenns --the ·value~ found. 1fx_-om the- high ~mergy region ,_ -we obtain at 

A-5 .;_n_d· -7 GeV the I-lgl'it-1-iand sid~ of, ~q. ( 6) to b~ rarg~r than_· the 

. ieft-hOond:one m~~ely -~ 2% w-hat'is wl~in th~- expe~lrrental eZ.Z:or~~' 

. A d~hU~ ~ool;,.sis . of the sum; ~es for different pro~esses wui be 

p~blished ~is~whe~~--.. . - - , · .. '· 

We ~ee that the obtained sum rules can be easUy used in the 
~ .. ~ - / ' ' , ·- ' ' 

··analysiS of the high-energy scaUering. On the 'other hand, they genera;.. 
, • • --' -· ' · - · • · • ' 1 • 1-Y · · ·.· 
, lize the low-energy .sum. rules treated. earller and allow one to ob-- - - ~ . . ) - . . . 

--! tafo .~ great n~mbe~ of relations betw-een the deca.;;.. widths of the reso-.· 

nances.•as well a~ their--connection with the high.energy scauer"ing pa.-
~ \ - , ,, '- . ranHi!ters. 

'• . 'lhe authors are since~ely grateful' to N. N. Bogolubov: for valuabl~ 
. discussions- of this paper. They are also thankful to V.i:.Zhurav.lev' and· 

- \ - ., 
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