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I. IntrOduction 

The existence of unitary particle mul.tiplets/1./ - the baryon ·octet 

( N , E , I , A ) .with spin 1/2 and pa~lty + 1, the decuplet of baryon res~ 
nances ( N* , ••• ) With spin 3/2 and parity +1., the octet -of baryon reso-' . 

nances with 'spin 1/2 and parity -1 - is now' well established/
2

/. It leads 

to . an effort at an explanation of these multiplets as a consequence · of the 

-c- . dynamics of strongly' interacting. particles. 

· . For the first time, such a problem was solved in a simplified· form 

in the sca.Iar and the pseudoscalar models of the static strong-coupling ·. 

theory by Wentzel/31 and Pauli and Dancof/
4

/ in the case of the i~otopi; 
,su (2) internal symmetry group. For pseudoscalar rrieson they found an 

·infinite s~ries of the possible states characterized by is~pin and 

'spin J for which I .. J and assumes the values 1/2, 3/2, 5/2, ••• In a 

recent paper by Dothan and _Ne'eman/S/x/ it ,was shown that. there 'is. a',. 

unitary irreducible rep~esentatlon (UIR) of the symmetry group [su(2) ~ ··. 
! • ! ' ~ • 

x su(2) ]. T
0 

of the interaction Hamiltonian of the Pauli-Dancoff theory con-
. ' • '- ,I 

tairung all the states with l• J • 1/2, 3/2, ·••• which represent the solution ' 

of. the pseudoscalar model in the. static strong-coupling approximation. 

Therefore the symmetry group [ su(2) X su(2)]. To of the interacti~n· Ha.

miltonian can be regarCled as a dynamical or spectrum gerierating group: . 

of the Pauli-Dancoff str9ng-cciupllng theory. 

The static strong-coupling theory for the case of the Su(3) internal 

symmetry group with scalar mes.ons (without the couplin~ of spin) ~· 
partly solved in a paper by f)uliemond/B/ who found the six loWest SU(3). 

rotational states and their energies. 1 - 161 /?( 
x/ F'or the approac::h through the dispersion relations see .· and • 
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The purpose of this wo~k is the following: to- use the symmetry 

group SU(3) • T 8 of the interaction Hamiltonian of the Su(3)-invariant sca

la~ strong-coupling theory as the spectrum generating group of the model 
. ' . 

and to determine the UlR of this non-compact group representing the 

complet~ infinite set of possible SU(3)-multipl~ts ~vhich are the solution 

for this model. The band of the isobar states we obtained agrees With , 

the results of ref/
8

/ for the lowest levels. 

2. 'l'h~ Hamiltonian arrl its Symmetry ProP,erties 

' The interacting system of a static baryon octet source and an oc-

tet· of scalar mesons in the static strong-coupling approximation is des

'cribed bv the Harrultonian /B/* 

H 
B 
~ (!{p~ + !{p~~q~ ) +H' I 

·~· 

/ 
_Where p is the average mass of the meson octet , 

., 
8, 

H'~ g ~(aF 1 + {l-a)D 1 )q 1 
1=1 

·'is the interaction part of the HaiUIItonian, g is the .coupling constant · 

and. a the mixing parameter, q 1 are the components of the meson 

-octet q = ( q 
1 

••• q 
8 

) in the Cart~sian basis, p 1 are canonically conjugate· . . 

to ~hem and satisfy·. ordinary com~utation relations [ q 1 , p l ] = i8 tl 

[ q 
1 

, q 
1 

] = [ p , , ·P , ] :, o F1 and D, are the 8x8 matrices 

with their elements defined in terms of ~ell-Mann's/1/ ftlk and dtlk 

< F 1 >lk = -if11 k · • <D1 >1
k =d Ilk Their commutation relations are 

[ F I ' F I ] = if Ilk F k ' [ F I 'Dl ] = if Ilk D k 

* _h =c=l 
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Hamiltonian H represents on the one hand an operator in the. m~. 

son variables q 1 'and on the other hand an 8x8 matrJx in the octet ret)-· 
. . \ . ' . 

resentation · space/ of the bare baryon states. lt is invariant under· the-

gro.up su(3) generated by the operators 

8 a 8 
Fl = F I - i ~ fllk q I -- = Fl + ~ ftlk q l pk 

l.k=l qk l.k-1 

satisfying 

[ F I ' F l ] - if Ilk F k 

These ..eight operators are easily shown to commute with the Hamiltonian H. 

Defining a potential energy operator V(q) 

8 

v<Cj)- %/l2 I. q~ + H' 
lei 

'./ 

the Hamiltonian H is expressed as a. sum of two parts, the first one 

being "kinetic'' and the other one,. "potential" 

8 2 ... 
H ·= Y, ~ p + V(q) 

I= I I 

From the form of V(q) it is seen that it commutes with the q
1 

and_ 

F
1 
's = 1, , 8. Since 

-~ 

[ F1 ,qi l = i£ 11 k q,_ 
'/ 

\ 

it. follows that the symmetry .~roup of v<<il is the group G= SU(3) • Ts • \ 

a semidirect product of the symmetry group Su(3), of the 'vhol~ Hamil-.' 

tonian H and U\e a~elian group of translations T8 generated by q~ s, 
i = 1, '8 ( T8 is an lnyariant ~ubgroup of G). Lie algebra of G ha~ 
the following commutation relations: 

" 
[ Fl, Fl] = i !Ilk F k 

" 
[ F I ' q I ] = if 1i k q k ' { q I ' q .l ] = O 
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As 
,. 8 2 

-[~:£ p 1 ,q ]=-ipllO 
1=1 l 

the symmetrY group G of V ( q) Is broken by the ''kinetic" term to the 

group su(3). The basic assumption o! the strong-coupling theory ls that - , 
. - ···~ . 

the coupling constant g is sufficiently great ( g »p ) so that the kine-
8 

tic term ~ S p~ 
1=1 

can be considered , as a perturbation. With this assumption 

one can consider the non-compact symmetry group of V(q) as a spect-

rum. ganerating group o! the model under. consideration. There is a UIR 

of G that will contain all the admissible states of the strongly coupled 

. s~tem investigated here. It is necessary to determine this UIR from some 

. physica~y reasonable requirements. They will be discussed in the next 

paragraph. 

; 3. Unitary Irreducible Representations of the Group Su(3) 

UIR's of the non-compact groups given by a semidlrect prodUct of _ 

a semi-simple Lie group and an abelian invariant subgroup were investi

gated in the ~arks of Wig~er/9/, Macke)10
/, Hermann/li/, Cook and Sa

kita and others by the method of .so called induced representations. 

As follows from these papers a UIR of the group Su(3) · T8 is unam

biguously determined by fixing the variables characterizing the basic po

sition ~ of a vector q in the octet space and by choosing the UIR 

of the little group of this vector l . , 
Every vector ~ .. ( q 1 , ••• , q 8 ) in the octet space which trans

forms according to the adolnt representation of the SU(3) group may be 

transformed into the basic position 

... 0 
~ a (O,O,qs 

.. 
0 

,O,O,O,O,q 8 ). 

The basic position ~ of q is unambiguously characterized by the 
0 0 

two independent radial variables q 3 and q 8 which can be para-

metrized/a/ : 

6 

.. 

I 

.' ( 1 

'i 
-I 
! 

., 

0 0 
q 3 = f sine/> , q 8 = f cos</> . 

We assume cp,f. 0. Then the little group of 

variant is the subgroup U(1) 1p U(1) Y 

~ that leaves this vector in

of Su{3) generated by the two 

commuting operators Fa and F 8 

An induced representation of Su(3) • T 8 

ing the values of the two radial variables 

is thus determined by giv

and </> , and of the two · 

quantum numbers I 8 

U(1) 1
3 

®u(1)y ' 

and Y , characterizing the UIR of the -little group 

The values f · and cf> determining the physical UIR of G we are 

looking for are chosen in sl!ch a way that an eigenvalue of the potential 

energy operator V(q) (call it E- E(q ... )- E(f ,cp) ) ~auld assume its ab

solute minimum E 0 = E0 (£0 , </> 0 ) for this choice of f- £0 and </>=<Po- xf. 
Further, there is an eigenvector of V(q)corresponding to this smalles! eigen

value E0 • It is characterized by the quantum numbers I 80 · and: Y0 • 

:t'fow lao . and Y 0 determine the UIR of the little group. The characteris

tics £0 _. c/> 0 , lao and Y0 fix then the induced physiCal UIR of the 

group SU(3) • T8 • The ground state of the interacting system is th~ lowest 

representatibns of su{3) containing the vector with quantum numbers 180 

and Y0 in i~s representation space. The ground state characte*"ized 

by £0 , c/> 0 • r30 and Yo represents the lowest state that· appears in the' 

spectrum of the syste~ 

It is possible' to establish the composition of this UIR of G with res.:..: 

pect· to the maximal compact subgroup 'su(3) by means _of the eX:plicit r~. 

lation for the matrix elements· of translation operators q I between diffe..:. · 

rent representations of SU(3) contained in the representation space of. 

the UIR of G. The basis of this space is forme-:!. by the representations 
\ - . -

. - . I .. 
of the maximal compact subgroup. su{3). . 

_xfvci{>-- is invariant under G. Therefore; V(q) '--ir1 the space of a 
UIR of G is a multipl~ of the unit operator and- its ei~enva.lues . E' . are. 
functions of the invariant variables f • ¢ • E = E ( r; ¢) · The eil::!eYrVai..;es, · 

E(f,cp) of V(q) represent the energy of the system ii1. the.strong .. coupl_. 
ing limit. This energy is the same for all states, of·the UIR of G. Thus it 
is natural to find the iowest eigenvalue of E(f',¢) as a function off and</> 
·and it will play the role of the ~round-state ener~v of the svstern in' 
the strong limit. · 1' 
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Matrix elements of the translation operators - q p in this basis are 

,_ iiveri by_ the equation (for derivation see the Appendix) 

. , N 
<(.\'),v',I'Iq I(.\),JJ,! 0 >cr ,~. ~ y_,=y~lfsiocf>l: 

p , 0•'1'0•<~0. "' N ,\' Y ( ,\ ' 

Io 13 o Yo 

8 A' ) 
Ioi3:Yo 100 

(1) 

8 A~) ' y , 
p v' (: 8 :~) + f cos</> ~ (I o ~ ao Yo 

8 A' ) (A 
I~ 130 Y0 v p 000 

where q p are the sphel:'ical components of q the numbers (A l, <A'l dete~ 

mine the representation of SU(3) and NA , N.\, are their dimensions v. v' 

·are the states in the representations (.\l , (,\') ,respectively;and · Uo, </> 0 , 

(I30 .</>Y 0 l characterize the UIR of the non-compact groups Su(3) • T 8 

The, unsymmetrlzed Clebsch-Gordan coefficients of SU(3) are denoted ac

. cording to 112/),A state I(,\) , v, 10 > in the UIR of G is c;haracterized 

.by (,\) , v and the index 10 that runs through all the possible values 

of isotopic spin characterizing the isotopic srin projection lao • 

4. The Mir:imum Condition for the Potential Energy Operator V (ql 

The potential energy operator V(q l is a matrix in the octet space 

of baryon states: 

.. 8 2 8 2 
V ( q ) "' g l: (a F 

1 
+ (1- a) D 1 ) q 1 + Yz 1L l: q 1 • 1 

I= I · I= I 

where i is the 8 x 8 unit matrix. 

For every octet vecto~ ;; - ( q 1 ' ... ' q 8 ) therf1! exists an SU(3) 

trans~or!l}dtion u by means of which it can be transformed into the basic 

-position .. 
0 .. 
q = uq. (2) 

, .. 

"'-f, 

,i 

' ' 

'• 

'I'o the transformation u there correspondsx/ ar:· SU(3) transformation 

U in the space of baryon states by means of which the- operator -V( q .. l 

goes over to the form, 

+-.. 0 -2 02" 
U V(q)U~g l: (aF1 +0-alD 1 lq 1 +Yzl! l: q 1 .1 

l~t:3,8 1=8,8 
(3) 

In order to find. the eigenvalues of V(ql explicitly. we have to pass 

fromj the Cartesian basis in the octet space of baryonS used so far to a· 

spherical one. There the matrices F 3 , F 8 D8 become diagonal and 

D 3 may be trivially diagonalized afterwards. 

The vectors 
.. 
el of the Cartesian basis in octet space have the 

-components 
... 

(e I )I "' 8 11 it j IS 1 J, 0 0 '8 

'!'he vectors 
... 
ep of the sph~rical basis in octet space are defined by-

... 
Fa ;, I 3 • 13 e p "'1 3 e p where 

.. ... 
Yep= Yep wh~re 

y3 
F8 = -r Y • p = (I , I 3 , Yl . 

· x/ Such a correspondence follows from the invariance of V(q) 

SU(3) 

e 

8 

-1 l: a1 Fi 
1 .. 1 

8 

I l: a 1 F I 
V (q) e I= I = V (q) 

This equation can be written in the form 

e 

8 
-1 l: a

1 
F 1 

1=1 

8 
I l; a F 

V (q) e I= I I ,I =e 

8 

I l: al fllkq I 
llk=l 

8 
P k -I l:. a r , 

V(q)e Ilk"'! I llkqlpk 

under 

The parameters a 1 , I = 1, • • • 8 are chosen in SUCh <:1- way that 

8 

i l: al fllk ql "k 
Ilk= I 

e q r e 

8 

- 1 l: al 'llkql I\ 
Ilk=! ( ... ) 

= uq r 

8 

then 1 l: a 1 F 1 
U = e 1=1 

• 

0 
= q 

r 

8 ·i' \ 9 
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The transition froin the Cartesian basis to the spherical one is· orovided 

by a unitary 8x8 matrix 

... 
e. I 

-... 
e2 

... 
e. a 
... 
e4 

... 
e5 

.... 
~6 
... 
e7 

... 
e8 

-, 

=·· 

1 
-::[2 

i 

V2 
0 

0 

0 

0 

o· 

0 

_L v 2--

i 

\12 
0 

o· 

0 

0 

0 

0 

0 

0 

.1 

0 

0 

0 

0 

0. 

0 

0 

0 

1 
-Vf 

i 
V2 

0 

0 

0 

Them the matri<_::es F1 

corcting to the relations 

and D1 

Fs 
I 

+ 
Z F 

1 
Z 

We give 
s 

Fa 
s 

F8 • 
Ds 

3 
Ds 

8 

F S_: 
3 -

0 0 0 0 0 0 0 

0 -1 0 0 0 0 0 '0 

00000000 

OOOY,OOO 0 

o o o o -Y. ·o o o 

OOOOOY,OO 

0 0 0 0 0 0 -% 0 

00000000 

0 

0 

0 

0 

0 

vt 
i 

-y2 
0 

0 

0 

0 

0 

0 

1 
V2 

i 
+::[2 
. 0 

0 

0 

0 

1 
:;2 

i 
\[2 

0 

0 

0 

0 

.. 0 

0 

0 

0 

0 

0 

0 

... 
e 110 

... 
e 1-10 

... 
e 100 

... 
eli li 1 

... 
eli -li I 

... 
elili-1 

... 
eli·li·1 
... 
e o 0 0 

are transformed to the spherical basis ac-

s + 
D

1 
= Z D 1 Z 

explicitly: 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 003 0000 

00 003000 

0 0 0 0 0 -3 0 0 

0 00000-30 

0 0000000 

l ' 10 ~ 

• 

\ 

l·· 
'<. r 

J r ' 

'l 
':!' 

'!: 

,II 
::); 

·.I ',,•) 

\l' 

l ;j)' 
;!" 
r

J 

·,. 
1) 
\\,' 

·I: 
·v 
I 

' 

0 0 0 0 0 ri. 0 0 

0 0 0 0 0 /0 0 0 

0 0 0 0 0 0 1 
V3 0 

0 0 0 y, 0' 0 0 0 

D:c 
( 0 0 0 0 -Y,. 0 0 0 

0 0 0 0 0 -% 0 0 

0 000 OOY,O 

0 

0 * 0 
0 0 0 0 

s 1 
D5~~ 

0 0 0 0 0 0 0 

0 1. 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 0 -% 0 0 0 0 

0 0 0 0 -% 0 0 0 

0 0 0 0 0 -Y, 0 0 

0 0 0 0 0 0 _y, 0 

0 0 0 0 0 0 0 .-I' 

Instead of the· parameters g , a 

g'. {3 : 

let us define the new parameters/a/ 

g' cos{3 =· g{l- a) 
y3 

g' sin{J a ga 
- a . , · (1'-a)

2 
2 li 

tgf3=y3l-a; g =g(_,-+a .> 

... 
0 ' 

·With these new parameters and the parameters f and </> of q the 
. I 

transformed potential energy operator V(q) 'can be written in -the _form 

U+ V(q)U 
~ - g .. - s 

g fb./3 cos{3 sin</> D 8 t y3 cos</> cos{3 D8 + 

s ' s 2 2 .... 
+sin {3 sin cp F 

3 
+ sin {3 cos cp F 8 -) + % fL f • 1 

In the matrix form 

c' 

11 

: 



u+v(ql u =g'f 

cos(f3-</>l 

0 

0 

0 

0 

0 

0 

0 

0 0 0 0 0 0 0 

cos(f3+</>l 0 0 0 0 0 0 

0 cos{3cos</> · 0 0 0 0 cos{3sin</> 

0 0 cos(f3+<1>- 2a"> 0 0 0 0 

0 0 0 cos (f3-c/>-~l 0 0 0 +Y.l f
2 ·l 

0 0 0 0 cos({3t9+~l 0 0 

0 0 0 0 0 cos({3-c/>-r~l 0 

0 cos{3sin</> 0 0 0 0 -cos {3cos</> 

, Hence it is seen that the eigenvectors of V (q) and the eigenvalues cor

r:esponding to them are given by the equations 

.. .. I, Q 2 21 .. V (q)Ue110 = g fcos(p-<fol + Y.p f Ue 110 

.... I' Q-1. 22 1 .. V(q)Ue
1

_
10

= g fcos(p+'f'l +Y.p f Uet..:IO 

V(q)U!:Iili 
1 

= I g'fcos( f3 +</>- ¥ l+Y.l f
2

lu-:li li 1 

.. ... , 211 2 2 I ... 
V(q)Ue ={gfcos({3-f3--..--l+Yzp f Ueli·lil 

li·lil ~ 

V(q) u; =lg' fcos(f3+</>+ ~11 l+Y.p 2 
f

2
1U;Ii+li-l 

.Ji +li .1 

12 

• 
/ 

V(ql u-:li.·li·l 
217 2 21 .... 

{g'fcos ({3-<fo+ 'T") +Y.p f Ueli·li·l 

V(qlUe"2 •l-g'fcosf3 + Y.p 2 £
2 IU~ 

.. ... I. , Q 2 21 .. 
V ( q ) U e 

8 
• g· f cos p + Y. I' f U e 8 0 

where 

... </> .. . </>• ... 
e 8 •· cos 2 e 000 - s>n T eiOO 

e8 • 
. </>... ¢-

stn T e 000 + cos T e 100. 

The eigenvalues depend only on the invariant octet ;va.riable.s _ 

and the parameters +. g'; f3 • Assuming f3.;. o the smallest eigenvalue 

of V'(q) niay be obtained- in 6 different way51 i.e. 6 possible choices of 

and </>: 1 .. g' I I' 2 

to the minimal eigerrvalue 

¢1=f3±1T 

</>2 -- f3 ± 7T 

<Pa•-f3-y 

</>4=f3+.!!. 3 

</>5 - -f3 + ~ 3 

<f>s •+f3.;..~ 

in all ca."'es, the eigenvector corresponding 
2 2 

- g' /2p is: 

... 
U e 110 

ue>,_lo 

u11i li 1 

u~li-li 

... '·· 
Uelili-1 

... 
Ue !i-Ii -1 

13 

,. 



From these. 6 possibilities we ch~ose for further investigation case 3, 

i.e. we fix the variables f=g'/p.
2 ,cf> 3 =-,8-3 and the quantum numbers 

of the third eigenvector are , I 3 = Y, , Y = 1 • Let us denote this set of 

number~ ( £. 0 ·, cf>o , 13o , Yo ) • They fix the UIR of SU(~ • T 8 we ~have 

been looking for. 

5. Structure of the UIR ( f o , ¢ 0 , lao , Yo ) 

The UIR -of SU(3).·T 8 can be realized in an infinite-dimensional 

··space spanned by the basis~ vectors of the finite-.<iimensional UIR's of 

· · the. maximal compact subgroup SU(3). Explicit knowledge of the matrix 

elements of·the abelian generators 

identify the representations of SU(3) 
' 

Yo . ) · of· G is built up. This allo-ws 

admissible sta~es of the system. 

q P in, such a basis permits us to 

from which the UIR ( £0 , cf>o , lao, 

us to determine all the physically 

From (1) and the properties of the Clebsch-Gordan coefficients of 

the Su(3) group/13/ it is, easy to show that the UIR ( £0 , c/> 0 , 130 , Y 0 ) 

contains all representations (.\)"' (p,q) of Su(3) satisfying the con

dition 

p=q+3m, q•O,l. .. , m=0,±.1,±2, ... ,p?!_O 

with the exception of the Su(3) singlet (o,o). 

Multiplicity of a :tJIR ( .\ ) of SU(3) in the uiR ( r 0 , cf> 0 , 100 , Yo ) 

is' given by the number of the isotopic multiplets (with hypercharge Y 0 = 1 

and containing a state with the projection I~o = 1/2) 'Which appear in 

the given UIR . ( .\ ) of SU(3). Th~s multiplicity can be determined by ap

plying a theorem describing the structure of a UIR of SU(3) with res

pect to its subgroup of isotopic--spin (e.g. 13): 

Let p · , q be two numbers labelling the UIR ( p ; q ) of Su(3) •. 

Then to each pair of integers K , p. obeying the inequalities 

p+q~K?!_q~p.?!_O. 

14 

.. 

,I 

..,;, ' 

there corresponds an isotopic multiplet .contained once in the UIR( p , q ) 

and characterlzed by isospin and hypercha:rge · ... . 

I=Yz(K-p.} Y=K+jl-2p+4q 
3 • 

respectively • 

We are looking for all the isomultiplets with Y "" 1 and I 3 • ~/2 'Which 

are contained in the UIR ( q +3m, q} , i.e. all the lsomultiplets with 
I .. (2k + 1} /2, k•0,1 ... and Y .. 1, contained in (q +3m, q}. 

From 1,.. 1/2 ( K - p. ) we get K - I' • .2 k +I and from Y = 1 we . 

get K + jl •, 2 ( q + m) + 1 , hence K '" q + m + k + 1 , jl "' q +m- k , From the first 

inequality 

we obtain 

O.~jl~q we find· m ~ k ~ q + m ; from 

q ~ q + m + k + 1 ~ 2 q + 3m i.e. · 0 ~ m + k + 1 '-'. p , 

q~K S:p+q· 

The integer k has to satisfy both these· inequalities simuiW;neously, 

Consequently for m • 1,2,3 ... there are q + 1 possible values of k_; 

for m = 0 there are q possible values of k ; and for m ,. •1,- -2, -3,. 

there are p + 1 possible values of lr. • 

This means for m ?!. 1 representation ( q + 3'm ,q ) appears ( q +1) 

times in ( fo • <Po • y, • 1} ; representation ( q • q ) appears q ur'nes 
and for m ~-~. q +3m ~0 representation (q +3m .·q } appears (q. +3m:+ I}-\ 

times there. 

The six lowest representations of SU (3) that appea~ in the;~~~~ 
·sentation (£0 , c/> 0 , Y,·, 1} Of' Su(3). T 8 are placed in the table: 

( p ' q ) Dlinension N (p •"). Multiplicity · ' ·Possible. values , of ·I o· 
M(p,ql . for given UIR( P , q ) 

(1,1) 8 1 1/2 

(3,0) 10 1 3/2 

(0,3) 10x 1 1/2 

(2,2) 27 2 . '1/2, -3/2 

(4,1) 35 2 3/2, 5/2 

(1,4) 35 2 1/2,, 3/2 

15 



-, In this manner we hE!.ve lound the set ot all .possible · Su(3)'.;,.. 

represe~tations which. ap~ear In our representation. ( i 0 , ¢ 0 ~ , 1 ) 

o( the spectrum geme~tlng group su(3). T8 • All ·these states represent 

the. physically realizable states of the strongly coupled system with the 

reryon octet as the ground state. 

6. Discussion 

We_ obtained a rend of Su(3) rotational excited states (isobar states) 

of the SU(3) invariant theory of scalar mesons strongly coupled to a 

static baryon. 

This approach provides a simple explanation of the presence of 
. . - /14/ 

SU(3) singlet· in the case of pure D coupling • In this case {3 = 0 
- ; .. 

or 17 • Hence the eigenvalue of the potential energy operator V(q l reaches 

its ~inimum values in the states U t 2 or U it 8 with · I 80 - Y 0 - 0 , 

f 0 ~ g' /p.2 .and ¢ Is arbitrary except some discrete values. As ab~ . ' 
·the UIR ( f o • ¢ . I 3o • 0 , Y 0 • 0 l of. G so defined c'ansists of ali Su(3) 

representations (p, q) , p .. q (mod 3) but including the SU(3) singlet 
. I 

· (o,o) now. 
. I 

The solution of the problem given here is not complete, in the point 

. that we . have not a general formula ·for the energies of all the isobar 
' x/ . " states • It would be necessary to find the dependence of the transformed 

+ 8 
· kinetic energy operator u ~ I p ~ u 

. t~t 
on the invariant operators of SU(3) 

group {which is the symmetry group of H ). However we do not know a 

convenient parametrization of the octet space th~t would allow to perform'• . . '· 

this calculation explicitly. 

In conclusion ·we would like to express our thanks to Dr. V.G.Kady-
. \ 

shevsky for turning out attention to the problem and his . constant interest 

and encourageme~ We are also grateful to Dr. B.Sakita for sending his 

paper to us before publication. 

. !af· x/The energies of the lowest SU(3) representations were calculated 
ui • 
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APPENDIX 

Derivation of the Matrix Elements of qp in the '&sis' I (A) v Io:'>' 

Here, the notation of/ls/ and/12/ is used, Let l.ts take. a vector 

... 
~ .. f(o 0 sine/> 0 0 0 0 eoscf>l' 

· .... · 
labelling a particular character of T 8 • A _little group of ' ~- , <cf>,f.O lis. the 

group U(l)I X U(l)y of rotations (a ,{3l_about the axes ;3 and . 
3 ., .. 

in es in octet space. Let K be a semi-direct product. · 

,. 
17 



ii-
' 

,\ . 

.· / 

\' 

K .. (U(1)
1 

@ UUly) • T 8 

arrl 

k-oL(k), k(; K 

be a particUlar UIR of K in a Hilbert space H(L,Kl: 

... 
k=(a,a,f3l, 

... ... 
_,. l q • a l I 

L (a , a , f3 ) .. e e aoa 
l ;.0 f3 

e 

We consider functions If I from G to H(L,IO which are " L -covariant 

along left cosets of G modulo K" 

f(gk) = f(g)L*(k), gGG , kG K • (A.ll 

' > • This property allows ·us to consider the functions only on the cosets of 

, G ·.nodUle , K which can b~ labelled by characters of Ta which are 

\el~ments of an orbit of a ... 
q = R~ 

here R i~ an SU(3) transfor~tion in octet space. The orbit of 

... 
0 
q 

is a 6-dimensional hypersurface S 6 ( f , </> l in q -space defined by two 

SU(3)-invariant funct,ions of q /B/ 

8 l: 2 2 
1=1 q 1 "" f 

-8 > 8 
y3 l: dllk q 1 q l q k =- f cos3 </> 

Ilk=! 

by taking in each class q ... 
> ... 

... ... 0 to q , q ~ R -+ q The 
> Q > 

We ,obtain a set of representatives for GLK 
. . . 0 
a particular rotation R C: leading from q . 

functions f( R ;fl have a finite norm with respect to the left invariant sea-

lar product 

(f
2 

,f
1

l= fdcj;.,f 2 (R ... lf 1 (R;tl· 
orbit or/} q 

~8 

,. 
\ 

,. 

\' 

j ,., 

1 

I 
l 
1 
! 

. ! 
> /, 

'· ' 

•,' 

Then the UIR ( f , cf> , I 
80 

• Y 
0 

can be written 
of G induced by the UIR L(kl of K 

[U(t,Rlf](Rq-l = e 

where 

(a • f3) 

...... 
lqa 11 30 a 

e 

-1 

I Yo f3 ) 
f( R -1-+ ' e R Q 

R ... RR -1-o 
q R q • 

The functions f( R ... l 
• q can be formally expanded in terms of ,the ir-

reducible representations of SU{3) 

<.\> (.\) (.\) (.\)* -1 
HR-ol= 2 fv'v(l)D, (R-ol=l: f, (l)Dw,(R ) , 

q .\w' v v q .\w' v v C: (A;2) 

. A 
where D~: (R) is a matrix element of a finite SU(3) transformation R in· 

a UIR ( .\ ) of Su(3), as defined in/
12

/, v• (I ,I, ,Y). It can b~ derived from 

(A.1) {see/iS/) that we must take fixed values of 1
3 

and Y · in (A2); 

Ia .. lao • Y • Yo • 

HP.nce we should exnand f In term of a comn!P.te "'""t of functinns 

D<<IA>I '"v.·., 'R-:! l with the additive quantum numbers I 80 and Y0 fixed: 
30 a•11 q ~ 

<A) <A>* -1 
HR-ol=2f OlD ,(R-ol. 

q AI v, Iv: <II so Yo > • v q (A.3) 

From (A.3) it follows immediately what UIR's of SU{3) are contained in 

the UIR ( f ; </> 130 Yo l of G; it consists of all SU(3) representations 

which contain a vector With 1 3 .. 130 .Y-Y0 in their representation space. 

We introduce a non-normalizable basis I q ... > . and states 

I ci> > .. f ... d qf( R ... ) I q > 
0 q 

·orbit of q 

' .... -. 

with 
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<q'jq>-8~(q,q'), f(R_,),.<ijj~> 
. q q 

where 8 r ( q . q' ) is the invariant 8 function on s 6 ( f ' cp ) 

f 8 _( ....... , ... , ... , .... ... 0 q,q lf(q ldq =Hql. 

orbit. of~" q 

We pass to a new orthogonormal basis 

- ... CA>* -.t _, 
j(.\l,v, 10 > ayN.\ f dq D (R_, ljq> 

. <tcpi30v0 > ... CI0 I30 v0>.v q 

orbit of~ 

or conversely 

-with 

... - (.\') -1 
jq > = ~ yN.\,D, 'R ... lj(.\},v' ,1~ > 

.\'v'I' Cio 1aoYoJ,v q ClcpiaoYo > 
0 

( 1 -~. 1 Y ,<(.\'l,v',I~ j(.\l,v,I 0 >-~. =8.\.\'8w' 8 1 I' 
'~'so o Cl'f'IaoYo> oo 

To calculate a mafrix element 

M =<(.\'),v',I~Jq j(.\),v,I 0 >-~. , 
P · Cl'f'Iao Yo> 

where q are the sperical components of generators of T8 we .sub-P 
stitute for the states from (A.4)): 

M = yN.\,N.\: f dq' f 
orbit of'& 

··c.\'> 
1 

c.\J* _, 
d ij D , J R-::, ) D (R _, ) < <i'l q I q > . 

(I I y J,v q ti0 ~<f0J,v q p 

USing 

20 

<q'jq jq> aq 8if (q,q') 
p p q 

we get 

... c.\'> _, c.\>* _, 
M = y N , N,' f ... dq D , JR _,) D C R ... ) q 

" " 0 CI 1 y >.v q CI 0 I30v0>.v q p 
orbit of q 0 30 0 

(A.5) 

... 
• ... { ) 0 It rema1ns to express q as an SU 3 transformed q 

0 -1 
qp • q(n

3
v>· ; qu 0 u,CII3 YJ (R ;t l = 

(8)* -1 (8)* -1 
= f [ D "" (R )sine{>+ D (R ... lcoscp]. 

(IOu,,II
8 

Y) (/ (OOO),(II
3 

Y) q 

After the substitution of this in (A.5) and using relations (13.8) and. (i3.6) 

o/12/ we get the resulting formuia ( 1)X/. 

'\: 

x/This formula was given in/?/ for the first time. 
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