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In connection with the problem of the saturation in triplet models of hadrons 

(see, for example/, 
1

/ ) it has been suggested to regard the auarks as the funda

mental order three parafermions/ 
1

•
3

/ . The purpose .of this note is to show that 

this assumption is equivalent to the assumption of the three degenerated triplets 

of the usual Fermi- qua rks/ 
4

•
5
/. Moreover, it is asserted that the theory of any 

parafield is equivalent to the theory of the canonical ( Fermi- or Bose- ) field 

with inner coordinate having the dimensions equal to the order of a parafield/ 
6

/ • 

Our basic assumption is that a parafield can be represented by the Green an

satz/ 
7 f , so that the Wightman functions of different, generally speaking, parafields 

c a n be written as the sum of the Wightman functions of Green components: 

(A) (B) 

<<llo,!frt(x,l ·!frn (xnl<llo >~ l: <<llo ,!frt (x,) ... .jln (xnl<l>'o > · (1) 
A=l, .. ,p1 
B ~ 1,. • ., p 2 

Here p 
1 

is the order of the parafield 1/11 (x) anti for brevity we do not distin

guish between .jl(x) and conjugated field 1/l(x) There is a gauge transformation 

for each Green component separately, which is allowed by the commutation rela

tions for the Green ansatz, On the spacelike surface the Green components must 

satisfy the following relations: 

where EIJ = + 

and .P 
1 

(y) 

( 2) 
(A) (B) _(A) ,.\B) 

[!fr (x),.jl (y)] 8 s[!frl (x),.jl I (y)](28 -l)E .o, 
I I (2 AB -l)lll AB II 

in the case of para- Fermi relations between the parafields .P 1 ( x) 

and £ 11 • - in the case of para- Bose relations between these fields. 

S ( x) is the usual commutation function for fermions or bosons, respectively. 

The assumption ( 1) have been strictly proved for the free fields/ 
7

/ , but it is an 

open question for the interacting fields/ B/ • The functions ( 1) must obey the 

3 



usual requirements of Lorentz,- invaria nce, spectrum- conditions ( including the exis-
/ 9/ . hoi tence of the lowest nonzero mass) etc. . Now we can use the Arak1 theorem . 

If C 
1 

and C
11 

are the products of field operators and if C 1 and 

L{Aa,l) C
11 

L {Aa,ll-
1 

anticommute for Lorentz,...translation L{Aa,l) with 

s p a celike vector a 

value of either C
1 

or 

and sufficiently l a rge A 

C 
11 

vanishes: < ell 0 

, then the vacuum expectation 

C I c) O > < ell O , C I1 Cll0 > - 0 • 'J:'his 

theo rem imposes on the Wightman functions the same restrictions as the requi

rement of locality does on the interaction Hamiltonian/ 
71 • 'The necessary condi

tions for the 'Nighbnan function not to v a nish is that the total number of Fermi

like ( fermion or parafermion) fields should be even and the total degree of any 

Green component have a parity independent of the index of this component. The 

latter implies that the nonvanishing Wightman function must have an even number 

of fields from the pair of any fixed Green components, say .;}A> and 1/J (B) • Con

sequently, one can generate two subspaces from the unique vacuum by polyno

mials of Green components which are odd or even degrees with respect to fields 

from this pair of components. 'The whole space is splitted into two these sub

spaces orthogonal to each other. One can define a suitable operator q ~ 
with eigenvalues equal to + 1 and - 1 on these subspaces, respectively, Now, we 

can define new fields ' 1/J (A) and '1/J (B) by means of the Klein transformation/ 10/: 

(A) (A) (A) (B) (B) (B) 

1/J -+'1/J =1/J ;1/J -+'1/J =q{A,B)I/J . ( 3) 

'The commutation relations for new fields have the same form irrespectively of 

either the indices are equal or not. ln order to write the Wighbnan functions in 
~ (B) 

terms of new components we introduce the operator q {A • B) in front of 1/J { x) 

and change the sign of the Wightman function if between this oper ator and the 
(A) (B) 

right vacuum there is an odd number of the fields 1/J and 1/J • ln the no%'11'a.l 

c a se of the mutual relations between different parafields/ 
7

/ the abovementioned 

requirements are not only necessary but also sufficient in order that the opera-
-t I 7/ 

tors C 1 and L{Aa,l) C 
11 

L {Aa, 1) commute, ln this widest case the 

nonvanishing Wightman functions are: 

D (A) (A) p (A) (A) 

I_ < ell 0 ' ... "' I {X)"' I {y) ... <lJ 0 > =<<lJ 0 ' ... I_ '1/J {x) '1/J {y) .. . ell 0 > ' 
A ~ l ' A=l I l 

( 4) 
D (At) (AD) D 1f , (AI) , (AD) 

I. < ct>o , .. 1/Jt {xt) 1/JP {xP ) .. . ll>o >=<<llo , .. . I.{-) i/11 {xt\. . 1/JP {xPl. .. ll>o > • 
A 1 ,f .. . ./.Ap=l A 1 ,f ... A0 =1 

4 

where 1f is a parity of the permt 

( 1 .• , p ) • The equalities ( 4) anc 

to the Klein transformation. The fw 

function ( 5) is only sop symmetr 

freedom appears as a consequenc 

order three para.- Fermi- field is e< 

inner dimensions, In this case the 

would include an odd number of FE 

vanishing function: 

<c) 0 . . .. 
A• 

Consequently this field theory is e 

exists an order three para- Bose- fi 

8 I < ell - (A) (B) ( 
A./.BI-c./.Ao.;,t· · .. I/J {x)I/J {yl¢ c 

may also differ from zero. This fun< 

because the right- hand side of equ 

nents and only under the real traru 

the transformation determinant and is 

of the order three para.- Fermi- and 

of the usual Fermi- and Bose- fields 

metry, Remark that the function ( 6) 
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)ectrum- conditions ( including the exis-

Ar 
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'\low w e ca n use the ak1 theorenl. . 

ope r ato rs and if C 1 and 

or Lorentz- tra nslation L (A a, 1 l with 

e >. , then the vacuum expectation 

< <I> O , C I 41 O > < <I> O , C II <1>0 > • 0 . This 

; the same restrictions a s the requi

-lamiltonian/ (J • The necessary condi

sh is tha t the total number of Fermi-

be even a nd the total degree of any 

t of the index of thi s component. The 

n function must have an even number 
(A) (B) 

::omponents, say r/1 and r/1 • Con-

; from the unique vacuum by polyno

>r even degrees w ith respect to fields 

;pace is splitted into two these sub-

1 define a suitable o p erator ~ (A. B l 

~se subspa ces, respectively. Now, we 
. . / 10/. 

neans of the Klem transformation 

B) ( (B) 
-.'rfrBl = q(A,Blr/1 . ( 3) 

1ave the same form irrespectively of 

~r to write the Wightma n functions in 
(B) 

operator q (A, B) i n front of r/1 (x) 

tion if between this operator a nd the 
(A) (B) 

e fields Y, and Y, • in the norrmJ. 

:mt para fields/ 7/ the a bovementioned 

lso sufficient in order that the opera-

. 'd t / 7 / the commute. in this w1 es case 

p (A) (A) 

1)0 ' ... 2 'r/1 I (x) 'Y, l (y) .. . <I> 0 > ' 
A=l 

( 4) 

where Tf is a parity of the permutation indices ( A 1 • • • A 0 ) with respect to 

( 1 . . . p ) • The equalities ( 4) and ( 5) are determined up to a common sign due 

to the Klein transformation. The function ( 4) possesses Sl!, symmetry while the 

function ( 5) is only sop symmetrical. It is interesting that the inner degree of 

freedom appears as a consequence of a paraquantlza.tion of a field. Thus, the 

order three para.- Fermi- field is equivalent to the usual Fenni- field with three 

inner dimensions. In this case the function ( 5 ) vanishes otherwise this ·function 

would include an odd number of Fermi-llke fields. Hence we have only one non

vanishing function: 

• <41 0 , .. . 2 
A=l 

-(A) (A) 
'<{I (x) 'Y, ( y) .. . <I> 0 > . . ( 6) 

Consequently this field theory is exactly SUa summetrycal. If in addition there 

exists an order three para.- Bose- field then another function: 

8 - (A) (B) (C) a I) ,-(A) , (B) , (C) 
2 <<1> 0 , ... Y, (x) Y, (yl¢ (z) ... 41 0 >•<<1> 0 , ... 2 (-) 1{1 (x) 1{1 (y) </> (z) ... <l>

0
>( 7) 

A{.B {.Cf,A'" I A{. B .j. C./ A=I 

may also differ from zero. This function possesses the SOA (or SUa ) symmetry 

because the right- hand side of equality ( 7) is the "determinant" o f the c ompo

nents and only under the real transformations this "determinant" is multiplied by 

the transformation determinant and is, consequently, an invariant. Thus, the theory 
' 

of the order three para.- Fermi- and para.- Bose- fields is equivalent to the theory 

of the usual Fermi- and Bose- fields with broken SUa but exact SO a I sua l sym-

metry. Remark that the function ( 6) allows a gauge transformation for each com

ponent while the function ( 7) allows only a gauge transformation common for all 

components. 

From our results it also follows the TCP- theorem and the connection of 

the spin with the type of parastatistics ( para- Bose- statistics for integral spin and 

pare.- Fermi- statistics for half-integral spin)/ 
9
/, the selection rules for parafields 

when parapartlcles are produced or decay! 
7

/ as well as an increase p times 

of the cross section for photoproduction of a paraparticle pair as compared to 

the crosa section for a usual paJ 1.1.-1.3 / • Following this way one may hope to 

solve the paradoxe of Galindo and induramf
14

/ as far as the parafields is ano

ther form of writing for usual fermion and boson field have a certain inner degree 

or freedom. 

I am grateful to A.M.Baldin, V • .x:a. Fainberg. S.B.Gere.simov, L.D.Soloviev, 

D.V.Volkov for their interest in this work. 
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