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~ 1. I n t r o d u c t i o n 

In order to construct the relativistic scheme of the SlJ..(!;) 

Fronsdal/l/ and Michel/Z/ proposed the symmetry group 

G ~ P·S 

symmetry, Sudini, 

which is the semidirect product of the Poincar~ group P and the group of internal sym-

metry 5, P being tho group of inner automorphis ms of the group S The noncompact 

groups Sll',C)and U.l',~) containing a s ubgroup S Ll~1 C.) can be c hosen as internai symmetry 

groups S . The elementary particles are classified according to unitary representations 

of tho group S and thus form infinite multiplets. In the present paper we study some 

special unitary representations of the group $l\(;1t) which can be us ed for the classifica

tion of the known mesons and baryons . VIe investigate also the structure of vez·tices and 

scattering amplitudes. 

These problems were already treated in/J-?/. But in all these papers vertices 

and the matrix elements of scattering processes are cons idered in the framework of the 

so-called S -matrix approach where the connections between matrix elements for states 

With definite values of momenta, spins etc. are investigated, the spin operators being 
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generators of Wigner•s little gr oup of the Lor entz eroup and no us e is made of the usual 

relativis tic spinor~ 4-vectors , i.e. finite dimensional representations of homogeneous 

Lorentz group. The wave functions transfor m acc ordi nr, to certain finite dimensional rep

resentations o! the homogeneous Lorentz group and in the framework of the quantum field 

theory the scattering amplitudes and vertice s are usually expressed by means of the wave 

functions of particles and by scalar functlons poss essing definite analyticity properties 

and cros s ing symmetry. Therefore it i s highly desirable to get expressions for the matrix 

elements in terms of the wave functions. This is intended to be done in our paper, In 

order to establish the connection betwee n the symmetry a nd quantum field theory we shall 

follow a method proposed in our previous papers/S ,9/ , 

Before considering the possibility of cla ssifying particlee and investigating 

the structure o! vertices and scattering amplitudes it i s necessary to st udy the irredu-

Cible unitary representations of SL (',c) and the splitting of these infinite dimens io-

nal representations into irreducible represe nta tions of s~l6) as well a s into multiplets 

of the little group SU(')I' • This latter contains the little group SU(1)1" of the Lorentz 

group (for the definit ion of the little group SUl~>)j- s ee/J, 5 ,S/ ), Gelfand, Graev and 

Vilenkln/lo/, Fronsdal/J/ and Rfthl / 5/ has shown, that the unitary r e presentations of 

SL(11.,<-) may be realized in Hilbert spaces of homogen eous fun ct i ons , But, invest igating 

the splitting of unitary representat ions of SL(n.,c.) into i.r•s of compact s ubgroup 

SU\"-l Fronsdal applied the method ·of analytical continuation of the nonunitary finite

dimensional representations in the number of indices.FollowinG a paper of Rfthl/ 5/ and 

our papers/ll,l2/ , we apply homogeneous functions cons istently, and we shall introduce 

generalized tensors for the description of infinite multiplets as it was proposed in/121. 
s ection ~ 2 has an introductory character. It contains a brief rtescription of 

tr.e technique of constructing ur,itary representations of SL(b1CI In particular, the 

connection between the method of homogeneous functions and the method of Gelfand and 

Naimark is established . The baryon and the meson multiplets are studied in §J and §4 . 

In §5 the structure of the vertex is investigated. 

§2. Unitary Representations of SL(~,t) 

The unitary representations of SL (',c) will be realized in functional Hilbert 

spaces on some se t s ~ • Gelfand and i'laimark/lJ/ha~ shown that these sets "" may alway" 

be identified with some s ubs ets of the space L of all complex unimodulary matrice s of 

6-th order. ~iore precisely , it i s poss ible to realize " as the manyfold of cosets of the 

group ,5L(~ 1 <:.) with r espect to c ertain subgroup5 J( Before studying these spaces 
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let us consid er the space L itself. Let 1 denote a n element of this spac e. 

1 i s a complex unimodulary matrix of 6-th order: 

We shall denote the elements of the last row ~•• 

t::,l~l -7_" ' 

by 
(il 

f,.A 

( l) 

(2) 

and the minors of order n. with the elements from the last !\. rows we shall denote 

by t::,l:: . ·~ 

\
~ .. ~ .. 

/1(1! = 

A& 'l,. 'l,s \ ' . ' 
~~· ~,. ~-(. 

1\~~ - 'l_,. 'l•• 'l« 
'1..- '/.bl ~bt. 

(J) 

Performing the transformation 

( 4 ) 

~~ .SL(IO,t)1 thetie polynomials transform like spinors of the representations '±'., 'f[AB]t ... , 

~[ASt.oE) ( for spinor representations of the eroup SL((,1C.) see /l4/ ). 

We shall realize the unitary representations of the group SL(,,c.) in 

Hilbert spaces of homogeneous functions ot the variables 6.1~ 1 , . .. ,11-';~co'- Firs t we 

consider the cas e, whe n thes e function s de pend on all the ll':: ... . , 1 i.- ~, ... , S. 

The corre spo nding r e presen tations for m the so-called nondegenera te s eries. As it was 



shown by Gelfand and Naimar~lJ/, almost all matrices ~ can be writt en in the form; 

~-\b:t, (5) 

where the matrices ~ s and 2 !lave the form: 

[u .. 
~~\ !. _ 

(

i. ) 
z.., i. 

"l:- '2:,,2tl 1. ·. . ' 

~I . . i 

5- \J, _. . .) . ~'') . , 
!. ~ .. 

i. 
(6) 

(i) 
It oan be shown, that polynomials fiA, . A' do not depend on ~ and 
oan be expressed by means of the matrix elements 

way: 

l!J.(<l- J, -e,,. , 
A 

(1) ,( ) • • • I 1 ~5A i!"l 6.,.8- cl, • e.,,. ':<_ .. 

(S) J I z i 6-AIOE- ,d,oi,J d _.u ... 1£ I J t : . . 
'l. ·. ,... . . . .c,, 

5 and 2 

g p( '" (<!) Let tlt)- t A . 6 be a homogeneous function of degree 

with respect to Ill<! and 6''1 
and ~. and }'L 

f!tl and ii<•l and so on. ~ ' hen !rom ( 7) it follows, that 

in the following 

(7) 

1o.. and J'• 
with respect to 

t(f>"). 1')-(J,)~'(J,)"'(J,J,)~'(J,ol,)"' . .. (d,d,J,JJJ/'(J.J,d,J,JLt {(t)~ 

.., tJ.f'' ..... l J,),... • . • ,.., ( c~J•' ''• l J,/·' ,.., .. . (AJ~ (d, ,,.., {'t:tJ, (8) 

6 



where ~·('e) is a function of the matrix elements of the triangular ma trix i! . Thus in 

this case the unitary representations of SL(,,~) are real ized in the Hilbert spac e of 

the functions 'f('t) on the manifold of matrices ~ The scalar 

product for the space of homogeneous f unctions under consideration i s defined in the 

following way: 

( 9) 

is an invariant measure. The functions ltv depend effeottvely only on r,.8 , 

, thus do-('l_) 

that d<>~tt_) 
can contain only the differentials J %118 • It is possible 

to show, i s of the form: 

(10) 

From formu l a e (8) and (10) it follows that the definition of the scalar product (9) makes 

sense only whe n the degree s of {lt.) plus the degrees of cl6lt.) give zero, i.e . when A; 

satisfies: 

\.-+k·-<.t-o 
(\.l } \ ' 

On the other hand, (8) makes sense only if X,-{l• 

we have : 

where the 'I; are integer or half integer numbers. 

L-l,l, . .. , 5 ,are integers. Thus 

( 11) 

We define now the operators representing the internal symmetry group S - 5L(~,t). 

Let ~ be an element of this group and let us introduce the corre s ponding 

operator T '} : 
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T~ ft~l~ft~})· (12) 

It can be easily proved that the correspondence 

}~Td' 

gives a representation of the group S in the Hilbert space of homogeneous functions 

~ l ~) • Lloreover, the invariance of the measure dtS( t() guarantees that the operators 

T~ are unitary with respect to the aoalar product (9). Thus we have unitary repre

sentations of SL l ,,c.) . They are irreducible, as it was shown by Gelfand and NaimarJ/lJ/, 

and form the so-called principal nondegenerate series. 

Those oases, when the functions ~(A) do not depend on all t:/1, c-4, ... ,s 
but only on subsets of them, can be considered i n a similar way (the degenerate series). 

In the following paragraphs two series Will be considered which can be applied to the 

classification of baryons and mesons. 

§J, Baryon Multiplet 

Following many authors we assume that the baryons belong to the maximal dege

nerate series. More exactly, we assume, that baryons are described by a unitary represen-

tation corresponding to the homogeneous functions of ~~~ only. In this case for the 

matrix ~ 

form : 
we make use of the decomposition (5) with matrices~' Z and 

~-Us.- ;;) ( 15 I 0 ) ( 
5 

1 o ) i!;- I . . , 8- D I: 

-.. -- ~ _'1·: ~ . ~ . ~ -:-:. ,t, .. · ti S 

5 of the 

( lJ) 

Wher e n• is a matriX Of the 5-th order With nonvanishing determinant and I5 iS a 

unity matrix of the same dimension. For the sake of convenience we put 3A """ ~-~· 
From the definit ion (2) we have: 
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(14) 

Therefore the homogene uus functions of de gree s A and 
II(<) 

in Ll 11 h'-<Ve the form ·. 

(15 ) 

!HI 
It can be shown that the invariant measure fo~ the product (9) equals 

. . 
do-(~)~ I ~J1 D i J~"df,A. (16) 

Similarly to the case of nondegenerate series it follows from (9) , (15) and (16) tha t 

and are equa l t o 

(17) 

where i s a n int eger or half-integer and is a rea l number. •rhe give n 

infinite-dimens ional representation of the group split s into t he 
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f ol lowing representations of the compact subgroup SLL (..') 

St'-" ~A 4 <t:' A ' •.. ' 1 · · · :n' " · · 1.'t+i <f' ~. .'t., ; we note that thes e generalized 

tensors can be explicitly constructed . To fix the idea we assume 'll>O • Then 

tBA~ . ~H =C:l:l"t;A1:A)1-3-<c!~ ~:-:. 
1 . . rtt'•' 7 ~ 

't :r 'I) ' (18) 

where zB~ ... ~-· 
Ai. · . AT ... 

by substracting traces: 

~ <:" :c 8, ~6·-· can be obta ined fro m the products )A,.. ·· · 7At+• S · · · ) 

i• ·· s,_. -£ cx('t-'ll, 5,1J )(~ "Z;A)S S!' 5~t:A . . <; ~BsH~BT-• ( 19) 
A._ ... A-r:+v ._ 0 )A '1 <•,•) i · s 5 SH '7A-t•• '7 •·· 

Here 
«.( T-J,.s,2_J)-

! s('t-~)I(Tn)l(H+~ - 5 )! 

(- ) <;I ('t-\1-S)I('t+V -S)'(.te+~)l 
and C.-.:. is a normallzation constant ( s ee also / l 2/). IV e note that the spi n ~r s (le) 

iransform among thems elves in t he transformations from Set(~) only . With re s pect to this 

group dotted and undottod indic·es do not differ, therefore upper indices can be written 

without dots. 

Putting 
3 

v=~ we find th&t the first Set ( t,) multiplet (T- 'I) con-
tained in the infinite multiplet of SL (c;.,c.) under consideration is just the 56-

plat. S ince we intend to classify the well-known baryons forming the 56-plet of SU.(~) 

'I= .i 
.:t 

we assume that 

Let us now turn to the transformation properties of the considered multiplet of 

':)L(G,c.) with respect to the space reflection P. For this purpose the 

transformation properties of : he SL (»,c. \ generators under space reflection should 
A ~A 

be utilized. Let us introduce the matrices is and ~8 : 

(DA )c ~~c. bA _.! OA l)"" 
\ -ls P s n , B b 

In It ,c- L (8 c.&"- i 5A oc.) 
\ ~ 8 •0 6 ]) ' e. ]) . 

10 
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The e lement s of the er oup cqn be wr i t t en i r1 th e form 

where a nd a r e rea l par~meters a nd 

~ e 
\Yl+ = ts -1- tA 

46 ' 

. 
rn-~. 

( 21 ) 

~ nd ar c ~ 

(22) 

The ma tric es rn..~s ar~ her mitia n; t hey a re t he genera t or s of the c ompac t subgroup SU (~) 

On the ot her hand , t he ma trice s rL~s a re a ntihermitia n a nd are t he noncompu c t ge ne

r ators , Let us de not e the cor re sponding gene r ator s i n the r e pr e s e n t a ti ons b:r M!~~~ 
:!: 

a nd N,~.8 • (For t he sake of s \ mplici t :r the ind i ce s A a nd B will be omitted s om e-

time s . ) 1'he form er c ommut e , the l a tt er (like i n the case of t he Lore ntz gr oup) anti

c ommut e wi t h t he i nv er s ion 

?M - MP - o , (2 J) 

PN+NP = O- ( 24) 

: ommutes wit h the e ener a tors of , we ca n put 
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wher e ~r - t !_ 
i s a common cons t a nt for t he whole SU(") mult i plet . Let us now con-

Sider the cons equences of t he cond it ion ( 24) . Using the explicit express i ons ( 18) and 
A\ B, ... 81: - • 

( 19) f or ~A • ... A,., and the tra nsforma tion rule for the homoge neous f unctions i n the 
given Hilbert space 

Trft~ )=f c~'t ), 
& ... ... 8t'- • one can s how that the genera t or s N.; ac t on t he sp i nors 

ing way ; 
~A~ - AT ,. , in t he fo l l ow-

(N±)q>k- ~-•-}:: <P: .. ~·.-•(N"-/" c, .• ,;s . .. s,_. 
\. Ai. · .. A't"+Y ' '•t-i. &. ·· . ~ .. ., -a, ... ~'C ·- · ; As. ... ,." ... . 

where 

IN "-)CL · .. C.,·.~; B._ ... & .... . = 
\ !>._ .. . .o,._' ; II .. ... ""'• • 

=A It; "t') 5 <)B" &"•-'t'•Lin.±)c.. 5~ ... ()c, .... Or. ... ,.... s8•-• + 
(.J) \ ! ~1 ... ~-'t' +i\ )• A,~'•J. A-... 11, • • · P,. _ 0 (A&cD) 

+A. ''t t') S 5 S.. c&r-t• r-'• eo \ ' 4 .. . o,_ , o . 
(AIIU) 1 "<-t At-~+t 

. be, .. , ( 1'\.1 ) S..-t'H 5 ~ -<' ·u. 
At .. ., ~ L »,~.. 

+'A l'tt:'J5&s.._ .. sBt:-•'(n.!)'' . oc" ... .s'·~·~h-t'H ~·~-· 
CA ' (,\itO) A1 A.-t' ~-tH At -t'u Au, )._ · · . lt '- V + 

. 1 ('t 't')$ ,s.. c~-t' -t ( :1,it--.· ~c• c-< . .. , s.. -•'•t +"s•' o • ... o. n: ...... , o • .. . o o 
l"t {Afkt) ~tL "~-t~- t. ~-~ .. i ~'t -t:' -.. 1 A't•Y 'Di. .. 

12 
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S..·-· + 

S'Bt-• . 
De '-v 

(26 ) 

(27) 



The cons tants A in (27) vanish for l't -'t' I~ i and for I 1:-1:' \ ~ i they are equal 

to : 

t\cp ('t ,~+i) - l') - c;- .2..'1:"), 

A so l '1:1 'I: H)= Ac4l<t,'LH) =AM ('L;\: +i )- 0 ; (28) 

l 

(29) 

't'-'t-! : 

. l"-'l \('t+,)('t-11-t) 
Ap,J) ('t,~-L)- ( l~-f4+.2:t) (.2..'t+'I)L(.2.CH) , (JO) 

J.. l 't t-t.) - ( lH'f-+h fFt)lt'+J)('t'+V-4-)' 
Cl) 1 , ) {)..'t+I()L(.z.t+5) 

. ('t-y)('t+v) 
~IM·l't,"t-i.) = ( ~-+'f+.t~) l2..'t+S)l.2.'t+~) 

lJ 



It should be noted that 

(
Nt)'• .. c:.~H;s •. .. 'l, _v -o 

b, · · · ~-1 ; A1 . A..,,1 
"{ ~ =0. (Jl) 

From (25) and (26) it can eas ily be seen that the condition (24) i s equivalent to the 

equation: 

"'' ( ) ,/F,l>1. · · · 1>~·-~ A rC• ... {~'•• i B, .. Bt-• 
,t_ ~~+~"t' 'f' JV s= 0. 

- Ci ... ~'t'·H D:i.. - .. bt'-" ; ~ ... . . A't ... oJ 

(J2) 

If y~ 0 , then from (J2) we get the relations : 

~,., :0 
Lt: ' 

h ·±i + 7_, == 0 . 

The first one oa n not be sa tis fied since ~t = "1 i . It mea ns that for f -4= 0 t he 

relat i ons ( 25) a re not satisfied and the given repre se ntation of SL(G,C.) does not 

tzansform into it s elf under s pace reflexion. There a re two poss ibilities to obtain s t a tes 

with definite parity: either to introduce two equivale nt. r epres enta tions tra ns f or ming 

mutually one into the other ut.der £' , or to put f- 0 • In the first ca•.e there will 

exist always pairs of multiplets with opposit e parity. In what follows we s hall a ssume 

that the second possibility occurs, namely we s hall put f- 0 • In thi s cas e the equation 

(J2) is equivalent to the condition 

~t:H +~.=o. 

This means that the ad jacent SLll~) multiplots contained in the infinite multiplet of 
.:1'\.B<· ·· Bt:-~ 

SL l~>,t) under considera tion have opposite parity. There f ore the spinors ~. A 
"" ... 1:+, 

of the ':>Ll~>,c:.) multiplet containing the baryon 56-plet have the following parity; 

t\- (- i) "t-V 

13/ 
This result was obta ined first b~ Fronsda l, who used another method. 

For the unitary repres enta ti on of the group SLl",C.) under cons ideration 

formulde (18) a nd (19) give the canonical basis corres ponding to the reduction 

')L("1C)~SU('-) • However, as 1t wc1s noted in a number of papers /J, 5 •8 •9/ , elementary par-

ticles are cla ssified according to the i.r•s of sul')~ a nd not of SU(") • Thus for 

applicatiOl'S in the symmetry of elementary particles it i s necessary to cons ider the 
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splitting of the given r epres entat ion of SL(,,t) i nto 1.r• s of the little group 

')U('ll' , i.e. we must construct a basts correspondi :1g to t he reduc tion SL(,,c.):l)U{G)~. 

It was shown in a serie s of pa pers / J , e , g ,l5/ that it is possible to introduce for 

each particle from the given infinite multiplet the corresponding quantized field whic h 

transforms according to some s pincr ( nonunitary ) represen t at i on of the homogeneous Lorentz 

group. For the sake of conveni ence we shall introduce an auxiliary ( following the ter-

minology of Fel4man and Matthews/161) group s'- SLC,,c.) conta ining the homogeneous 

Lorentz group. This group is is omorphic to the group of internal symmetry S , but it 

is not identical with S . It may be identified With the group SL(,,c.) proposed earlier 

in a number of papers 114 •17- 211, We stres s that the new auxiliary group is introduced 

only to eatablish the connection between the symmetry and the quantum field theory. We 

do not require 1nvaria nce under this new group. For the des cription of particles we intro

duce i n each multiplet of the interna l symmetry group 5 an infinite number of s pinor 

repres entations of the auxiliary group 5' , As it was shown in/ J,B/ f or the s e s ptnor 

fields there exist s the usual connection between spin and statistics. 

Thus, cons tructing the basis from SU(~)~ spinors it i s conven i e nt to s upply 

them with definite tra nsforma tion properties with respect to the a uxilia r y group 5' 
The va riabl•s ?A tra ns form under Lorentz tra ns formations like t he sp i nors wit h a lower 

undotted index, therefore we assume that they form a spinor wit h a l ower undo tted index 

a l so under the auxiliary group S' • In this case the complex conju5ate qua ntities nre 

spinors with an upper dotted index and will be denote by ~A 
Constracting the basiz ' for the reduction SL(f.,C.)::JSU(IO)!'-

quantity 

instead of the SLL(b) inva riant 

~A~~ 

we shal l use the 

Here A-(a.,o£) Q·i,!l. is the spin index, <X-!,1, 3 i s the unitdry index and 

r_i r =(-±)~so(. 
\ ..... 8 ..... ( J 

Thus the above expression is an SU(b)r invariant. In additi on 1t i s invaria nt a lso 

under Lorentz transformations, Instead of the basis defined in (18) and (19) we have thus 

the following r elat ivistically invariant basis 

A 1.- J -t, 

(ff>, . e,._.=c.'tl~.i.l _ ±)~ ~8)'" ys~ 
A, .. · A t•• \ \ "'- ~ A, . . 



Here 

y&1
. ~t-•-T>-lc-'l, s, t~ )l~A (- ~ )~ ~B r 5 (- J ):· . (-'l t ~ .. ~ r·u 

41 . . At·• 
0 

l ' ' A,,, A,., 

- St·• 3 (J~) 
~ ~~~ 

• 
satisfy the relation: 

(-i )~' 81 
""- Sj y A, 

s· s, .. 
I = 0. 
A~ .. . At .. ., 

It i!l easy to see that the SU.( 'l. s p1 r.or 3 
I ' A 

from (18) and (19) by putting (-~ ),. 

deftned by ( J J) a nd 

ins te<d of s~ 
on (J5) i s a general i za tion of the relat ion : 

bA' Z:B, ... Bi .. s, .• = O. 
BJ At . · "' •. · A'tt • 

(J5) 

(J ~ ) can be obtained 

• Analo,:ons ly th e relati-

&very vector in the Hilbert sp.:,ce of t he e iv P.n representa tion can be represented 

in the form: 

"r- i '±'41 . ~,., 18, .. a, _, 
tt:·+ Bs. · . s,_., A1 ... .At .. ., 

In wha t follows , the matrix elements of procesoes " nd ve r tices will be re pres ented expli

citly in termn of the ::: omponent s '\l'~a. - - ~t -tlt 
&1- · · Bt -" 

§~ . We s on Multiplet 

Alsc for the des ci·i pti on of me so ns we ca n in principle u5e a unitary r e presen-

tat ion froll' the maximally de .:~e nerate series . But the meson and t he baryon multiplcts cannot 

belong simultaneously to the maximally degenerate series for in such a cas e t hern exist s 

no invariant meson- baryon verte x. Therefore we assume that the meso~ multiplet belongs to 

t he degenera te :;eries which we reali:;ed in the f!1lbert space.s of homoge ne ous functions of 
li) l l) 

t he variables (:,A and /:; lt80( • For con·1en 1ence ·•e put: 

~A=~~~' 
A ASOH (S) 

)-~ ~8tDH 1 (J6) 

l b 



< A&tO£ f 
where l.. is the fully antisymmetric 6-th rank tensor . We note that 

Now we us e a dec omposition (5) of the matrix ~ With the f ollowing ~ 
1 
~ 

- i_ :t .. _· ·_· - _'.!~·- 0 ,o 

( J7) 

and 6 

I f1" 

r s{\<) r I 
(JB) ~~ 0 

I r.- :o 
I 

! .. I 1 o/, 

0 0 I i - - --- . -
~. 1.,~ .. i 

Here D' is of 4-th order with nonvanishing determir~nt and r• is the unity matrix of 

4-th order. It is easy to show that 

(J9) 

where D=J~ D~ Therefore similarly to (8), the homogeneous functions of degree 

~, t and A', r' in ~A and 'SA ' respectively, have the form : 

flt) - ~(~4 ;~/J~ l J[ (d~D{(J,n/ /(r) . (40) 

They transform als o according to (12). 

The invariant measure for the scalar product (9) is now : 

(41) 

The un1tar1ty of t he repres entation follows from the invaria nce of dcr( ~) • From these 

f ormula e we obta in for the 

(42) 

wher e ~ and ~· a re integers or half-integers and ~~ ~ 1 a re rea l numbers . The s plitting 

of this )L(b,() representation i nt o irreducible representati ons of t he subgroup SU.(E.) 

ca n be obta ined as f ollows : fir s t we consider the hom ogeneous f unctions of the form 
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1-~-'t 1'-~- ·t'· 
\~E~·r 1 l'>F~fr ~ xB· .. Q~_ .,,. '··· ·· 

AJ. .. A~..- -, )1. ... ''T'- \1' 
( 4J) 

where 

)(
'• ·· e,'t _.,,c"' . t't"•_..,• _ _ ;:- ~ .:; e. ? e,.. (1 c..,· .. · ~ -c 
~ • . - ~'Ttt;b . .. P~··u'- 7AJ.. · .. ~AT-t'l) . .. ~ ) ... ) D~ · · · .)n't• - .,' 

These spinors are ~ymmetrical in each set of indices {A, ... A.,,~,{ 8, ... s,_,J .{c •... <, •• ,. f, {D, ... P,·-•·}. 
Because of (J7) the trace~ in each pair of indices A, and (j (or B, and ni ) 
Tanish, In order to get i.r•s of SU(') it is necessary to symmetrize in upper and lower 

indices according to all possible Young tableaux and then .s ubstrac t traces in all pair~ 

of indioes in a symmetrical way. 

Fer definiteness let us take the multipl et with 'I~ 'J1 
= 0 • It contains the 

following ~U.(') multiplets: 

a ~inglet 

1-~ ~- r 
4l~)- \~A~A)'" ,_l1A~Ar ,_' (44) 

two J5-plets 
13 ~L! •!'_s 

~l~5l,A =(~A-1AY 
1

(
1t ~s 1 l3A~ 6 -~ ~: (~llr·)] • 

~t~,~:= l~~ ~"til~Az~f-1lt&~~ -~s: (~sis) l' 
(4-5) 

a 189-plet, a 280+280-plet, three 40,-plet~ e .t.o . Instead of the J ' -plet in 

(45) it is convenient to take the symmetric and antisymmetric combinations 

~ ~:~) = <p lH)._ + ~lH)~ ! 

(46) 

qi(~:~ = ip (!!J) L - <l!l")~ ' 
It is possible to show that the noncompact generators act on the ba~is vectors ( 44) and (46) 

1n the following way: 
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( 4'1) 

• 

(4S) 

+tensors with !our indices, 

(49) 

+tensors with !our indices. 
I · 
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Le t us find now the conditions that must be satisfied in order to allow the 

introduction of the par i ty transformation within the ·give n SL(,,c) multiplet . 

Utilizing formulae (47-49), it is quite possible to show that the commutation relation 

(24) i s compatible with the conditions : 

p ~l'l = ~. <Pl•)' 
(1) (1) tfil') 

P ~ ll•l ~ ~llS) "tus) 
I 1. I l 1 l )1. 
'-~~) ='-tis -i' 

I 
only if f- ~ , and in this case : 

l') 
~y;~~i ) 

hl-J - -tJl•l . 
·c ~· l ~· 

('0) 

(n) 

When ~tudying pr ocesses in which particles with nonvanishing momenta are involed, it is 

necessary to pass from the SL(IO,q :::> SU (b) type of reduction to the SL(,,c) ::> SU(')I' 

one. This can be carried out in the same way as in the oase of the baryon multiplet. 

E.g. we have for the singlet: 

ifl,., ~c,\q-t ): V (\s' ~ * J: s.]~- l. , ('2) 

where C1 is the normalization constant and ~ 

states of the J5-plet by the finite-dimensional 

Then we have : 

is the meson mass. Let us describe the 
x,.l±) , 

5L(",c.) spinors ~l'S)& • 

{• i.}_ -!)l.l. ~ 2.2. Go ±H- ±A - ! •)~ l "< . :L! ;li-]~L~{ " · ". 
~(M)8 =C-~s ~\- ,Jb1 ] L-¢t f)E ~f l~ l- ,J. -sJl~~~l- r)i~-

-t&: ~(-* )~ ~~) 1 l~& ~-1 ): ~H)l~At] ): ~i -1 °~ S1t~ ): ~in' (5J) 

where C15 iS the normaliZ&tion constant. In what follows we shall put for the sake Of 

simplicity ~ = 0 
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§5. Me s on - Baryon Vertex 

Before studying the mes on-baryon vertex we i nt end t o find the s olu t i on of a 

more general problem: 

let flG~) be a homogeneous function from the ITilbert spac e of the unitary 

representation considered in §J. We want t o construct a trilinear func tional, linea r 

with respeot to ·<}"\),. 1 3") , hyl1nea r in ~(e,.) a nd i nvaria nt under 5L li;, 1C.) 
Let us look for this funotional in the integral for m 

(54) 

It is easy to prove that the kernel 

of its arguments. 

Kle,e·,~,)) has to be a n invar i ant function 

of degree -r±'l - 3, }\,;s) be 

with res pect t o ' ' )
1 

and of degre~ 
Then owing to the f act that t he measures dlf(6) 

Let ~(.9) be a homogeneous f unc tion 
(q' 1 5 

a homogeneous 

~1"1·-~ 
~ l. 

function of degree -t_ 1 'I - i 

with res peot to ) 1 ') 
1 

and d\!(:1, )) have the properties : 

do\AS)= ~~).J dc;(9) 1 

Jo-v.v~s )- ~.t~t '\)\ 'i1 do-l";s ). 
The integral ( 54) makes sense only 1f the kernel K(.e,e' ,~ 1 ';) is a homogeneous function 

of its arguments too, namely 

of degree ~ 1'1- 3 with respect to e and e 
of degree -~~' -~ With respect to e' and e', 
of degree -~' ... '- i with respect to ~ and i 1 

of degree -1\•·- r with respect to ) and 5 . ... ,_ 
This kernel may contain explioitly the invariant variables 

\S'l))=G,. -c;" l9\)o:9~ 'SAl (55) 

but it can not be expressed by means of these variables only, for in such a oase it would 

not depend on ) • We note however that a possible invariant function of three variables 

is an integral of the form 

'1 l e, e', ~)- ~ l9o~.}"·ce'c,(t·t, ... ll'l e;!"'le' .. J"'l ~ >L• cltr(d.J, 

leo~.)-e,.oc:' 1 \9'.,()-e',.o(A, l~ot) · ),.o~..". (56) 



This integral makes sense only if 

N, + M; + 1.., = - ~ · 

Let us write the kernel in the form of a linea r combination of products of invariant s ( ~5) 

' . and integrals of the form ( ~6). It ca n be proved that s uch a kernel exists only if f • f 
and ~ · - -1' • In this case 1t has the form 

K le,G',~,-s)=tf.. jJ'tJt,_e.('t,,-r,_,f't,fJf(9lf(e 1 )!(~,-s) • 

~ \es )"f• +,.. +~.(e) )~·r~ ·~~ (6\ rif'-r· +l'(el-s) -~·-,.,. +J. ~ (~7) 

~ Jl6<(tt l E)o( l"'"l ()'o( )M' l e' o~.r"'' ( ~o() L,l ~o() ~. J6'(ol.) 1 
where 

c~' I 5 
R.if- =- -:1: :t >J -): ' 

tO i't'n n 
N = -'+'i-3-- -r -,..t .,.. ,_ - ,__ .,.. ,t ' 

'f .:-c, t () 
u ~---+~-3+~ -~-~ •• -r<.t1' ,-\.. )_ ;!.. J ' , 

. I 

L =-:j +'~1_2. -
i, 1. 1. .:L 

(~8) 

Now we apply these results to the ~ tudy of the structure of the meson-baryon 

vertex. We expand an arbitrary spinor from the Hilbert space of homogeneous functions 

characterizing the baryon multiplet in the form 

~ (fl )- 2.• "t'A' . ~>+• ~I..)~ i • . i ... , (G ) • 
L A ii. . . B"t"~'f \ "" ... -.'t..... A r "t•• 

(59) 

~ il . ... li't • " ) 
Here the ':t' A, ... A,.~ (u4 are determined by formulae ( JJ) and (J4). On the other hand the 

spinors from the Hilbert space of homogeneous func tions characterizing the mesons we write 

as 

~ 'V l ~' 'S )= ;_:{'\ll~) l., l ~') )+ '!!"\~): ~~::,: (~,)) + \!(\ ~): t:,: (), "S )+ .. }' 
(60) 
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~ •) 

where ~\./~, )) and ~~~S) l~, )) a re determined by (n) and (5J). To obtain the vertex it 

is sufficient to i ns ert expres s ions (59) and (60) into the formulae (57) for the invariant 

"trilinear functional putting '\l ~ jt,__ , ~-~'=~'- 0 , Extracting the part of the vertex 

corresponding to the interaction of the baryon 56-plet and the meson J5-plets, we get 

where 

Mlt)A,i.,~\t. -·id J ( • J._A.i.,A, 
a,e,a,:o = ~) 't:._ t.._C ~~,~~cy ;1:._,ti, t•,f' ... )'±' (&) x 

)( ~eAaY~')~~:~J l~, )): \6S)1·+,.,-\e)) 'f-•rd (e\ )~'-1'.-i .,_ 
(62) 

_, 

In the expressions ( JJ), (J4) and (J5) !or qiMIC and we must now put . ~ .._ 
m."-~- ~' or r -I- 'l( l r~speotively. For the other parts we have analogous ex-

pressions. These expressions show that the meson-baryon vertex in the theory of 5L(b1L) 

( ~..· • 1 s;rmmetr;r depends on an infinite number of scalar products ( ,-.' ~· ,, ; "t,, t,' ,.. .. ' r ,_ ) . 
As far as now we are not able to prove whether the vertex depends essentiall;r on all these 

!unctions or they form in (62) just a trivial combination. It is quite reasonable to ex

pect that different functions C,( ~!~~~ ,,\ T1 ,t•,f'•• f-<~) enter in the vertex ( 62) in 

different wa;rs and that this vertex depends ef!ectivel;r on an infinite number of functions. 

rhis result of ours differs from that of Ji'ronsdal/J/ and RBhl/5/, From the expression (62) 

one can derive different relations between physical formfactors. 

The expressions of type (62) contain the complete information on the consequen

ces of our symmetry scheme. A piece of this information can be derived without the eva

luation of the integrals merel;r on the basis of transformation properties of the corres-

ponding integrals under the auxiliary group ::>'- SL (10,'-) conta ining the Lorentz 

group (see §J), We remind that 91 11
1
1 \ and "1', tra nsform aocording to finite dimensional 

spinor r epresentations of the auxiliary group S'. 
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Q~ 
P A .PA A A A 

Let us now i ntr oduce certain ·s pinors of t hi s group: < 8· 1 
, 8 P . P Q. 
:... ' l- 8 ' .t. & ' 8 

(we note that thes e spinors are not necessa r i ly par t i cles' momenta ) . The n we 

consider integrals of the type (62 ) in Whi ch mom ent a 

are replaced by arbitra r y 

P,~-~-~s; , Q~=cy;s; , 
f i nit e dimensiona l Spinors of the gr oup $ 1 

l - .~.,.t, 
(6J) 

. The measures 

are invaria nt under 51 
therefore these integr a l s mus t have de f inite t rans formation 

properties under s' \Yith the numbers of dotted and undotted indices given i n the left 

hand side. On the other hand , these integrals are f unctions of the spinor s P,: 
;., Q~ 

Qll, li P. ~ 
'II 

and therefore a re to be ex-

pressed in terms of the latter. Thus the integrals of the type (62) have to be linear 

p.-'• p. ~. p .i, oc 
' e, j •... l,, " ' 

the coefficients being invaria~t functions. 

combinations of the products of the type 

sA, ci~ d, pip''
a. o e. o &, ' & l a. ' 

Replacing in the obtained express i on& p A p A A A t he arbitrary spinors < 8 , ; i 
1 

Q 8 , tll.. t 
by the momenta of particles acc ording to (6J) 

we get the general expression for vert ices of the type (62). Vert i ces of t his type were 

already proposed in the "old" theory of the intrinsically broken $L f~ ,~ ) symmetry/6 , 
14 •22 •2J/, The situation is t he same for sca ttering amplitudes. 

We have shown thus that in the developed framework of a theory with infinite 

multiplets it is possible to derive a ll experimental c onsequences resulting f rom the"old" 

non-unitary theory of intrinsically broken SL (!o 1 c.) symmetry with finite multiplets. 

of the 

In contrary to the situation there, in our ap ~roach the symmetry and un1tarity 

S -matrixfB/ are compatible. 

Our thanks are due to N.N.Bogolyubov and A.N.Tavkhelidze for their interest 

in this work. 
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