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The article contains simplified version of the renormalization 
theory . It i s based on the use of the renormalization identities of 
the form t19), ~19a), (22). We start from the integral equation (10) 
for the full propagator ; the higher-order Green functions are repre
sented through the ful ~l propagator. 
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Sect.1. Introduction 

The di fficulty of di vergences i n quantum field theory gives 

rise to the renormalizat i on theory, whi ch has been developed by 

Dyson, Bogolubov and other authors. It is necessary to note that 

the present-day renormali zation theory as gi ven, e.g., in the book 

by Bogolubov and Sh1rkov /l/ remains rather complicated. 

1.1. Thi s art i cle conta i ns a s i mpli f i ed formulat i on of the 

renormal i zat i on theory. We beg i n wi th the equation (10) for the 

full propagator and formulae l i ke ( 15), whi ch def ine higher-order 

Green funct i ons in terms of full propagator. We apply the Bogolu

bov-Parasjuk R-operat i on to the series in the right-hand-s i de of 

these equations. (In the book by Bogolubov and Shirkov the R-opera

t i on is applied to an analogous seri es i n terms of the bare propa

gator). The R-operation allows us to get the renormalization 

identities (19), (19a), (22), which are the key to all the re

normalization procedure. 

We suppose the proof of the renormalization identities to be 

contained in the material of the book by Bogolubov and Sh1rkov/l~ 
so we onl,r check these identities up to the t _erms of order 'j'r 
(see Appendix). 
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1.2. It is convenient to introduce the phys i cal mass i nto eq. 

( 10), ( 10a). 

1.). Later on we transform eq. (10a) with the help of eqs. 

(26)-(JO) into eq. (32) for the renormalized propagator (JO). Analo

gously, eq.(15) is transformed into eq. (JJ) for the renormalized 

( 4 )-point Green function. 

1.4. We accept without proof that the renormalized Green func

tions contain no divergences 121. 

Sect. 2. Some Useful Formulae 

2.1. We restrict our consideration to the model~~tin four

dimensional Euclidean space-time. This model is defined by the 

Lagrangian 

f ""-" l :t =-; ?./~)-; tt?if
2
-{27)j ,~. (1) 

We use the Feynman formulation of quantum field theory. The Green 

functions /,-f/;
1 

· · 1;;) are defined through the equation 

1:;/f?, . r:.) !J(;; + ... +;;) = 

~ f;/,17 WI/J)e-sar !fe-s•r. (2) 

"' 
Hers we have included the operator C in order to take only the 

"" connected part of the expression on the right of C' : e.g., 

J,l!rtt;:J)e-Ycrr!Je-scfr= J""ff:+ .. +J?;;;f;;, ·· t?J 

+ &""(f; + FzJcS"(;g +J?Ji;fi?, 11 JJ;(i?JO -r- · · · · 

4 

(J) 

Cjtlf!t;J)e-.5~JP/Je-S~f = d'(;;r rJ?)(f/-?, · P,) 

The Acti.on J i n eq. (2) is the integral 

5 = J;t ci:X , 
where we have to i ntroduce a cut-off £:. : 

J = ~ IF ;> -f f1l} ?Y;a )t?f-r> }tip 

/PI<'~ 

+ 3}frrr;:Jttf?)d"r.i~;- J 
lr'./<-£ 

I 

hers 

Cf{,P) = (2r)fi 1 jJx yf'x)dx 

2.2. Using the equation 

. (4) 

(5) 

(6) 

(7) 

Jr,lfrti!Jdr:)llff;) ... IJ~Je.J;~rlfe-~ i"f ca> 

=J1 /,-:£·,.., ;){llri;,-;;,;;, -;:,· · 11,-;; J-111C:',;k"" -~,· ·· e. -I!.J~ · • · ] 
~ 

s .. = ; /? 2-f f1l)y:;(p)'f'[-j> )i/j' ' (Sa) 

( ••• denotes (2n-1~/ -2 terms) one gets tha Green function 

expansion in powers of If . Each term of this decomposition corres-
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~ 

~-f~J-

Fig.l 

ponds to some diagram. Summing up of diagrams, shown in fig. 1, 

gives the integral equation for the determination of propagator 

;;~ -,P) • We denote 

t;(?;-P) = C(p) 

then 
-I 

. Gf?J = ,P <-f 1'1 z -1- x _f2__ . - f x< -e-
+ 2X 3--c9 - 2Xf (YY) - 'fX '(1f') 

- fxf Q2'U + · · · 

~ p~ 11 ~ + Lx"o2/71(' r;2..., < 
~K 

Here 

' X= /2j-

Qz;,~e are numerical factors, C-2 n t< diagrams. 

nal line of C-2 , K corresponds to factor ~~{Kjtlk 
vertex (except of one) corresponds to factor~~~~-) 

I 

(9) 

(10) 

( 11) 

Each inter-

, each 

• It is 

convenient to introduce the physical mass m of the particle into 

eq. (10) and transform this eq. into 

&-f?; m,,,er'- ~2-r m < + 

+ (i-4) L x"azn I(' c.Zh.t:r;:; m, ~- t:). 
~K -

()Oa) 
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• 

~ 

Here the operator~ is def i ned by the formula 1) 

~/IP'i= /fm) . ( 10b) 

2.3. It is convenient to introduce instead of functions /~ (2) 

new functions ~n through the equation 

.., 
c. 'l:_ .. . !?. } = ;,ll,, If &;. (/j'; .. . ~ ) 17 c f!;.) 

I 

Analogously to eq. (10) one gets 

Ct(!T;/f1 /i,f?, ~j, i')=- 2x -1- ox~ >c::x. - 6"x 1~ 

-2fx3 )>.c. +oX~~+ 12Xf><:.[)( 

+2fXf n +J6x"~ +2'fx"'tx.. 

·+ 2't xt 'J>cx -t /6 x" ;M: -f ()(x>} 

- Lx..,QtrhK (;"n"' (P; m, -t;· ~} 
;?, K 

1) One can write down eq. (10) in the form 
/. _, ? ~ ~F 

C:(,P) = p ~ 11 - 2. ~C:{jl} , 

where x · X :z. ~ · x 3 ~ 
F = - T c:;:><:) + 12 ~ - T 1i::::? 

X *' Q X~ (f'\:;::1) 0/, >) +T + z IJC.':::JI - (X • 
Note also hat one can get r.h.s. of eq.(15) by cutting off one 
vertex of F. 
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here {)f, K are numerical factors, C; "'K diagrams. 

The di agrams i n eq. (15) are invariant under all permutations of 

momenta /!,!;,/?,If ( ?,r~-tf?.t~:::. 0 ),e.g.: 

>ex = ; [f'(f!ti;}-T¢fi?r;g)+ tjfi;t;tJ], 

}><= ;-J1a~l('4 &(K:+ttlf) r;{K.- JtPz} ¢(~} 
/t:t kf "~ tt- I< ~ 
/J;r~-J,/ <~ 

+ ~ fo/f )-{ ;:/~} J + ; {(1}./1} - (!?, f? } J 
+ ~ tr:}~}-(;:J,If)] + ~ [{J;Jf J-{!;, 1 J] 

+ ~[(It, Fl )-(;;'If J] 
) 

f(t}= ;K,al<', &-(K,)(;(K,JS(~e1 -tk,- ~) 
/~1 < -t: 

J 

/Kz./ < -t. 
Sect. 3. Renormalization Identities 

3.1. There exist the following identities 

G; {?; mJ q, ./) = Z X" Q,"' K C.'t n K (f7 m, ~- f7} 
(! n K 

' , 
=L[-&,(t/n,#,tf2]0.,11KR{J)C.,hK(f} m,.t/ &) ~ 

I?,K 
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(16) 

( 17) 

(18) 

(19) 

• 

~ 
F:1.g.2 

Gz.,(;; m, 1) t;= Z.. x" ai!t"n1c· r;; t" , ~· (;:} m) ~-c. J 
,...._, ", K """"-" 

== LJ· C., rJ/n, f}1 t J/z]n 02 ,-, ;c R (t }(;.2 ,- " K (p, rn, t / G-) 
~K ~ 

(19a) 

Here i ~ 2. , fi is a set of four vectors j, • _t? • _t"J • ~ 
A?~)the Bogolubov- Parasjuk R-operation2 >. The quantity 

{;
2

; in eq. ( 19a) is the strongly-connected part of (}.2/ J 

"-' p 
the diagrams 6r2 t' ~ K are strongly-connected. 

,...___. . 
3.1.1. We stress eq. (19) to be valid only for values of 

Q'l/ n-< given in the eq. like (15). 

3.2. In the case t. = 2 

diagram _Q_ . So we have 

eq. ( 19a) is correct only Within a 

X=-12! 
(21) 

2) If the diagram &-2.' 11 K is strongly connected (i.e.,it 

does not have the form, shown in fig. 2) and does not contain self

energy parte then 

J<{t}{;lt"nK 3 ['{!- ~)&;; ~ K, (20) 

where the product is taken over all four-leg subdiagrame, which are 

contained in C:.?r 4 K and /1. ia the operator contract· 
.; 

ing the corresponding subdiagram into the point (see the book by 

Bogolubov and Shirkov • § 26. 10) 

· t 



..., 0<::> 

(!- M;.,) L LX h 02 /) K G-2 /) K fi3 4 e;· G') = 
n=z K 

A ~ h 

= {1-~JLZ).:·{;,(-"m,:,eJ/2) Q2nK 
n:z I< 

R(J)G-2 , ~<(,Am, t;· C) , 

where the diagram _12_ is cancelled out. Note that 

RftJ-e- = -e-. 
Sect, 4, Renormalization of the Propagator 

4.1. Introduce the notation 
--1 

{t - ;t{., )R.{} ){)2 n K (;:} ~ ~ · ~ }-= 

= C-2, It' fA m, -i,/;" t;.) .. 

Equation (10b) implies 

G-2, K(PJ '"1 t;~- ~ }~ l=--ml - 0. 

So one has 

g_Z11K(f;m, ~j,·~)=(/' 7.;-m J K2n K (n?, ~}; ~} 

+ C-/n~ fiJ m, <A· C} , 
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(22) 

(23) 

(24) 

(25) 

(26) 

• 

I 
} 

g 

whereJ-) 

e;n~,Jflm; ~),· ~)= 0(0 7" /'» '-)7) 

at jJ ~ m l-----> 0 

4.2. Taking account of equations (10a), (22), (26) gives 

G{j;ln1 f!J f)-
1 
if~m ~~~~; t;};·(f.) 

(27) 

+ Lzr-C.,fJ/n, ~,e)p.]"o2. "'K ~ ~K (!;~ ~.!;·~) c2a> 
n= z K 

here e>0 

z(m,J, t;h· ~ J= 1 + ?;; ~{-~!J;"',§J e~]"'Q2PK 
f<2,K(mJ t;t; ~} . (29) 

The function ~
1

11 K 0 m, t;J;" ~)contains (2n-l) internal lines With 

C:. ;- So, introducing new functions ~r ) 
J ) 

r;r(A ~),f/(): ~fiJ "'," fl}Z f/n;Jt t;};·t;) (30) 

/l =)(nyrJ; C:J/t:J= -~th4" f/j/(2~Y4#, 1/J,·G'-JJ on 

one can transform eq. (28) into the equation 

J) It follows from the definition of the R-operation, that the 
function C:.z; {;J ~ ~,)/ {;) does not depend on arguments 

tA··Pj) . 

II 



r/: -1 

G (/]~A1j1· t/ = ,P ~m 1 -+ 

~ ~ I 

+ L L:) Q2~K C.2nK(/3mJ /;};· ~~) 
/?= 2 K 

(32) 

which ie known not to give rise to infinities, (in the limit ~-+Od) 
if the quantity ) ie considered to be finite 121 . 

The functions {;r and ) are, reap., the renormalized propaga
,;;;r 

tor and renormalized coupling constant; ~ has a finite limit 

as ~ ~ r.:>a if A ie supposed to have a finite value. 

Sect. 5. Renormalization of the Function /!-2/ . 

The functionR,J'/&;/....,K in eq. (19a)contains 2n-i internal 
"'-'" 

lines with ~ , so, similarly to eq. (32), one gets the equation 

c.;; (p, m, J,J)·t) == ~i 0 m,~;ej/~f~:Jt;f;·t:J 
'""" "' 

= z_,/'0.,/.-, K f<(JJb;/ _., K (;~ m, f;· r;r} 
,.._ 

/'11 I< (33) 

defining the renormalized strongly-connected part of the function 
r 

(;.zt' (14). The function (;z/ has a finite limit ae ./- <:><:> • 

"-' 

5.1. In order to renormalize the weakly connected part of the 

function (;.z t' , it is sufficient to know how the constituting it 

strongly connected parts and propagator are renormalized. 
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X ~ 'KJCJ( 
41 42 431. 

~ txJ:X ~ 2. 
44-1 -.!42 432 

~ 
3 

-a2} Q Q 
2. I( 

44) 444 445 

]>ex ~ 
446 447 

Fig.J 

Appendix A 

In this Appendix we check the identity (19) up to the order 

L/(')(t) . The necessary diagrams are listed in eq. (15) and fig.); 

the numeration of the diagrams and vertices is shown i n f i g. ). 

We have 

R(tJt=~~ = C~" = ~ ; 

Rft)&.~z = (!- ~z}(;.'tz = 12~ J 

6?-72 = <=>-~~~ 
.lz. r. 

-<=> R, -t- R' ; 

13 
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R(t}(;..,:JI = {/- /1;n, }(!- 1t~ }(/- l'tzj) &'IJt = 

= {!- ""z. ~- /t,z -Hz:; -r """''"J{/'t,z-+ l1z1) 

-f 11,z 11n - i1,.z 3 /1, ~ 11z l } G7 :J 1 

= {;.,3t- <:::::::<) X - 2 <=>KX +2.C>
2 X 

+ 0 2 X -OLX 

so that 

(;.7$ I = .c:::::;x::::;. R, + 2 <:::::> R 2 + R 3 I 

l<(t}C"Jz = (I- l1,z. 3)(1-/1,z.)C-,Jz = 

= {1- ~z;- ~.? -f 1'1,ZJ ftz }&-'rJZ. : 

:::: &., _, 2 - a:> X - e> x:)( + <.::::>-
2 X 

and 

r;'t.:tz = q? R, + <:::> Rz + R.1z , 

(A.3a) 

(A. 3) 

(A.4.a) 

(A.4) 

later on we consider the diagram C:tr2. it contains four four-
; 

leg subdiagrams (23) (123) (234) (1234), so that 

R(JJCtrz = (!- ""'n.,J(!- ~n )(1- ~J'rX'- !1z.3}C.r+-z 

= (!- ~ZJ'r)(t-/1/L:J- f1.zl't)(/- t'-1z.J }C-'r'IZ 

( /oz (!- ~23'r} ~n ~.J't = 0 ) 

14 

(A.5.a) 

• 

= {f- ""2. :J'f - !0L 1 - 11z31f - /123 

+ 11/l:J't ( t11Z:J + f1z3'f + !1Z'1) -f {tfll 3 + Mz.J'f) f1ZJ 

- tf12J't (11/lJ + /12J'f)t123 J r:-'1'1'2. = 

-- c,"
2 

- .([> x - 2 p )C)( - o )(:)C)( 

+ f z a> e> + o c:>c-JX + 2 <::>
2

x::x 

-2<:> 3 X; 
here 

x:x = r;f2. 

X:::x:><. = r;r.Jt 
Equations (A.5.a) (A.5.b), (A.3), (A.2) imply 

G-r~z = ~ R., + 2 (l> Rz + C> R3 , + R"2 

(A.5.b) 

(A.5) 

All the formulae of that kind we have collected in the Table. 

The result is: 

C-" = oe, R, + o<2 R2 + o(31 R11 + o<32 ~2 
+ o~,, R,, + · · · + o('r-r 1~'1?- + O(xs-), 

where 

(A.6) 

cX
1 
=- 2X+ t>xzo- 6X3~- 2~x3p 

+{X~ +12x"<§> + 2f"Xf0 

+ J6X'~ OZJ + 2'/Xf 8:> -+ 2f Xf ~ (A.7) 

+fox" [Z;J-+ O(xs-) = Cr(J,mJ~)t), 
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• 

<X2 = {X 2
- 3bX10 ·t-.36XtCX:::/ ·r l't'IX'f a>' 

+ srxt<:>z. + O(x!>)= 6f-C:,f.l;m,:J)IJ/2],2 

ol.!,; ==-{X ~srxb + O(x')===-b'[~~tn,j,t}p}::r 
' 

D<~n. ==-27X
1
+216XO -rO(x:>/=-27fC,(1;11~j) f'J/2)~ 

So, we have checked eq. ( 19) up to the terms O(xfj. 

Append i x B 

(A.8) 

(A.9) 

(A. 10) 

In thi s Appendix we check the ident i ty (22) up to the terms 

C//)rt). The necessary diagrams are l i sted i n eq. (10) and f i g. 4; 

the numeration of the di agrams i s shown i n f i g. 4. Simi larly to the 

Table one gets the formulae 

r<-
Cz2/1>1;:::: ~ 2 (Rm,J;f)- r;z {t~'"'J;f}= 12:, ( B.1) 

' E> 09 009 
2J 241 

22 

-~ Q/1) 
242 24J 

Fig.4 
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G-23 ;r~ = 
1-/11 I 

I I 

2C>Rz + 1<3 

L
_P< r. 2] I , I _ 1 

&z"' = 2tCX> ·+ C> ~ + 2C>Rs + R"l , _,.,.,_ 

~ 

l 
p ( I I 

Gz.,z -m'=2 P Rz + 0 R:s + 1<., 2 

,:J< 
a j 1 1 1 

\.72'13 _, 1 =(2 tJ> ·+O)Rz-+ 20R3 + K"1 

( B.2) 

( B.J) 

( B.4) 

( B . 5) 

Taking the coefficients ~ from eq. (10) and using eqs. (B.1) -

(B.5) one obta i ns 

A "Q (i-A{.,)L_x 2nK {;2n-<-
hK 

( I 

A~ +;B.;~+ 

I I R I 

-1- fit, ;<Yt -t- Jlr2 ~z + /Jts rJ ·1- • • -
where 

j3, =- .fxz+ 7"X30 - ~ x"cx:> - 16x" 0> 

- 6x"<::;>
2 + orx·)==- }·{~rt;~~/ t)ft J ~ 

f33 = 2X 3
- 1~x"e> + O(xf}= 2f&;(hm,~,e)/2}~ 

In this way, we have checked eq. (22). 

( B.6) 

(B. 7) 

( B. B) 

• 

Ac know led gem en t 

I am i ndebted to Drs. A.A.Vlad i mirov and D.I.Kazakov for 

v~luable constiltat i ons. 

References 

1. Bogolubov N.N., Shirkov D.V., Introduction into the Theory 

of Quantized Fields, Moscow, 1973. 

2. Hepp K., Commun.Math.Phys. £_, 301 (1966). 

ReceiTed by Publishing Department 
on December J 1979 • 


