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CneKTP Mace B MOAell~ 6ap~OHOB B paMKax 1/N 
paanomeH~H HepenHT~B~CTCKoi1 KXA 

HccneAY~TCH c~ep~4ecK~-c~MMeTp~4H~e peweH~H ypasHeH~H 
WpeA~Hrepa c HenoKanbH~M noTeH~~anoM, nony4eHHoro B~TTeHoM 
B paMKax 1/ N paanomeH~H KBaHTOBOi1 XPOMOA~HaM~K~ B npeAno­
nomeH~~, 4TO KBapK~ ~Me~T OA~HaKOBbli1 "apoMaT11 ~ nonapHO np~ 
THr~sa~TCH no aaKOHY KynoHa. C noMO~b~ 3BM B~4~cneH cneKTP 
3Hepr~i1 CBH3aHH~X COCTOHH~i1, 4~CJ10 KOTOP~X, no-B~A~MOMy, 
C4eTHO, C C06CTBeHHbl~ 3Ha4eH~HM~, cry~a~~~M~CH 8611~3~ 
HYilH. nony4eHa 3aB~C~MOCTb Mace COOTBeTCTBy~~~X "6ap~OHOB 11 

OT Bell~4~Hbl 3~~eKT~BHOi1 KOHCTaHT~ B3a~MOAei1CTB~H. 

Pa6oTa BblnOilHeHa s Ila6opaTop~~ Bbi4~Cil~TellbHOi1 
TexH~K~ ~ asToMaT~aa~~~ OHRH. 

Coo6weHH9 06b91lHH9HHOrO HHCTHTYT8 Hll9pHbiX HCCnellOB8HHA. Lly6Ha 1979 

Bogolubsky I .L. E2 - 12864 

The Mass Spectrum in the Baryon Model in 1/ N 
Expansion of Nonrelativistic QCD 

The spherically symmetric solutions are investigated 
for the Shrodinger equation with the nonlocal potential 
that has been obtained by Witten within the framework of 
1/N expansion of nonrelativistic QCD assuming that all 
theN quarks inside the baryon are of the same flavour and 
the Coulomb attraction acts between each two of N. quarks. 
The energy spectrum of the bound states has been found, 
their number is apparently denumerable and the eigenvalues 
£

0 
condense in the vicinity of zero. The masses of the 

corresponding "baryons'' have been found as a functions of 
the effective coupling constant value. 

The investigation has been performed at the 
Laboratory of Computing Techniques and Automation, JINR. 
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1. The great mathematical complexity of quantum chromo­
dynamics (QCD) has stimulated the search for small parameter, 
which is absent in QCD in explicit form. The so-called 1/ N 
expansion suggested by 't Hooft 11~i.e.,an investigation of 
the limit N-+oo with N characterizing the gauge group SUc(N)) 
proved to be rather effective, 1/ N is considered as a small 
parameter when N is large. Using 1/ N expansion, Witten 
siggested an approach for qualitative description of baryons, 
which were described here by nonanalytic in1/ N solutions and 
hence interpreted as solitons, in contrast with mesons, 
which can be considered within the framework of the pertur­
bation theory in small parameter 1/ N. The main supplementary 
simplifications made in ref.~/ t~ obtain the basic equa­
tions are the following: 

1) using of nonrelativistic approximation; 
2) consideration only of bar1ons composed of one fixed 

flavour quarks, e.g., /1+ or n-; 
3) taking into consideration only of pair quark inter­

actions with Coulomb attractive potential (the attrac­
tion is a consequence of the baryon state antisymmetry 
in colour SU( N) indices) . 

In N-+oo limit the Hartree-Fock approximation has been 
used in ref.~/ . An equation for one-particle wave function 
¢(x) has been obtained (it is independent of N) assuming 
that N-particle wave function .t: (x x ) _ liN -l.. (x )· 

'I' t••••• N - '~' 1 · 
3 1 = 1 

v
2
¢ _ g2¢(x)J d y¢*¢(Y) =£¢(x) 

2M \x- y \ 
(1) 

with the normalization condition Jd 
3
x¢*¢(x)= 1. HereM is 

the quark mass, g is an effective coupling constant. 
Eq. (1) may be transformed into the differential form 

(in the spherically symmetric case this transformation does 
not lead to the irrelevant solution emergence) : 
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1 2( -1 2 2 
--

2
-Mv <P v <P)+4"g .p*.p =O. (2) 

The localized solution cp(~ given, the mass of corres­
ponding N quarks bound state is determined: 

II=N [M + ( _da1J_tf- _!_ g 2 JJ daxday cp *cp(x) cp *cp(y) ]. ( 3) 
2M 2 lx- y I 

Let us introduce the dimensionless variables cp d , x d , c d: 

2 -312 2 4 
cpd = cp(87Tg M) • Xd=X·87Tg M, ( d =c/87Tg M. (4} 

Eqs. (1), (2) in these variables have the following form, 
correspondingly: 

d3y cp * cp(Y) 
- 411V 2rP (x)- cp(X) ( = ccp(X), 

lx- Yl 
(5) 

v2<<P-tv2<P> = <P*<P (6) 

(here and further "d" is omitted) , and the energy of the bound 
state with the wave function ¢(x) is: 

H = NM[l + 817g4(417 Jdax l v¢ 12-

1 d
3

xd3y¢*cp~~t_:¢(~)) = NM(1 + 811g \ ). - 2 ff-~· l x- Yl 

(7) 

To obtain c we use the relationship following from equation 
(5) : 

c = ~ 411(cp-tV 2A-) - daY <P *¢(y) 
'f' x=o r-~ -~ (8) 

2. To investigate an asymptotic form of possible spheri­
cally symmetric solutions of Eq. (6), we assume that at f->oo 
¢=: .A exp(-kr).Substituting this expression into (6) we obtain 
that cp -=' 2k 2 exp (-kr) exp(il/J) at r ->oo. Further we shall deal only 
with real solutions . cp(r), so 1/J = 0. 

We shall essentially use further the following important 
property of the localized solutions of Eq. (6) (without the 
normalization condition), namely: if ¢(~is the solution 
of (6) , then cp 8 (r)=Bcp(yBr) is the solution of (6) , too. Using 
this fact, one may obtain the normalized solution of (6) TJ(~, 

f7J2•417r2dr = 1 if some solution__q'>(r) is at hand. Indeed, rep­
resent cp(r) in the form cp(r)• B7J(yBr); it is easy to find that 
II <PI I = J cp 2 

· 417 r~ = yB and we obtain finally 
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.\ 

17(r) = <P<r ii <P II -
1

>11 <PII-
2 

. (9) 

Now we can easily determine c in terms of arbitrary solu­
tion cp(r) of (6), which may be not normalized: 

V21'/ 
( = -417--1 

17 
x=o 

day 11 2(y) 

- r IY 1 

-2 v 2 <P 2 
= -417 II<PII [-q,-l r=o + f dr-r.p (r)l (10} 

n-417 II <P II -
2 

[3Cq,- 1q,;'2 \=o + Jdr· r.p 2(r)J. 

3. To find spherically symmetric solution of the fourth 
order Eq. (6) one should put four supplementary conditions; 
two of them are evident: A) cp(r)-> 0 at r-+oo and B) fcp 2 d!\-= 1. 
Two more conditions are: C) ¢;(0)=0 and D) ¢;'.J(O) =0: 
they appear as a result of cp(r) expansion in Taylor series 
in r at r-+0 and substituting this series into (6). It is 
convenient to search at first for the solutions of (6) 
without normalization condition B). Fix some negative value 
¢ "(0) and, choosing the parameter a0=¢(0), try to satisfy 
condition A) (the "shooting method"). To solve Eq. (6) nu­
merically, previously expand ¢(r) at r-> Q: 

- 2 4 ¢ ( r) - a 
0 

+ a2 r + a 4 r , (11) 

Substituting (11) into (6), we find: 

a 2; -1 I a 4 =(a 0 +36a 2 a 0 ) 13). ( 12) 

Using (11) and (12) we begin numerical solution at the 
region r:::o, and further solve equation (6), being transformed 
to the form convenient for the numerical investigation, using 
the finite-difference scheme -of the second order accuracy. 

4. Eq. (6) is nonlinear. Spatially non-one-dimensional 
nonlinear equations often have more than one solution even 
in the class of functions independent of the angular va­
riables. For example, .D-dimensional equations of the type 

· a2 o-1 a 
6. ¢ + F(cp) = 0, 6. = ---- + --------, (13) 

rr rr ar 2 r ar 

where F(¢) is nonlinear function, have as a rule denumerable 
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set of solutions, ¢ 
0 

(r) being numbered by the number of the 
function ¢

0
(r) nodes plus one ( n = k + 1. k is the number of 

nodes), and the value ¢ 0 (0) increases with the n increasing. 
By this reason the investigation of solutions of (6) was 

not restricted by the search for the nodeless solution. The 
whole family of localized solutions of (6) has been found, 
it is convenient to number them by n=k+l,where k is the num­
ber of the solution nodes. Some of these solutions (not yet 
normalized) are represented in Fig. 1, and their characte­
ristic parameters are brought together in Table 1. The 

"size" of the solution ¢
0

(r) is given by R~~~)¢] ; R~':!ar[¢] 

has bee~ defined so that ¢(R ~~a)= 10-2 1 ¢ 1 ~':2x• where l¢ 1 ~';;x , 

is the magnitude of n-th (counting from the center r = 0) 
maximum of the solution ¢ 0 (r) absolute value. 

tp 

'f 

6 

'f 
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5 

'f 

n•:J n='f 

/3 t 

Fig. I. The first four solutions to 
Eq. (6) <l \¢

0
ll f. 1). 

'l 
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Table I 

The characteristic parameters of non-normalized solutions 
of Eq. (6) 

fl., a;. ao u Y'll Rciw.t. [lfl 

I -1.5 3.1300 77.1 4 

2 -.5 1.574406 I2I.6 12 

3 -I. 2.II30I7 2IB.O I4 

4 -I. 2.049462 290.2 I9 

5 -I. 2.00683 361.5 23 

6 -I. I. 97540 432.6 27 

7 -I. I. 95080 503.1 31 

8 -I. I.93035 572.1 36 

9 -I. I.9I3200 64I.2 40 

Now to obtain solutions 7J 0 (r) satisfying the normaliza­
tion condition B) one should make use of (9); in particular, 
we find 

a) I'Jn(O)-=cpn(O)II¢11-2, 

b) 7J~(O)= ¢~'(0) 11 ¢ 11 -\ 
(14) 

c) rchar [7J]= Rchar(¢] 11 ¢ 11 -
2

• 

where rchar [7J] is defined for 7J(r) analogously to the defini­
tion of Rchar [¢] for ¢ (r). Table 2 contains the parameters 
of the normalized solutions of ~n (r). One can see that the 
value 7J

0 
(0) decreases with the increase of solution number n 

but not increases as ¢
0 

(0) usually does for the equations 
of type (13). Using Table 1 and formula (14b) one can see 
the validity of the relationship 

7J ·~ (0) = -(nA) -
4

, A= 72.3. (15) 
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Table 2 

The characteristic parameters of normalized solutions 
of Eq. (6) 

n 1](0) r char ( 

I 5.37-IO -4 2.3·104 -.648·10-2 

2 I. CJ75· ro-4 I. 75·105 -.I225·I0-2 

3 4.44·Io-5 6.75·I05 -.498·10-3 

4 2.44·10-5 I.6·I06 -.268·10-3 

5 r. 53· Io-5 3. I· ro6 -.I67·I0-3 

6 1.06·10-5 5.0·I06 -.II4·I0-3 

7 7.8·10-6 7.75·106 -.827·10-4 

8 5.9·10-6 I.IB·I07 -.628•10-4 

9 4.66·10-6 I.65•I07 -.492·10-4 

' 

I 

The obtained solutions (1'/n (r), ( n) are the normalized 
solutions of Eq. (5), this fact has been confirmed (in ad­
dition to the analytic consideration) by the direct substi­
tution (1'/n (r), f n) into ( 5) *. 

5. The sequence f n is of the most interest; the depen­
dence fn on n, plotted in Fig. 2 (see also Table 2), al­
lows one to assume that the eigenvalue problem under inves­
tigation has a denumerable set of the solutions, corres­
ponding to the bound states. The statement of the oscilla­
tion theorem is apparently valid for the nonlinear equation 
(6) with the conditions A)-D): the n-th eiqenvalue (in the 
order of the increase) corresponds to eigenfunction having 
(n-1) nodes, n = 1,2.3 ..... 

*The author is grateful to E.P.Zhidkov and V.G.Makhankov 
for the detailed discussion of this problem. 
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-5-IOJ 

.. 
Fig. 2. The dependence of fn on n. 

Given the value fn' one can determine the mass of n-th 
baryon state H n as a function of g, using formula (7). The 

Hn (g) . 
dependences h (g)=------= 1+877g\ are plotted in Fig. 3. 

n MN n 

The mechanism of excited state spectrum generation that 
has been found in this paper completes the possibilities 
that had been pointed out in ref.~/. In particular, the 
mechanism of the excitation spectrum generation is discussed 
in ref.~l; such excitation spectrum may arise when one 
quantizes localized solutions of the non-stationary ana­
logue of Eq. (1) that depend on time non-trivially (they 
have i¢i 2 (x,t) periodically changing in time). To really 
have such a possibility, one should certainly have such 
pulsating solutions. But as is known such pulsating non­
radiating solutions exist in the case of nonlinear evolution 
equations only for some special models (one-dimensional 
Shrodinger equations with the cubic 13/ and logarithmic 141 

nonlinearities, the relativistic-invariant sine-Gordon equa­
tion~/ ; in physically interesting three-dimensional case 
there is known today the unique model with such "pulson" 
solutions - Klein-Gordon equation with the logarithmic non­
linearity; the quantization of the oscillating solution of 
this equation has been made in~/). It is an open question 
now whether such pulsating solutions exist in this model. 
Note that the nonstationary analogue of (5) can be trans-
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Fig. 3.The dependence of "baryon" mass 
H n on the effective coupling constant g 
for n =1,2,3,4,5; hn=Hn/ MN. 

formed by dividing it by ¢ and acting with the operatorv 2 

(see~~ ) to the form (dimensionless variables!) 

iV2 <¢-t a'£)=¢*¢ _v2 <¢-tv 2¢>. 
at (16) 

A numerical investigation of Eq. (16) may be easier than 
that for the nonstationary analogue of (5). 

6. The mechanism of tr.e energy spectrum generation in the 
nonrelativistic model that has been found in this paper is 
to the author's mind more natural from the point of view 
of the nonrelativistic quantum mechanics. The n number may 
be called the "main quantum number" on the analogy with 
the hydrogen atom theory. The main conclusion of this paper 
about the emergence of radial excitation spectrum will 
apparently survive in the N .... oo limit if one considers 
instead of Coulomb potential some other potentials that 

seel!l more ri~tural today, say, V(r) =- ~ 2 
13'1- (the number of 

the bound state may of course not be infinite). It is very 
probably that there are some analogues of the N = oo bound 
states in the most interesting case N=3. At last to the 
author's mind it is possible that in the N -+oo limit there 
exists the set of solutions to Eqs. (5), (6) characterized 
by orbital quantum number f together with the "main quan­
tum number" n. 
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