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~HHaMH4eCKaH peanH3a4HH rpynn~ rOMOTOnHH 
8 TeopHH RHra-MHnnca 

B TeopHH RHra-MHnnca TononorH4eCKH~ HHAeKc TpaKTyeTcH 
KaK AHHaMH4eCKaH nepeMeHH.aH, OnHCbl8aiOIJlaH KOOnepaTH8HOe 803-
6ymAeHHe KanH6po804H~X none~. BKnl04eHHe TononorH4ecKo~ cTe
neHH C8060A~ 8eAeT K CHHrynHpHOMy KnaCCH4eCKOMy 6oae-KOHAeH
CaTy KanH6p0804H~X none~ /MarHHTH~M MeWKaM/. 

Pa6oTa 8~nonHeHa 8 na6opaTOPHH TeopeTH4eCKO~ $H3HKH 
OHRH. 
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The topological index is treated in the Yang-Mills theo 
ry as a dynamical variable describing the cooperative excita 
tion of gauge fields. The inclusion of the topological exci
tation leads to singular background fields (magnetic bags). 

The investigation has been performed at the Laboratory 
bf Theoretical Physics, JINR. 
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1. INTRODUCTION 

The important problem in the Yang-Mills theory
1 11 

is the 
research of the non-Abelian gauge-field behaviour at large 
distances. The usual perturbation theory points only to the 
nonlimited growth of the effective coupling constant with 
increasing distance (infrared catastrophe). 

As is known from the theory of critical phenomena and 
phase transitions, in the system with the strong coupling 
the long-range correlations of local excitations may appear. 
Such correlations are usually described by the cooperative 
degrees of freedom and, generally speaking, may lead to the 
singular Bose-condensate. 

In the present paper the scheme of quantization of the 
Yang-Mills theory is developed which assumes from the very 
beginning the presence of singular gauge fields. We shall 
assume also that the cooperative excitation of the gauge 
fields appears as a Goldstone mode accompanying the topo
logical vacuum degeneration. 

II. METHOD OF QUANTIZATION 1 2 •31 

Let us consider the Yang-Hills Lagrangian 

"' 1 a a . ....a a a abc b c ) 
.l. = - 'if F 11~.~ F fll' . ( r /11.1 = iJ 11 A v- av A 11 + g t A 11 A v . ( 1) 

The fields A~ in f have no canonical momenta "~=(of/oaoAi)=o, 
a 

therefore we express A 0 in terms of other fields through 
the Euler classical equations 

af 
o A~ 

2 a . a ( vi Ao) - ( vi ao A i ) = o. (2) 
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where 
ab ab ab abc c 

V. =o V . (A i ) = o a 1 + gc A . 
I I I 

The general solution of eq. (2) 

a • a ( 1 
A 0 =c1> + VJ2 vtaoAt) 

a 

may contain solutions of the homogeneous equation 

(V2<1>)a=o 

• d c(t) . 
( c = _d_t_ 1s the zero mode of the operator v-2 ) • 
ing eq. (3) into eq. {1), we obtain the Lagrangian 

L = f d3x ~ = LY.-M.+ LRot 

L =Jd 3x.L[(E(~)a)2 
-(Ba)2 ] 

Y.-M. 2 I I 

L =fd
3

x[.!_c 2 (V.<I>/ -c(V.<I>)aE(TJ~ . 
Rot 2 1 1 I ' 

where 

(T)a VtVj ab b 
E I = ( o iJ - -vr ) ao A J ; 

a a _g_ abc b c 
Bi =ci.ik(ajAk + 2 c AjAk ). 

The fields E(T) , B satisfy the equations 

V ab (T) b 
i E i ,. 0; 

. ab b 
V 

1 
B 

1 
,. 0. 

There is the following alternative: 

(3) 

(4) 

Insert-

(5) 

(6) 

(7) 

{8) 

1) Suppose that the non-Abelian fields are regular. 
Then, owing to egs. ( 4) , ( 8) and the Gauss theorem L Rot = 0. 
The obtained theory is described by Lagrangian (5) with 
auxiliary conditions (8). The quantization scheme is equi
valent to the usual one in gauge A 

0 
=0 1.41 
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2) Suppose that the fields are singular~ Then ~ot -f, 0, 
a nd new dyna mical variable c(t) is introduced (as the zero 
mode of the operator V 2 ) which describes the cooperative 
excitation of the fields in the whole space. 

III. REASONING OF INTRODUCTION OF THE NEW VARIABLE 

The topologically nontrivial classical solutions (instan
tons) 161 testify to the presence of vacuum manifield. The 
invariance group of each of these vacua, Go . is a subgroup 
of the invariance group of the Lagrangian, G . 

It is known that the factor group GIG0 is the homotopy 
group rr3 (SU 2)=Z (where Z is an infinite cyclic group). Here 
we have an example of spontaneous breaking of the vacuum 
symmetry. According to the ideology of the symmetry sponta
neous breaking171 one should take into account the Goldstone 
mode, which has the meaning of an element of the factor- · 
space: (Lagrangian invariance group/vacuum invariance group). 
In our case we must consider the Goldstone mode as an ele
ment of the homotopy group rr 3 (SU2) ,.z . The Pontryagin index, 
which characterizes the nonsingular classical solutions with 
the finite Euclidean action: 

2 
v[A] =-g-fd 4x Fa Fa c (9) 

64 TT 2 J.W pa p.vpa 

v[Areqular ] ~z (10) 

has just this mathematical meaning. 
Generelizing eq. (9) to the singular fields (3), (7), we 

treat v as the dynamical variable describing the cooperative 
excitation of fields in the whole space. 

IV. THE BOSE-CONDENSATE EQUATIONS 

Let us identify the Goldstone mode c in eq. (6) with the 

topol~gical variable V= ~· inserting the general solution 
for A 0 (3) into the definition of the Pontryagin index (9): 

*Note that in quantum field theory and, in particular, 
in electrodynamics we deal with the regular fields

151 
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v = f dt v • • g 2 3 • 
v = c -J d x ( V' ¢ • B ) - N (A) . 

817 

Here N(A) is the functional of the gauge fields. Let 
press Lagrangian (6), L R , in terms of ii= (v + N) 

Ot 
eq. (11): 

L )~f ( 877 2)2_1 __ fr <E > 8 17 2 
Rot 2 g2 < B>2 <B>g2' 

where 

2 3 a,u a 2 3 2 
< D :-- = [ f d X D i \. I <I>) ] I f d X (V' <I>) ; 

a a a 
D 1 =E 1 ,B 1 

(11) 

us ex
by 

(12) 

(13) 

The Hamiltonian corresponding to (12) does not depend onN: 

1 2 g 2 2 2 2 
HRot(p) = LRot(p) = 2 [p <g;-t < B> - < E > ] (14) 

Here 
p = OLRot(,;)/o~. 

We quantize the variable v ,[v,p]=i, requ~r~ng the state
vector covariance under transformations of the cyclic groupZ 

·o 'i' (F+1)=e 1 'l'(v) 

and obtain the momentum spectrum of the "rotator" v 

P=217k+O. 

where k is the number of the energetic zone and 0 is the 
quasi-momentum. Finally, we get the following effective 
action 

8 err= 8 v.-M:t 8 Rot= fdtLerr = f dt(LY.-M. +LRot ) 

( 16) 
1 3 a2 2 1 3 a2 2] 

L f =-[fd x(E . ) - < E > ]<:t)-[fd x(B . ) -p < B > , e f 2 I 2 I 

2 g 2 2 
r = c 2 17 k + e) ( -;:;-:-!l) . c 1 7 > 

817 

Sign (+) in eq. (16) relates to the Euclidean space. Assume 
that the gauge field A is a sum of the singular background 
field £ (Bose-condensate) and regular field ~ , having zero 
boundary conditions at the singularities 
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S Rot(!?_+~) =S Rot(!?_). (18) 

Then we have the following formal expansion in power of~: 

8 err (~+!?_)= 8 err (~)+ 8 ~.-iE)~ +-} 8 ~.-M.C2)~2 +··· 
The procedure of quantization and, in particular, the va
riationa~ derivative are well defined only for the regular 
field ~ 51

. If one does not use the calculus of variations 
for the definition of 2_ the conditions of "finiteness", 
S err (b) =0, and "stability", S' (b)· a=O, may be satisfied 

- y -M - -
provided that · · 

p=1. (19) 

3 2 2 
fd xD = < D> D =E ,B. (20) 

Then, from the Cauchy-Bunyakovsky inequality we obtain that 
background fields E(g), B(E), V (JV<I> satisfy the stationary 
dual equations: 

a ab b a b b 
± E i (!~) = V I (E) <I> ; B i (~) = V' a I (~)<I> . ( 2 1) 

It is worth emphasizing that the charge quatization (17), (19) 
is necessary for the stability of the theory, as the zero
action fields (21) satisfy the classical equations beyond 
the singularities. 

Consider the exactly solvable example of the cylindrical
ly symmetric functions. There is the unique singular solu
tion describing "magnetic bags" in the class of such func
tions b a = (<I> a, b~ ) 

-J.L -1 

<l>a = ...!l!n a [ctg(mr)- -1-J. 
g mr 

a m r[· ) 1 ] b 1 = - ' . f n cosec ( m r - -- g Ia mr ' (22) 

,a 2 
where na = {- ; r= v' xj ; x j =Xoi +Xi ;m,x 01 are the solution para-
meters. The operator S" (JV does not depend on the coupling 
constant g . The perturbation theory with "magnetic bags" 
differs qualitatively from the usual one 

141 
and, to a cer

tain extent, coincides with it only in the limit m -+ 0 
which corresponds to small distances. The equation for the 
quantum fields ~~ in the considered functional class in the 
limit g -+ 0 reduces to the Schr6dinger equation for the par
ticle in the periodical P6schl-Teller potential191 with the 
discrete spectrum. To find the spectrum it is sufficient to 
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consider only one cell of the periodical potential. The pe
netrations are forbidden. The raial excitations are in the 
"trap" with dimension - m -~ 

V. CONCLUSION 

We have expressed here the point of view according to 
which the true quantization of the Yang-Mills theory must 
take into account the non-Abelian field singularities. We 
also suppose that the source of such singularities is the 
cooperative excitation describing the long-range topological 
correlation of the local excitation. (In this sence the to
pologically nontrivial gauge theory resembles the models of 
statistical physics with the infinitely large correlation 
length). 

We have shown that the presence of the singular Bose-con
densate does not contradict the finiteness and stability of 
the theory. Just these conditions (finiteness and stability) 
define the Bose-condensate equations. Solutions of these 
equations in the class of the cylindrically symmetric func
tions are "magnetic bags" - the periodical singular poten
tial. In this case the Yang-Mills theory is equivalent to 
the ideal isolator. The local excitations have the discrete 
spectrum. There are absent even zero modes which could resto
re the scale and translation invariances. The absence of the 
translation invariance for the colour excitation does not 
mean the absence for the colourless bound states identified 
with the observable hadrons. If it would be possible to prove 
"the freedom of motion" for the colourless states, then the 
colour confinement could be treated as a consequence of the 
dynamical realization of the homotopy group in the non-Abe
lian gauge theory. 

The author is grateful toiD.I.Blokhintsev),B.M.Barbashov, 
A.V.Efremov, A.A.Leonovich and D.V.Volkov for discussions. 
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