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KonenHOBH"' E.3. 11 up. 

~eneHHe 8HTH3Kp8HHpOB8HHH B HeynpyroA llH~p8KUHH 
81lp0HOB H8 Hllp8X 

E2 - 12288 

HeynpyraH nu!jlpaKUHH na Hllpax paccMoTpeua a Monenu co6cTeeHHbiX 

cocTOHHHA ( MCC), KOTopaH npaeunbHO onucbeaeT npocTpancTeenuo-epeMeH

uyiO CTpyKrypy B38HMOileACTBHH. noK838HO, 'ITO MCC 3KBHBaneHTH8 Monenu 

MHoroKpaTnoro pacceHHHH (MMP), a KOTopol(y"'eTeHbi ace npoMeJKyTO"'Hbie 

cocTOHHHH. B KBapK-napTOHHOM eap11auTe MCC uai!neuo, 'ITO MKBMBH "'BCTb 

aMnnHTYilbi ueynpyroA 1111!jJpaKUHH OTpuuaTenboa a oTnB"'He OT ynpyroA 

aMnnHTYilbJ. 3To npKBOilHT K ToMy, 'ITO neKOTOpble rpa!f>BKH a MMP HMeiOT 

8HOM8nbHbJH 3H8K - HBneHIIe 8HTH3Kp8H8pOB8HHH. LlaHHble 0 peaKUIIII pd-+ Xd 
HCHO nOilTBeplKilBIOT 3TOT BbiBOil, npene6pelKeHHe 8HTH3Kp8H11pOBO"'HblMH 

nonpaBKBMH HBHnOCb npH"'HHOA TOrO, 'ITO Ce"'eHHH nornomeHHH 81lp0HOB 

llH!jlpBKUHOHHO pOJKileHHbiX B Hllpe OK83BnHCb CllnbHO 38BHJKeHHblMH, 

Pa6oTa Bbmonneua a fla6opaTopHH HllepHbJX npo6neM 011 ~11. 

npenpHHT 06bellHH8HHOrO IIHCTIITYT8 HllepHb!X HCCn8110B8HHA, Lly6Ha 1979 

Kopeliovich B.Z. et ·al. 

Antishadowing Phenomenon in the Hadron 
Inelastic Diffraction on Nuclei 

E2 - 12288 

Inelastic diffraction scattering on nuclei is treated in the 
eigen-state method (ESM), correctly. describing the space-time pictur 
of the interaction. It is shown that ESM is equivalent to the 
multiple scattering model (MSM) which takes into account all pos
sible intermediate states. In the quark-parton version of ESM we 
have fourxi out that inelastic diffractive amplitude has the opposite 
sign to the elastic one. This leads to the abnormal sign of some 
terms in MSM- antishadowing phenomenon. The data on the pd-+ xd 
reaction clearly confirm this conclusion. The ignoring of the 
antishadowing corrections is a reason of the diminishing values of 
the absorbtion cross sections obtained for hadrons diffractivelly 
produced off nuclei. 

The investigation has been performed at the Laboratory 
of Nuclear Problems, TINR; 
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1. INTRODUCTION 

The pattern of the inelastic diffraction as 
brought about by absorbtion has been firstly 
proposed by Feinberg and Pomeranchuk n; and 
developed further by Good and Walker 121, In the 
previous papers /3, 4/ we have applied these ideas, 
combined with the quark-parton model, to the 
elastic hadron-nucleus scattering. It has been 
found there that such eigen state method (ESM), 
which takes into account the Lorenz dilation of 
the hadronic fluctuation time, is equivalent to 
the multiple scattering model (MSM) which is 
seemed to be in contradiction with the space
time evolution of the interaction. The only 
condition of this equivalence is an inclusion of 
all possible intermediate states into the MSM 
graphs. 

In section 2 of the present paper we generali
ze this result to the inelastic diffraction 
off nuclei. Using a simplified version of ESM 
we define in section 3 a sign of the imaginary 
part of the inelastic diffractive amplitude, and 
find out that it is negative, contrary . to the 
elastic one. This result gives many consequences 
for MSM. For instance, in the diffractive produc
tion off the nucleus the MSM graphs which contain 
the even number of the inelastic vertices have 
abnormal, antishadowing sing relatively to the 
impulse term. 
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In section 4 this prediction is verified in 
the case of inelastic diffraction on a deuteron. 
Due to the antishadowing contribution the double 
scattering term in the amplitude should change 
the sign, when an effective mass of the produced 
particles is increased. This prediction is clear
ly confirmed by experimental data. 

One of the main consequences of the antishado
wing phenomenon is concerned with a problem of 
extracting the absorbtion cross section of produ
ced hadronic system from the experimental data 
on the coherent particle production off nuclei. 
If in the theoretical calculations one neglects 
the graphs containing more than one diffractive 
vertex (as always has been done) one obtaines 
a diminished cross section value. During a long 
time this erroneus result has been treated as a 
physical phenomenon. This question is discussed 
in section 5. 

Other consequences of the negative sign of 
the imaginary part of the 1 nelastic diffraction 
amplitude are discussed in the Conclusion. 

2. THE EIGEN-STATE METHOD AND THE MULTIPLE 
SCATTERING MODEL 

We investigate here inelastic diffraction off 
nuclei in the framework of ESM developed 
earlier/3,4/ for the elastic scattering. 

Let \k > be a complete set of the interaction 
Hamiltonian eigen states (k = 0, 1, 2 ... . is . a 
number of state) 

'f\k > = r I k>. ( 1) 

Here f is the imaginary part of the scattering 
amplitude operator. 

The physical states \a > form another complete 
set, which is connected with \k > by the unitary 
tr~nsformation 
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\a > I. e k \k >, 
k a 

~ c * c {3 = 0 {3 ' "- ak k a 
k 

~ c ka c;i = 0 ik · 

( 2) 

\ 

( 3) 

( 4 ) 

Now one can write the 
amplitude 15 / 

inelastic ' diffraction 

( 1) A 

f a{3 = <{3 \f \ k > = 1. c kc *{3f k a k k 

If a target contains two 
(deutron) the screening 

(2) * 2 
f {3 = 1-c k c fk a k a k{3 

( 5 ) 

scattering centers 
term has a form 

(6 ) 

We took here into account the Lorentz dilation 
of the fluctuation time, so the states \k> in 
sum (2) do not mix along with the interaction 
and each state \k> scatters independently 13 ,4/, 

In MSM one consid ers some intermediate physical 
states \a >, \{3 > (the Glauber type corre c tion) 
or \y > f.\ a >, \{3 > (the inelastic type correction) • 
This procedure seems to be in contradicti o n with 
the a bove space-time picture. Nevertheless, if 
one sums all the intermediate state contributions 
one obtains a correct result, Indeed, using (4) 

I. r <l>r <l> 
y ay a{3 

1. (1. C k C ~ f k )(1. C • .D C ~{3 f n ) = 
y k a y f YL L L 

1. c ak c * {3f 2. 
k k k 

This result c a n be easily extended to any nucleus. 
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The equivalence of ESM and MSM shown above 
is a generalization of results obtained in /3,4/ 
for elastic scattering. 

3. A SIGN OF THE INELASTIC 
DIFFRACTIVE AMPLITUDE 

The positivity of the imaginary part of the 
elastic scattering amplitude (in the impact 
parameter representation) follows from the 
unitarity. Unfortunately, no such principle 
exists which could give a possibility to define 
the sing of the inelastic diffractive amplitude. 

Here we try to determine its sign using a 
quark parton version of ESM /3,4/ . It has been 
found /3,4/ that the main contribution to the 
inelastic diffraction amplitude arises from 
distinction between the active state scattering 
amplitudes fk(kzl) and the passive one f

0
• The 

dispersion of the amplitude f within the active 
component gives a small contrfbution to the 
diffraction 13,4/, and all these amplitudes for 
k:':: 1 can be taken equal to F. Then, the scattering 
matrix in the eigen state basis can be written 
in the following form: 

<k 1 fl i > = Fo ik -(F- f0 )oi
0

ok
0

• (7) 

In the physical state basis 

Caj9 = cai f ik c*kj9 = Fo aj9 - (F- fo)cao c~j9 (8) 

Thus, the elastic and inelastic diffraction 
amplitudes are equal to 

f = (1- lc
0

1
2 )F +I c

0
1

2 f
0 aa a a (9) 

f ~ = - c c * ~ (F- f ) 
a~ ao 0~ 0 • 

( 1 0) 
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The passive state scattering amplitude f 0 =0.So, 
the amplitude faa in eq. (9) can be written as 
faa=PaF• where Pa-active state norm/3· 4~ 

In the quark-parton model /3,4/ the passive 
component coefficient for the state Ia > equals 

n · 
to cao = (c qO ) a • where n a is a number of quar]cs 
and antiquarks in the state Ia >. The states Ia > 
and lj9 > differ by some number of quark-antiquark 
pairs. Thus, because the states lq > and Iii > have 

.the opposite phases coeffici_ents cao and c j9o 
have the same ones, so the diffraction amplitude 
(10) has the negative sing. 

To be convinced of this result one must 
investigate some interference effects, where the 
sign of faj9 is clearly demonstrated. 

4. THE ANTISHADOWING PHENOMENON 

The negative sign of the inelastic diffractive 
amplitude leads to the abnormal sign of some 
inelastic multiple scattering terms in the 
hadron-nucleus diffractive amplitude. Let us 
consider in detail the inelastic diffractive 
scattering on a deuteron. 

In MSM one can distribute faB into contribu
tions shown schematically in Fig.l. According 
to above results the double diffractive term 
f C:ij9 , where y=l a, j9 has the same sign as the 
impulse term f~~- So this contribution has the 
antishadowing nature in contrast to the ordinary 
Glauber type corrections f <;Jj9 and f <!hj9 . The 
sign of the whole double scattering term fdS= 
=f(2)~ + f (~ + r<2>~ depends on the relative 

aa~ a ay~ 
values a ~ends. Note that the longitudinal 
transfered momentum Q 11 = (m ~-m;)/2E is accepted 
by a deuteron only in one vertex a~j9 in graphs 
Fig. 11) and ~· Whereas in graph ~ the momentum 
q is divided between two vertices a~ y andy~ j9. 

II 
For this reason the deuteron form factor suppres-
ses strongly the terms f ~2Jj9 and f a~h , conse-
quently, r<~~j9 begins to dominate at large qll 
value. Thus, we predict the change of the r<;~ 
sign along with m~ increasing. 
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KNJXr 
(-) 

a) 
(+) 

b) 

JX[ 
(-) 

d) 

(+) 

c) 

Fig.1. Feynman graphs, describing different 
contributions to the inelastic diffractive ampli
tude. The signs in the brackets correspond to 
the imaginary parts of this contributions 

To check this prediction, consider the fol
lowing combination of experimental data: 

d 2a pd .... Xd 1 dq 2ctx ___ _ 
R( 2) - 1 - -----------------=.--.x--2-----

x, q - 4s2(q2/ 4) d2a PP P /dq dx ( 11) 

Here - q
2 

is the square of the 4-momentum trans-
f ere d ; x ;; 1 -M ~/ s i s the Fey n man s c a 1 in g 
variable; Mx is the effective mass of the state 
X;s is the c.m. total energy squared (in the 
reaction pd .... Xd it corresponds to the nucleon
nucleon system); ~q2) is the deuteron form fa~tor. 
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Expression (11) can be rewritten by using MSM 
amplitudes as follows: 

f (2) f (2) 
af3 af3 2 

R( X, q 2) =- 2------ (---) 
f (lJ f ( l) 

ap af3 
( 12a) 

If, as was predicted above, f ~~ (x, ql changes its 
sign with Mi increasing, the function R(x, q 2) 

must also change its sign. 

R(x,t) 
0,5 

0,4 

Q,3 

0,2 

0,1 

0 

-a,t 

O.Of (f-X)N 0.05 O.f 

t-= -0.13 ( G e vIc ) 2 

c.-5N=I24GeV 2 

x- SN=29t GeV 2 

o- SN=100 GeV 2 

Fig.2. Function R(x, Q2) calculated using (11), 
the data /6/ and results of fitting n1. The dashed 
curve is the best description with the fixed 
value OfK=l and one free parameter 8=2.34±0.14. 
The solid curve is the best description of the 
data with two free parameters K=1.56 ± 0.037 and 
8=4.46 ± 0.12. 
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The experimental data plotted in Fig.2 clearly 

confirm this prediction. The data on the reaction 
pd ... dX have been taken from n1. The cross section 
of the reaction pp ... pX. is calculated using the 
results of the triple-regge fit IS/ (the pion 
exchange contribution is excluded). 

Let us estimate now the function ~~ q2) 
quantitatively. The total contribution of the 
graphs in Fig. lb and lc to the amplitude can 
be written as follows !9/: 

(2) (2) 8 2 N ( 1 r Q + r QQ =- ---- r d kl r Q -- ql + k.1.. q l x aa,._, a,._,,._, g77 2 a,._, 2 11 

N(1 12 2 
x faa -2q...l- kl, 0)8(4-q H + kl ). 

( 12) 

Here ql and q 11 are the transverse and longitudi
nal comyonents of the q-momentum transfer, 
8 = 1 + at~r1 at~~ • The functions f ~a and f aNf3 are 
the elastic and inelastic diffractive amplitudes 
on a nucleon. We assume here that the amplitudes 
r:a and f~f3 have the same q2-slopes. 

The k ...l -depend e n c e of S(k l ) i s so steep that 
other functions in integrand (12) can be evaluated 

2 at k ...l = 0. 

r<2>+r<2> =--.§-fN (1_ N 1 2 12 2 
aaf3 af3f3 Srr2 af3 2 ql,qu)f aa(-2q...l,O)fd kJ..S(4qll +k.J.) 

( 1 3) 

One can estimate in the same manner the 
contribution of f ~2~{3 

(2) _ 1 N 1 1 N 1 1 2 2 2.. 
f ayf3-- i6~3fa/2q-'-'-2qu)fyf3(-2q-l.,-2qu) fd k.ldk IIS(k..j. + k IIJ· 

( 14) 

Now we can pass to the calculation of the 
ratio in expression (12). The impulse term is 
equal to 

r< 1> = 2rNc 1 2 af3 af3 qJ..' qii)S(4-q ). 
( 15) 
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One can write using eqs. (13) and (15) the fol
lowing relation in a small M~ region (q 2 ... Q): 

f (2) + f (2) 
aaf3 af3{3 ------------------ I = - 8 r , 

f ~1~ q2 ... 0 ef 
( 16) 

where ref =lfd!~ /fd~)l is the relative value of the 
elastic Glauber correction in the total cross 
section. 

The q2 -dependence of the amplitude f! (q2) 
is parametrized as followa: 

f N (q 2) = f N -R~ 2 
aa aa (O)e ( 1 7) 

Here 2R~ is a slope of the a-N elastic scat
tering differential cross section. Because in 
the reaction pp ... pX the dissociation vertex 
contains no q2-dependence, one obtains 

N N --}R~2 
f af3 ( q ) = f af3 (O)e . ( 1 8 ) 

Such q2-dependence is confirmed by analysing 
the exper irnental data IS/, 

Now one can reconstruct the q
11
-dependence 

of ratio (16) 

(2) (2) 1 R 2 2 2 
f aaf3 + f af3f3 8 ~q - q II) 
-----r3~------ = - 8 r ef e 

where 

F(q2) 
II 

r d 2k...t S( ! q '~ + k il 
= -------------------

{ d2 k J.. S(k I) 

2 
F(q II), { 19) 

{20) 

It is worth while noting that the factor 8 
can depend on q

11 
logarithmically, because the 

number of produced particles grows with M~. We 
neglect this weak dependence in comparision 
with the exponential one. 
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The calculation of the inelastic-type cor
rection r<~~f3 is the most difficult point. There 
is no information about the jet-into-jet dif
fractive amplitude f :'f3. Nevertheless, one can 
estimate the ratio f~~ / f~1~ at small values 
of the momentum transfer using the two component 
parton model developed in S~ction 3. 

From relations (8) and (4) one obtains 

(2) * 2 2 2 
fayf3 (b)=ca0 c

013
(F-f

0
) (1-lca

0
1 - lcf3

0
1 ). ( 21) 

Here the summation over y~a,f3 is performed. The 
relation is written in the impact parameter b 
representation. 

Using (21) and (8) we find* 

f (2) 
af3 

!(1)-1 2 
af3 q ->0 

r d 
2

b <F 
2

- r ~) 
= --------------------

( d 2b (F - f o> 
( 2 2) 

Let us compare this ratio with the analogous 
relation in the elastic scattering, where after 
summation over the elastic and inelastic Glauber 
corrections one has 

2 2 2 2 2 
f (2) r d b [F - I c I (F - fo )] . ao aa I _ ----------------------------- . 

-f-(t) q~O- [ d2b[F -lc oi2(F- fo)] 
aa a 

( 2 3) 

*The integration in exprs. (22) and (23) is 
more complicated, bacause instead of f ~(b) one 
must write fk(b=b 1)fk(b- b 2) and integrate also 
over bt and b2 nucleon positions with the 
deuteron density function. But this fact does 
not influence the final result and is omitted 
here for the sake of simplicity. 
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It is seen from (22)-(23) that if the passive 
amplitude f0 =0, then K=(f~~ / fdp)/ (fa<;>; r~1~) = 1. 
The same conclusion has been obtained in ref.~/ 

by means of one component consideration. It is 
seen now that this result is valid only if f0 = 0. 
Besides, after taking into account the small 
dispersion of the amplitudes fk inside the 
active component, ratio (22) becomes larger than 
the elastic one, It is worth while noting also 
that the authors of ref.~1 have concluded from 
the equality K = 1 that the term fayf3 has an 
abnormal sign. In ESM such conclusion is optio
nal, As for the one component approximation, 
it must give no inelastic diffraction in the 
framework of ESM. 

Thus, if one knows the value of K , one can 
estimate the ratio .\= f <2b; r <1.2 I 2 r/,1 from 

aytJ ap q _, 0 eL 
the relation 

f (2) 
a a a->. =-!5_

r ef 
------- I 
f ( 1) q2=o 

( 2 4) 

a a 

The q 
2 

and q; -dependence of f~if3 can be obtained 
from eqs. (14) and (18). We take into account 
only the exponential q~-dependence in the 
expression (14) , neglecting the unknown power 
type q~ -dependence, 

After using eqs. (19) and (15), one has 

f (2) 
__ a_!?_ ( 2 r f f (1)- q ,X) = __ !___ ...!_ 2 a# S( 1 2: [8F ( q 'Jo 8 RN( J'-q 2) 

4- q) ~ ~ 
.!_ R~q2 

->.e 4 ].(25) 

All the parameters here are known except o 
and K, so after fixing K = 1 one can calculate the 
function R( x, q 2) in ( 1 2 ) with on 1 y one f r e e 
parameter, The results of the fitting are 
plotted in Fig. 2, We obtained 8 = 2.34±0,14. We 
used the following values of 

ref (Q-,\) / 10 / 
--------- = 0 • 0 5 7 ' =CJ,045; 

parameters: r er= 
2 -2 RN = 5 (GeV/c) . 

K 
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Form factor S(q 2) is taken from 1111• The agreement 
with the experimental data is not bad in view 
of the performed approximations. 

Because relation (24) obtained in the two
component approximation is rough, one can treat 
the parameter K as a free 'one. It is clear 
that the value of parameter K does not affect 
the position in x, where R(x, q 2) changes its 
sign. After fitting both parameters one finds 
8= 4,46±0.12; K = 1.S6±o.o37. The corresponding 
curve is also shown in Fig. 2. 

Thus, the experimental data clearly confirm 
the antishadowing phenomenon in the inelastic 
diffraction*. 

5. CAN THE ABSORPTION CROSS SECTION 
OF A SYSTEM DIFFRACTIVELY PRODUCED 

OFF A NUCLEUS BE DETERMINED? 

One of ,the main results obtained in the decade 
investigation of inelastic diffraction off 
nuclei is the determination of the absorption 
cross section of an unstable hadronic system 
on a nucleon. The diffraction dissociation 
a~~ on a nucleus is treated generally on a 
Glauber-like model, schematically shown in 
Fig. 3, where absorption of the incoming particle 

a and the produced state ~ us taken into 
account (without inelastic screening / 13 / ). The 
~-Ncross section can be thus determined. Most 
experiments have shown surprisingly small ~-N 
cross sections /14/. 

The main correction to such calculation 
procedure arises from the process shown in Fig.3b. 
We . insist in disregard of this correction 
diminishes significantly the output~ -N cross 

* . The analysis of the experimental data /12/ at 
ISR-energies has shown no definite conclusion 
because of the too large errors. 
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a) b) 

Fig.3. Different contributions to inelastic dif
fractive amplitude on the heavy nucleus. 

section, Crude estimations show that this effect 
is about 100%. 

To be convinced of such large effect of anti
shadowing, let us examine the example of the 
deuteron considered above.The best agreement 
with the experimrntal data was achieved at 8 = 4.46, 
i.e., at a~N f aaN = 3.46. The value of the 

tot tot · 
second parameter was found to be 8- A= 2. Thus, 
if somebody extracts afr, neglecting the term 
f (2) ( - . 11 of. d "- 2 . ~N/ aN= ay~ A= O), one w~ ~n u-, ~.e., atot atot 

= ! • (compared with n l ), the value is much smaller 
than the real one. 

Thus, the analysis of diffraction production 
data without the antishadowing term gives absurd 
results. Miettinen and Pumplin in a recent 
paper / 15 / have come to the same conclusion. They 
used the parton model 15 / similar to ours. They 
have found a source of errors in a wrong space
time description of the interaction in MSM. It 
was shown here that this is not a case, but the 
real reason of errors is the antishadowing ef
fect. 

Unfortunately, the calculation of the anti-
shadowing corrections is 
a straightforward way at 
of a deuteron the result 

impossible now, in 
least. In the example 

~N / aN _ 
for atot atot - 3.46 
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is very crude because of many theoretical uncer
tainties in the calculations. Thus, a possibility 
of ~-N cross section determination is questionab
le now. Nevertheless, some strange results 
obtained earlier can be understood at a qualita
tive level. For example, the strong dependence 
of effective cross section in the dissociation 
reaction rr-->3rr upon spin- pa>rity of system /10/ 
is probably a simple reflection of the dependence 
of antishadowing contribution upon a 3rr-mass. 
This dependence can be strong due to the fact 
that the energies for which data are available 
are not high enough, so the nuclear form factor 
enhances the antishadowing contribution. For 
example, if somebody determines (a~tN )eff from 
the diffractive dissociation on a deuteron, he 
finds that (a~N) ff strongly depends on 

tot e 
~-mass in the region 1-x .. o.l-0.2 in Fig. 1. 

6. CONCLUSIONS 

Let us summarize the main results of this 
study. 

1. It is shown that ESM and MSM are the 
equivalent approaches, so MSM reflects correctly 
the space-time picture of diffraction. 

2. In the two component approximation of the 
quark-parton version of the ESM it is found 
that the inelastic diffractive amplitude has 
a negative imaginary part in contrast to the 
elastic one. 

3. For this reason some Feynman graphs in the 
diffractive dissociation on a nucleus have 
abnormal ("ant~ Glauber") signs. 

4. It is shown also that experimental data~/ 
on the reaction pd .... dX evidently confirm the 
antishadowing. 

5. The procedure of ~etermination of the 
diffractively produced system absorption cross 
section must take into account the antishadowing 
terms. In another way the resulting cross 
section is strongly diminished. 
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Moreover a few comments can be made. 
a) . All the high order inelastic corrections 

to the diffractive dissociation amplitude on 
a nucleus (after summation over the elastic 
rescatterings) have the same antishadowing sign 
as the second order one, which is shown in 
Fig. 3h). 

b) ,The antishadowing influences not only 
diffractive dissociation. All the inelastic 
multiple scattering corrections to the elastic 
hadron-nucleus scattering amplitude have a nega
tive sign. 

c). Diffractive photoproduction of the vector 
mesons must be treated as the elastic scattering. 
Consequently, in the determination of the vector 
meson-nucleon cross section the disregard of 
inelastic corrections results in increasing of 
the cross section value. But the error here is 
not so large. 

d). The absorbtion of particles produced in 
inclusive reactions on nuclei is calculated gene
rally without inelastic corrections. This leads 
to a diminishing value of absorption cross section 
determined from this data. Such diminution 
partially imitates a passivity of produced 
particles. 

e). The diffractive like structures (dips, 
breaks) in the dissociation differential cross 
section on nuclei should disappear, when the 
effective mass of the produced particles is 
increased. At the same time the differential 
cross section slope will decrease. This is a 
consequence of the fact that all the inelastic 
corrections to the elastic scattering amplitude 
have negative sign, but in the diffractive 
dissociation the signs of such contributions are 
positive (see the comments a and b). 

f). If one parametrizes the A-dependence of 
the diffractive dissociation cross section on 
nuclei in the form Aa and determines the value 
of a inside different bins of M;, one should 
find that a is increasing function of M~. 

17 
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