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Investigation of Asymptotic Behaviour of the 
Quasipotential Amplitude in Complex Orbital 
Momentum Plane 

The asymptotic behaviour of the quasipotential 
scattering amplitude of two relativistic particles at 
large values of complex orbital momentum is investigated. 
The analytic and asymptotic properties of the amplitude 
ar~ exhibited on example of the exactly soluble case of 
the scattering on 8-potential. 
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1. INTRODUCTION 

In this paper the ~symptotic behaviour 
of the quasipotential amplitude/1-5

/ of two
particle scattering at large complex orbital 
momenta is investigated. 

We proceed from quasipotential type equa-
tion/6/ in relativistic configurational 
space. The differential form of this equa
tion for the particles of equal masses has 
the,form (h=c=rn=l): 

ho i/Jf(r,x),., yf(r,x)V(r,x)i/Jf(r,x), 

where 
,.. d 2 (1) (2) d 
h 

O 
= - - U n (r , x) - U O (r, x) - . 

( 1 . 1 ) 

fu2 L L fu 

The functions u<[·2h. x) and ye(r.'~/ depend 
on free solutions of equation (l .1) (rela
tivistic analogs ~f Riccati-Bessel functions 
s e (r. x) , c e (r • x Y~1. 

The relativistic configurational r -repre-
sentation is connected with momentum repre
sent a t i o n by Four i er tr a n sf or ma t i o n / 4,

5
/ w i th 

kernel: 

ecci.1)=(mx 
➔➔ )-1-ir 

- nn shx , 
. q 

➔ ➔➔ ➔ ➔ 

where r""rn, q=n q 

q q 
➔ 2 

shx (n = 1). 
q 

( l . 2) 
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As is shown in/1/,in the case of equation 
(1.1) the partial amplitude of the scattering 
on local, spherically-symmetric, nonsingular 
qua s i potential s V (r, x), prov id i n g the f u l f i l l -
ment of inequalities: 

00 

J r i V ( r , x ) l.e vr dr < oo , 0 < 71 < µ , 
0 

jc_r_)j...LV(r,x)!e,.,,r dr<oo, O<o<l, 
o r + o ax 

( l . 3) 

( l . 4) 

is meromorphic in the direct product of the 
o r b i ta l mom e n t um r e g i o n Re P + 1 > o a n d t h e 
strip !Imxl < f < "C!x! ?,:€ > O), belonging to the 
region of quasipotential analyticity in ra
pidity x. 

Considering the asymptotics of the scat
tering amplitude (Sec. 2) we confine our
selves by the region of real rapidities, cor
responding to the elastic scattering. In 
Sec. 3 the exact soluble model of the scat
tering on the potential V(r) =-go(r-a) is 
studied. 

2. ASYMPTOTIC BEHAVIOUR OF THE SCATTERING 
AMPLITUDE AT LARGE COMPLEX 
ORBITAL MOMENTA 

In this section the method of asymptotic 
e s t i ma t e , pro po s e d i n ref . , 's/ for Sc hr o d i n g e r 
equation, is used. 

First let us consider the case of real 
momenta· f. ~Je proceed from the Fredholm e,qua
tion for the wave function · ,/J t><r,x) (ref. 141 ) 

*Here and further the dependence of the 
quasipotential on the energy is not shown 
explicitly. 
4 

I • 
.1 

r 
' 

/+) (r, x) = s (r .. x) + F g (+) (r ,r ')V(r ')i/J' (+) (r ',x)dr ', ( 2 . l ) 
f f o qf qi 

where 

) V' (r ') l 
g<\ (r,r')=- f [0(r-r')sn(r',x)e~>(r,x)+ 
~ ~ L L 

X (2.2) 

+0(r'-r)sf(r,x)e<;> (r',x)], 

In Appendix A it is snown that at large re
al f the kernel of this equation may be uni
formly bounded by separable kernel, vani
shing atf ➔ oo: 

jg(~)(r,r')\<y'rr'y "-. (2.3) 
ql 2f + 1 

Hence, the inequality follows 
00 

oo _ (+) · f \se (r,x)l •\V(r) hTrdr 
fy'r\V(r)\\t/1

0 
(r,x)\dr< 0 

_ 

Q L 7T oo 1-v'-- f r\V(r) I dr 
2f +1 o 

which is valid for large f: 

00 

2f +1>TT 2 (fr\V(r)\dr] 2
• 

0 

( 2. 4) 

( 2. 5) 

Using the definition of the scattering am
plitude 

A(t (x)= - _!_ .f ve(r) sf (r, x)V(r) ip~+)(r, x)dr, ( 2. 6} 
shx o 

we obtain from (2.5) (comp. 1~ ): 
00 2 

(+) 
1 

f\sf(r,x)I •\V(r)\•dr. 

\A e (x)I < --• --"o'--==--=---=------
l sh x \ 1-y -"- f r'lV(r')\dr' 

2f + 1 o 

( 2. 7) 
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The estimate (2.7) shows that at f»l the 
upper bound for the absolute value of ampli
tude coincides with the Born approximation. 

Then, if the requirement is fulfilled 

r r 2
!V(r) /dr < 00' 

0 ( 2 . 8 ) 
<+) 

the scattering amplitude IAe <x)I decreases 
more rapid l y than 1 ;e ( see i n e q . ( A . l 2) ) . 

Now let us consider quasipotentials satis
fying the condition: 

e -µr 
/V(r)I :S g ~- • 

( 2. 9) 
Since · 

e-µr 
-= 

r 
ch r(rr - µ) -rrr chµr 

-e - -, r sh rrr r sh rrr (2.10) 

then for all r inequality is fulfilled: 
-µr 

L__< 
r -

chr'(rr-µ) 
r sh rrr (2.11) 

Here in the right-hand side we write the 
relativistic Fourier-image of mass M spin-
1 es s part i c l e prop a g a tor 151 , cosµ =1-M 2/ 2, o < M < 2, 
O<µ<rr, • . 

Ex pa n d i n g t h e p r o pa g a to r [ M 2 - (p 
0
-q 

0
) 2 + (p-q) 2] - 1 

in partial waves at p
0

=q
0

=Eq, we obtain: 

g 
00 

2 chr(rr-µ) g M 2 
-Jls£(r,x)I ---drx-Qe(1+ 

2 
), (2.12) 

sh x o r sh rrr 2 sh x 2 sh x 

l 
J 

. ' i 
> 

I 

,, 

r 
r 

l 
I 
! 

where Ge(z) is the Legendre function of se
cond kind. 

, Using inequality (2.11) and ~s7mptotic 
ex pa n s i o n o f t he f u n c t i o n Qf ( z) 

13 
, we o b -

tain the upper bound for the scattering am
plitude on quasipotentials (2.9): 

<+) ½ -a,\ I :A e (x)I < 0 (,\ e ) , (2.13) 

where 
2 

z = cha = 1 + M , ,\ =1'>f + ½. 
, 2sh2 x 

Finally, from asymptotic behaviour of 
the functions sf(R,x) at R «f (C.4) it fo(l)lows, 
that for finite potentials of radius RIAt<x)I 
decreases more rapidly than any exponent. 

Now we put f=iA-½ where,\ is positive re
al number. In this case the Green function 
(2.2) increases infinitly at A➔ 00 , Indeed, 
considering the expressions for the func
tions'e~1•2{r,x) at rshx»1 (B.9), we can easi
ly be convinced that like the Hankel func
tions18·12/; they cannot be simultaneously 
bounded at real r and X • 

We shall try to continue equation (2.1) 
i n c om p l ex z - p l a n e ( z = r + iy) d e f o rm i n g t he 
path in integrals to majorize the kern~1· by 
separable function, vanishing at A ➔~ 
( comp / 5/ ) • 

In App. B for the points z lying on some 

c u r v e r(,\), c o n n e c t i n g z = o a n d z = oo + irr,\ , 
2y 

the inequaliti~s for Legendre functions are 
obta,ined: 

317,\ 
ii\ - -2 r(½-iz) 

IQ . ( ch x) I < c I,\ (z sh x) e 1---- I, ( 2 . l 4 ) 
-½-iz r{½-i,\-iz) 
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rrA 
r(½- iz) 

. I, (2.14) 
r(½ +L\-iz) 

-iA 2 
IP (chx)J<cIA (zshx)e 

-½ +iz 

where IA(zshx)== jA 2 +z 2 sh 2 x!~11~ C is posi-
tive number. 

Hence, we come. to inequalities for rela
tivistic analogs of the Riccati-Bessel func
t i o n s < z .; ['(A), e == iA - ½ . : 

ise(z,x)J<.2.IA(zshx)lf(l-iz) l·l PA(z)shrrze"A 
2 f(ll ~----! 

72 -iz) chrr(z+A) ' 

C f(½ -iz). 
I s ( z , x ) v ( z) I < - IA ( z sh x) I z · I , 

f f 2 f(l-iz) 

PA (z) f'O -iz) 
Je/l>(z,x)J<CIA(zshx)I • !, 

f(½ :'-iZ) 

je/O(z,x)i, (z)J<CIA(zshx)J r<½-iz)z Ix 
f'(l-iz) 

x I chrr(z + A)e -rrA 

shrrz I , 

(2.15) 

where -- r 2( 1/2 . ) 
shx 1 , - lZ 

C-- 1
-- P (z)-j-------1 

- v 2rr ' A - r(½_-i.z-i,\)r{½-i'z+i,\) ' 

and obtain the upper bound for the Green 
function along th-e path f(,\): 

8 

) 

f 

l 
f 

(+) C 2 z'e11z' 
\g 

O 
(z,z')l<-IA(zshx)•I,\ (z'shx)l----1 x 

qL shx 2shrrz' 

(2.16) 
r(l-iz)r(½- iz') 

x\-------1 · X(z,,\), 
r(l -iz')r(½- iz) 

where 
P,\(z)err(z+A) 

X(z,.\) == \----\ 
2chrr(z+,\) ' tJ 

Piz)err(z+A) 
X(z,A)== \~----\ · 

2 ch rr(z +A) 

(2.17) 

Choosing a quasi potential, which permits 
the integration in equation (2.1) and the 
definition of the scattering amplitude {2.6) 
a l o n g t he pa t h r (.\) , we ta k e i n to a c co u n t 
the chain of Green function poles at the 
po i n ts z '== i , 2i, ... , ni • where n i s i n t e g er 
pa r t of A/ sh x . We p u t 

. 
V ( z) == v ( z) ( 1 _ e - 2rrz ) , {2.18) 

w her e v ( z) i s a s u per po s i t i on of the Yu k aw a 
type potentials: 

,., g L -µz 
V (z) == - f a(µ) e dµ, 0 < µ 0 < rr • ( 2 . 1 9) 

z µo 

Using the estimate (2.16), we obtain inequ
ality: 

c2 (+) ,., 
(1- -J(,\))-1 f It/Jo (z,x)\•\V(z)\•\l,\(zshx)\ x 

shx r(,\) i 

XI r(l-iz)I· X(z,.\)d\z\ l <CJ(,\), 
r(½-iz) 

(2.20) 
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where 

J(,\) = J I V(z) I • I z I • ct I z I . 
['(,\) IA2+z2 sh2x 11/2 .X( z,,\). (2.21) 

In nonrelativistic 1 imit (lzl » _h_) the 
. me 

quantity X( z,,\)➔ 1, V(z) = V(z)', and inequality 
(2.20) coincide with those, obtained in 
ref /s/ 

Ho w ~ v e r , i n t h e r e 1 a t i v i s ti c r e g i o n ( I z I - _h_) 
me 

X(z,,\) increases at ,\»1 (for example, X(O,,\)= 
=err,\/ TT ) • 

Let quasipotential provides the inequali
ty for J(,\) 

C 
2 

J(,\) < 1 
shx (2.22) 

this means, in fact, that the quasi potential 
is sphericall~ unsymmetric in the region 
lzl_sh/mc. Then from (2.20) we find the up-
per bound for the scattering amplitude: 

(+) C" J (,\) 
l:A i,\ _ ½ <x) I < C 2 . . < eon st, ( 2 • 2 3 ) 

1- - J(,\) 
shx 

coinciding with the nonrelativistic one/8/. 

Finally, let us consider the behaviour of 
the partial amplitude in the region 0<largAl<11/2. 

Nonrelativistic discussion of this case 
is based usually on the theorem about the 
Se -matrix bounciness: 

!Se (q) I < e -rrlmA f o r Re,\> 0 , Im,\< 0 , ( 2 . 2 4 ) 

10 

j 
). 
·f 

f 
:l'{ 
•I 

proved by Reggel 10lfor any potentials satis
fying the condition: 

00 

J r I V(r) I d r < oo • 

We proceed from the differential equation 
( 1 . 1 ) a t Re,\ > o. I n t r o d u c i n g i t s r e g u 1 a r a t r = o 
solutions ¢~0)(r,x) and ¢<f*(r,x), we can 
come to the relation: 

00 1¢i°\r,x)l
2 

K(A,x)=xf · 
0

[ImRe(r,x) + 
0 IWq(se,ce)I 

(2.25) 
+ V(r) Im Yf (r, X )] dr = 

= - - 1-1 =r a <x)I 2 
sh 2(Imo O <x) - TT Im,\/2) . 

shx L L 

Here Re(r,x) is a relativistic analog of 
centrifugal barrier/4/, and re<x) is the mo
dulus of the Jost function /7/. 

The relation (2.25) shows that the scat
tering phase Be<x> is bounded by inequality 

Imo e (x) > ; Im,\ ( 2 • 2 6 ) 

in the regions of ,\ -plane satisfying con
dition 

K (,\ , x) < 0, (Re,\ > 0) . {2.27) 

Since the .function Re+V•Yf is Hermitian, 
the real semiaxis Re,\>O devides the regions 
in which Imoe<x) has upper and lower bounds. 
In the general case, the complex structure 
o f K( ,\, x) a s a f u n c t i o n o f >.. c om p l i ca t e s 
the investigation of the dependence of sign 
K (,\, x) o n s i g n Im>.. • 

11 



As is known, for the special case of 
scattering on the nonrelativistic Yukawa po
tentials in the fr~me of the potential/lo/ 
a n d q u a s i po t e n t i a l 11 t h e o r y , o n e c a n p r o v e 
that the partial amplitude decreases at 
j.\l ➔ °" along any ray including imaginary 
axes. This is the case when the analytic 
continuation from physical values off is 
unique and the total amplitude has the 
Regge-behaviour. 

Concluding, we have shown in this sec
tion, that for the relativistic Yukawa-type 
potentials (2.19): 

l) iSf(x)-1l<Ce-a.\ (.\ is large real num-
ber) ; 

2 ) s f <x) i s a n a l y t i c i n f a n d b o u n d e d by 
i n e q u a l i t y ( 2 . 2 8 ) i n t h e r e g i o n K( ,\ , x ) < o , 
Rev > o . To f i n i s h t h e pro o f o f t h e R egg e -
behaviour of the total scattering amplitude 
on the relativistic Yukawa-type potentials 
(2.19), one must prove for this case the in
equality (2.23) and show that signK(A,x) 
= sign Im,\ in semi plane Re.\ :::_ o . 

3. SCATTERING ON o-POTENTIAL 

Let us consider in this section th~ exact-
ly soluble problem of scattering on o-po-
tential 

V(r) = -go(r - a) , g > o . ( 3 . l ) 

Solving the equation for o/?)<r.x) (2.1) 
with potential (3.1), we obtain the expres
sion for the scattering amplitude: 

12 

t 
I, 

} 
r,• 

~ 

2 
(+) g lf(a)sf(a,x) 

,Af (x) = - . -----------
shx g (1) 

1 - --ve (a) Sa (a, X )ea (a,x) 
shx l l 

( 3 • 2) 

and for the scattering matrix 

~ . f <;) (x) 1 - s;x vi (a) sf (a, x) e<i) (a, X) 

se<x)= --= ---------.(3.3) 
(+) g (1) , 

ff (x) 1- shx',f (a) sf(a,x)ee (a,x) 

In the limit a>>_!!_, shx=_g___-<<1 the expres-
mc me 

sions (3.2) and (3 1 3) coincide with the non
r e l a t i v i s t i c o n e s : 14, . 

From analytic properties of relativistic 
analogs of the Riccati-Bessel functions it 
fonows, that the scattering amplitude At <x) · (3.2) and the scattering matrix 
Sf <x) (3.3)are meromorphic in the direct 
product of the reg i on s Ref + 1 '> o and i Im x I < r; , 

lxl ~f >0. Considering the transformation for 
the argument x ➔ x e ± ir; of the f u n ct ions 
se(a, x), .e</' 2>ca,x), we can be convinced that 
in expression (3.3) 

(+) + -
ff- <xe _ir; ) fr~+> <x) 

and, correspondingly, 

(+) * (+) 
[ f f (il] )] f r f * (i lJ), ( 3 . 4) 

if f is unequal to integer number. 
The equation of motion of the pole 

f(x) has the form: 

1 - ..Lv f (a) a f (a, x) e e°) (a, x) = 0, ( 3 • 5) 
shx . 

or, equivalently, 
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-i77f -A ,\ 
1 + iag e P ( ch x) • Q ( ch x) = 0 , 

-½-ia -½-ia 
( 3. 6) 

~ ,\ L d where P-½-ia (chx), Q-½-ia (chx) are the egen -

re functions, A=f+½. 
Now 1 et u s i 

1
n vest i g a t e e qua t i on ( 3 . 5 ) i n 

1 imit 2ash~ « 1:1 5/_ At Re ,\>Owe obtain: 

ga 
A= -11-

2 

2slX 
__ 2_(a2- ½) 
1 - ,\ 2 

-i77A 77,\ ( X )2,\ 
-e ----- th-

T2(l+,\)sin77A 2 . 

where 

+ •••• 

(A + ½) 
a I, 

a (-.\ + ½) 

a<A) = e 177,\/2 r(-ia +A)/r{-ia). 

( 3. 7) 

From (3.7) we can easily find the threshold 
behaviour of the scattering amplitude poles 
( 3. 2) : 

ga 
,\(0) = 2 > 0 ( 3. 8) 

Solution (3.8{ coincides. with the nonrela-
t i v i s t i c o n e / 4

~ T h e r o o t s o f no n 1 i n ea r e q u a -
tion (3.7) are complex in the scattering 
region x 2>0. In the region of bound states 
x2 < o <x = i T/, o < TJ < 77 ) the cons id er c\ ti on· of 
c o r r e c t n e s s t o ( 3 . 8 ) o·f a n o rd er o f o ( sin 2 TJ/2) 
leads to complex Regge trajectories f(iTJ). 

Another phenomenon, having no nonrelati
vistic analog, can be seen in the halfplane 
Re,\ <0. {-) 

Indeed, at Ref +l~O the function ff <x) 
has a series of simple poles at the points 

14 

for which: 

,\ + ½ + ia =-n, n = 0,1,2, ... . ( 3. 9) 

The position of these 11 kinematical 11 poles 
does not depend on x 

Re f n = -1 - n , Im f n = - a. (3.10) 

At the points 
,0 

Re f n = -1 - n , Im f n = a 

Sf{x) has a series of zeroes. 
Now let us find the ~symptotics of the 

seat ter i ng amp 1 i tud e •A~+ <x) (3.2) at [Al ➔"" 
( I arg,\ I < 77/2) , comp 1 ex x. 

Using the expansion of the functions 
se(a,x), e21, 2)(a,x) ata«[A[, Re,\ ➔ oo (C.3), 
(C.4), we obtain: ' 

(+) ' h f · 2 Re,\ - 1 
IA <x)I < ~K..LJthXJ 11- 2:L1 . (3.11) 

f ~ 2JAI 2 2fAI 
Thu s , the ·s ca t t er i n g amp 1 i tu de expo n en t i a 1 1 y 
vanishes at [Al ➔"", fargAf<77/2 if x lies in the 
rapidities strip · 

X 
lth-1<1, (3.12) 

2 

o r , e q u i v a l e n t 1 y , t h e e n e r g y r e g i o n (E = ch x) 
is bounded by the condition 

Re E > 0. (3.13) 

The authors are grateful to A.Atanasov, 
V.R.Garsevanishvil i, K.Ivanov, V.G.Kady~ 
sh~vsky, A.N.Kvinikhidze ,V.A.Matveev, 
M.D.Mateev, A.N.Sissakian, L.A.~lepchenko 
and E.P.Zhidkov for valuable discussions. 
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APPENDIX A 
( /~.t us prove the uniform bounciness of 

g qf Cr, r ') at real x and l a r g e real f . 
We consider the integral representations 

for the Legendre functions /l2/(v=-½-ir,A= f+½): 

-,\ sh 1 rr/ 2 2A , . J.1-(1, 
Pv (chx)=(_K) _ f cost (chx+sint•shx) ut 

, 2 V TT I~(,\+½) -rr/2 

(comp. with the Poisson integral for the 
Bessel fun ct i on s I 121) 

·'A i.\rr - sh X -A 00 2A -v+'A+ 1 
Qv(chxW(½-.\)cce -.frr(-

2
-) fsht (chx+shx•cht) . 

0 

It is easy to verify that for real f and x: 

I -,\ )I ->.. P JI (chx · ::: IP-½ (chx )j, 
(A.3) 

A 
IGv (chx) I 

>,, 
S \Q_½ (chx )I. 

Further, for maxima of modulus of the gamma
functions ratios the inequalities 

f'(1-ir) ['(1-ir'} 
maxj----1 < maxi---- I, at r> r' 

['( f + 1 - ir) - r (f + 1 - ir') ' ( A • 4 ) 

I 
f'(f+1_-ir)_ 

1
, - _· .

1 
f'(f +1-ir') 

max · S max -----1, at r<r' 
T( 1- ir) ·. ' f'( 1- ir ') 

(A.5) 

are v a 1 id ( f > O) . 

16 

One can prove this fact using the expres
sion: 

V 

yv 
00 

v n + 1 
=e II (l+--)e 

f' ( u + v) n = O u + n 

f'(u) 

Now, using the definitions of relativistic 
analogs of the spherical Bessel functions 
and (A.3)-(A.5), we find at r<r': 

maxlsp(r,x)l ::;_max lsp (r', x)I, 
,() 

maxJe<p (r,x)I::: maxje~l) (r',x)l, 

<1) , I o> )I max Is f (r. x)e r (r , x )I :S. max s r (r, x)e f (r. x , 

(comp. with 191 ). 

(A.6) 

(A. 7) 

(A.8) 

At r=r~ we use the simple method of 
es t i ma t e , pro po s e d i n ref . / s/ 

From the expansion/16/: 

ir X t 
e 

shx t 

1 00 (1) 
-- ~ (2e + 1) s e (r,x)ef (r,x)Pf (cos0}:, (A. 9) 

r sh 2 x f=o 

where 

chx t = ch2x - cos0• sh 2x, 

we find: 

1 -~Is* < ) o> t + i P < r2sh2X f r,x ef (r,x)]<rf fcos0)dcos0 
-1 jshx/e)I .(A.10) 
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Since 
shx t (0) "'v' 2q2 (1- cos0)(1 + q 2 sin : ) , 

we o b ta i n hence a t f » 1 ( s e e I sf ) : 

t 1s;cr,x)e f>cr,x)I < _1_v'_rr __ 
r 2sh 2x rshx 2i + 1 

Let us denote, that inequality 

1 1 
-. -I se<r,x)I < -== 
r shx v' 2f + 1 

is also valid. 
This follows from the expansion 

1= 1 }: (2f + 1) se(r,x)sr(r,x). 

(A.11) 

(A.12) 

r2sh 2 x e = O 

Taking into account the property (A.8), we 
obtain from (A.11) the desired estimate: 

18 

- 1T 
(+)( r')I < yrr, v 2f + 1 . lg r, 

qf 

~ 
tj-

il 
sfi.; 

:Jrn1. 

- - - - -·- - - - ro1 

(A.13) 

L-------------&~ 
F i g_ • 1 . T he c u r v e f'(.\) • 

"Jm.t . 
'.Ym. t 

CC2.) 

'RLt z~ u 
('J 

C(l) 

Fig. 2a,b. The contours in 
( B. 2). 

integrals (8.1), 

APPEND! X B' 

Us i n g the def i nit ions fr om 11210 n e can re -
present the Legendre functions in the form 
of contour integrals (see fj_~]a,b2: 

ioo -17 1 ) i,\ 
_ arr.\ r(-½- iz) ~ J R( t, z) dt, ( B • 2 ----· 

Q . (chx)=e r(~;-iz-i.\) 2 -ioo+17 -½-1z ·• 

-{,\ TTA [' (½ - iz) 1 21T + ioo-17 
P . (chx)=e ----·- J R(t,z)dt,(B.2) 
-½-1z r(½..,-iz+i.\) 2rr joo+17 
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where 
-A( t-77 / 2) iz - 112 

R(t,z)=e (chx+shx•cost) , 

TJ < arg. z < 77 - 77 , .:\ a n d x a re re a l . 
Integrals (B.l), (B.2) are the analogs 

of the Zommerfeld representation for the 
Bessel functions/1 2/. 

Representing R(t,z) in the form: 

Af(tz) -½ 
R ( t, z) = e ' ( ch X + sh X • cost) ( B. 3) 

Let us find the asymptotic estimate for in
tegrals (B.l), (B.2). 

F i r s t we d i s c Li s s t he ca s e Im z < _.:\_. Let 
us put shx 

z = iy , y sh x = A sin ¢ , ( s_ ¢ 5: 
77

2 
- 1c ( 11 = 0) . ( B. 4) 

The mesh points t 0 are defined by the con-
dition: 

cost = 
0 

- ch x • sh x ± i cos¢ sin¢ 

sh2x + sin 2¢ 

*) 
( B. 5) 

•since Re cost < o. we consider two mesh 
points with Imt 0ZO, 77>Ret 0 >77/2. Note, 
that f(t,z) =ln(chx+shx•cost) has the branch 
points defined by condition costb = -~h. s X 
Thus , Re t b = 77 , and at ¢ ~ 0 Re t O ~ Re t O'. 

We deform now the contours c 1 and c 2 so, 
that they pass through at least one mesh 
point and lie in the region Ref(t,iy)::;o. 

This region is defined by the condition 

*>The nonrelativistic lifuit of (B.5) is: 

Ret =..E., Imt =±.Arch~ (comp.1
8
/). 

0 2 0 y 

20 

~n¢ 77 
-- ln I ch x + cos t • sh x I > -- - Re t . 

shx - 2 

Calculating 

I ch;y + shx.-cost
0

I 
sin¢ 

,._/ sh2 x + sin 2 ¢ 
2 

d f(t ) COS<p 2 2 
1---1 = -- V sh X + sin ¢ , 

dt 2 sin¢ 

we obtain for both inttgrals (B.l) and 
( B. 2) : 

const 

IJR(t,iy)dtl < IA2-y2sh2xl1/4 

( B. 6) 

( B. 7) 

(comp. 
Bessel 

For 

with the a;/mptotic estimate of the 
functions 18 ) • 

Im z > _1L_ i t i s e n o u g h to c o n s i d er 
shx 

the region 

· A 77,\. 
-- < Im z < -- (0 < Re z < oo ) • 
shx 2x 

Indeed , at Re z ➔ "" the functions 

<1. 2\z x)I -
lep ' f=iA-½ 

I exp i(zx + ~ _ i;A -)I 

are bounded on line Imz = 77A/2x, 
It is obvious that the condition 

Ref(t. z) =>-<; -Ret) +Re(iz ln(chx+shx-cost) !.::;o 

(B.8) 

( B. 9) 

(8.10) 
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puts the restriction to the position of 
po i n ts Z. I n the non re 1 at i v i st i c 1 i mi t Ref( t, z) 
i s t h e a 1 g e bra i c f u n c t i o n o f ch Im t , t ha t 
allows one to show the explicit form of 
equation for proper curve in Z-planeh/. 
In the case of Legendre functions, however, 
expression (8.10) is the transcendental func
t i o n o f ch Im t. I n t h i s pa p er we a s s um e , t ha t 
at least one continuous curve, connecting 

i,\ d irr,\ • t ( F . 1 ) z=- an z=""+--, ex,s s 19.·, 
shx 2x 

for whi,c.h the contours C1 and C 2 may be 
deformed so, that they pass through the 
mesh points, and condition (8.10) is satis
fied. 

Then, taking into account the contribu
tion ·of mesh points, we find the estimate for 
integral entering to (B.l), (B.2): 

const 

lfR(t, z) dtl :'.:: 1,\2 +z2sh 2X I 1/4 
(8.11) 

H er e r(,\) 1 i e s o n t h e c u r v e z = iA/ sh x( F i g . 1 ) , 
in which the neighbourhood of point z- _iL 

shx 

is excluded. 

APPENDIX C 
Here we consider the general case of 

complex rapidities x and complex momenta e • 
At Re,\ ➔ oo the asymptotic expansions 

. ) 1 x),\ . 
P ( ch x - --( th - · · , { C . l ) 

v T'(l +,\) 2 

22 

,\ 1 irr,\ X ,\ 
Q (chx) - ---e (cth-,-} 1(,\-v}r(lw+,\) ( C. 2) 

v 2r(l+,\) 2 

are v a 1 id / ~2/. 
I n e x p a n s i o n s { C . 1 ) , ( C . 2 ) I th ~ · I < 1 , t h a t 

corresponds to energy ha 1 f plane ReE = Rechx >O. 
From (C.l ), (C.2) it follows: 

s
0
(r,x)e(l,2)(r) () 1Jrshx t f ,X Vn r ___ _ 

[ 2,\ • ( C . 3 ) 

At r« If I, using asymptotic expansion of the 
gamma-functions entering into definition of 
se{r,x/

4
•

61 we obtain: 

ir-½ ,\ i17 
se(r,x)- ,\ (th~) V-"~hxe-2(A+½) ( C . 4 ) 

. 
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