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INTRODUCTION 

In the proposed paper the analytic pro
perties of the relativistic two-particle 
scattering amplitude as a function of comp
lex variables ra~idity and orbital momentum 
are studied in quasipotential approach 11 - 31 

(see refs/4
•
6

•
10 ·1l1 

). 

We proceed from the quasipotential type 
equation reducing in the relativistic confi
gurational representation 151 to the second 
order differential equation 171

. 

The relativistic configurational space 
originates due to the application of the 
Fourier inalysis on the Lorentz group 151 . 

Relativistic plane waves have the form 151 : 

➔ ➔ ➔ ➔ -1-ir 
((q,r)-(chx -nnqshx) 

q q ( 1. l ) 

and turn in nonrelativistic limit into the 
usual plane waves 

-➔➔ 

e <ci. r) 1qr 
e ( l . 2) 

c ➔ oo 

➔ ➔ ➔2 ➔ ➔ 

Her e r - rn ( n - 1 ). q - n q sh x ( h - c - m "" 1 ) . . q 
The quantity 

X -In(E +/E
2

-1). E -/~ 2
+1 q q q q ( l . 3) 

3 



(rapidity) defines in the case of equation,- 7' 
the structure of the Riemann energy surface 
of the partial amplitude (comp.' 8 ' ) • 

Note that in the quasi potential equa
tions/2·6·7,.. the integration is carried over 
the Lobachevsky momentum space with element 

. dq 
of volume dOq'"' v'l-:;_ij 2-. i.e., these equations 

do not,contain the additional kinematic fac
tors in comparison with Lippman-Schwinger 
equation. This fact permits to hope that in 
this approach the partial amplitude does 
not contain nonphysical branchpoints in mo
mentum plane q (comp/ 41 and 110l). We have 
studied the scattering on the local, spheri
cally symmetr-ic quasipotential s /51 , such 
that inequalities 

00 V r 
fr!V(r,x )le dr<oo, (l-.4) 
0 q 

j ( _r__ ) I _aa V ( r . X ) I e V r dr < 00 ( l . 5 ) 
0 r+o X q 

q 

are valid for all v (O<v<µ) and o (O<o<l). 

2. THE SCATTERING THEORY 

Let us consider the solutions of diffe
rential QPE171 

A 

hoif,E(r,x)•yE(r,x )V(r,x)t/JE (r,x) 

with different boundary conditions 
The operator h0 has the fqrm: 

A d2 (1) (2) d 
ho- dr2-UE (r,x)-De (r,x)dr, 

h · th ff· · t u<1·2> d · 111 w ere e co e 1 c 1 en s e. an YE 
on the relativistic analogs of the 

4 

( 2 . l ) 

in r -space. 

depend 
Riccati-

/ 

\ _, 

r 

'f 
-~ 

.,. 

Bessel fun ct i on s s e( r. x ) , cE (r. x ) or R i cat ti -
Hankel functions e~1,2{r,x)*. 

Let us define the regular at the origin 
solution tJ°>(r,x), the scattering solutions 
ti±> (r. x) and the anal o gs of the Jost sol u -
tions i;,<±J{r,x) by boundary conditions: 

e . · trrE 
tfr (O) (r x) · · s (r ) - -

lim [----'-] - lim [-,-. ~]"' e 2 
Q0 (cthx),( 2 . 2) 

r➔ o r r ➔ 0 - r c. 

+i(rx-rrE/2) (±J) 
lim [ e tfr E ( r , x)]. 1 . 
r➔ oo 

( 2. 3) 

.,.(±)( ) rrf (+) + • ( rrf 'l'f r,x - sin(rx- -)+A - ·(x)e -1 rx- ~) 
r ➔ oo 2 E ( 2. 4) 

where A<f> (x) is the sea tter i ng amplitude**. 
The Poincare theorem~reads that the ~olu-

tion of differential equation with entire 
coefficients is the entire function of the 
parameteP, if it satisfies the· boundary con
dition, independent of this papameter 191 . 

However, in contrast with the case of Schro
dinger equation the c·oefficients o'f· eq·u·ation 
(2.i) are the meromorphic fu~itions of f 
and x 17

( Foll owi ng 191 ,we construct the system 
of integral equations for the.wave functions, 
satisfying conditions (2.2)-(2:4): 

* The analytic and. asymptotic.·. propert.ies 
of the~e functions are.presen~~d 1n App~n

:· 9:-i X, A •. 

**Here, the norm of·the,wave func'tforis is' 
chosen so, that their nonrelativistic limit 
coincides with the Schrodin~er equation so
l u t i o n s c o n s i d e r e d i n r e 'f ~ 1 1 

. 
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,,.<±,O) ( ) . ) f"" (±,O) ( , )V(, )·'·(±,O) (, )d, (2 5) 1 r,x •Se(r,x +
0 

ge r,r ;X r ,X 'l'f r ,X r , . 

(+ ( 0() + 
1/J f _J)(r ,x) .,e /'

2
{r.x )+ [ g: (r,r'; x) V(r ',x )I/Ji- J)(r ',x)dr ', ( 2. 6) 

where 

gf)(r,r ';x) ,.._ ~[0(r-r')e~1
•
2 >(r,x)sf (r',x )+ 

shx 

(1 2) /71 
+ 0 (r ' - r) s (r , x) e f ' (r ', X ) ] , 

gt>(r ,r ':x) - 0 (r-r ') Ke (r ,r'; x ). 

g~J)(r,r':x)~-0(r'-r)Ke (r,r':x). 

H er e , t h e k e·r n e 1 K f ha s t h e f o rm 

, ve(r') (1) , (1) 
K-e<r,r :x)., [se(r,x)ef (r,x)-ef (r,x)x 

shx 

x Se (r ', X)] , 

( 2 • 7) 

( 2. 8) 

( 2. 9) 

(2.10) 

0(r) is the step functjon, and ve(r) is d,e
fined in, (A.6}. 

Now we introduce the relativistic Jost 
functions r~±>(x) so that for regular solution 
the asymptotic behaviour 

6 

I 
( 
I ·.~ 
' 
-~ 

., 

. . rre . rre 
, ip<0\r,x) - -1;-[r<->(x)e icrx-T~r~+tx)e -icrx- -r>] ( 2 11) e r-•0021 e t • 

takes place. 
The expressions for Green functions (2.7), 

(2.8) give the following representations: 

+ .,,(O)(r ) 
r<->c )- 'l'e ,x e X (+) , 

'Pe- (r • X) 
(2.12) 

" (±) 1 00 (1,2) (0) 
f O (x) -.1+ - I ep (r ,x)V(r,x)i/Jo (r,x)vn (r)dr-

t ~XO t ~ 

(2.13) 

-[1 - -
1-J eV·

2
> (r,x)V(r,x)i/Jo(±) (r,x)vo (r)drr

1
. 

shx I L 

Th~+expressions for the scattering ampli
tude Af\x), the phase oe(x) and the s -matrix 
element Se(x) in ~erms of Jost functions coin
cide for~ally with the non-relativistic ones: 

(±) 1 00 + Ae (x)=--f se(r,x)V(r,x)ipr>(r,y)v
0
(r)dr. 

shx o t t 

ff {x)- rt>cx) 

2 i r ~±) <x) 

(-) 
~ re <x) c+> -ioe<x> 
Se ( X). -- , f e- ( x) • re< X) e + . 

r~+>cx) . 

(2.14) 

(2.15) 
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To study the analytic properties of the 
Jost functions let us represent them as 
Wronskians of the solutions of equation 
(2.1). Wronskian of the linearly-independent 
solutions of equation (2.1) equals: 

J[ r/J<O, r/J(2)] = i4<1)(r, X ).!!.... r/J~2) (r,x)-,jJ<~>(r,x)~,jJ~1,(r,x) 
i dr i dr 1 

. 1 ( [ (1) (2) ] ( [ ] - - w s r·ce )J ¢ . ¢ . w s r . c e ) • .J s r. c r . 
X 

(2.16) 

where 
(12) / 7' 

'L (1,2} ) r/Je' (r' X ) 
9, f ,r , X = -_--_-_-_...,... ====- J[c1>C1~¢<2) l 

y w (sp ,cp)/ x 

is independent of r. 

Now we express r/Jt)(r,x) in terms of the 
superposition: · 

(0) 1 (-). (+J) (+) (-J) 
,jJ e (r • X) • 2 i [ f e ( X) ,jJ e (r , X ) - f p (x) r/J f (r, X ) ] ( 2 . l 7 ) 

and using (2.16) obtain 

f (± )( ) J [ ,/, (±J) ( 0) ex,. 'I' ,r/J 
w(sp,Cp) 

(±J) (0) 
• ...!.. lim J [ ,jJ • r/J l · ( 2 . l 8 ) 

X r ➔ oo 

From (2. 18) and the boundary condition 
(2.2) there follows the simple expression 

c<±)(x )-l±J) (O,x) [ __!_ __ ...!Lr/J<0>cr ,x )] 
f f w (s c ) dr C r • 0 e · e 

(2.19) 

8 

'• 

t 
\ 
'i. 

' ;!.· 

; 
' ,., 
' 

i 

Passing to complex rapidities and orbi
tal momenta, we assume that •(comp. 141 

): l)the 
quasipotential is real on the interval of 
real axis in x2 -plane containing the point 
x-0 (i.e., in the range of elastic scatter
ing and bound, states); 2) the quasipotential 
is analytic in some part of x-plane, except 
the branch points corresponding to the 
thresholds of inelastic processes. 

In the range where quasipotential is re
al, we obtain from (A.5) the rules of comp
lex conjugation: 

(±J) * <+J) * [r/Je (r,x)] ""Ve* (r)r/Je* ( r,x ), (2.20) 

(0) )] * (0) *) 
[ ,jJ (r , X = v (r) rjJ 

O 
* (r, X , e P* L 

(2.21) 

r r/±>Cx)l* = rf* c+> <x*), [re Cx)1*=re(x), (2.22) 
. 

[oe<xn* =oeCx), 

and the unitarit·y condition for Sp -matri,x 

,.. " -1 [ se <x)l * = [ sr*<x*)]. . {2.23) 

3. ANALYTIC PROPERTIES OF THE 
PARTIAL-WAVE AMPLITUDE IN THE COMPLEX 
RAPIDITY AND ANGULAR MOMENTUM PLANE 

Let us denote fHx) the rapidity strip 
!Imxl < rr, \x\ ?_£ > o corresponding to the whole 
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nonrelativistic momentum plane q, except for 
the neighbourhood of the point q=O. We con
sider the part Q'(x) of the region n(x), in 
which the quasipotential is analytic, and 
the ha 1 f - p 1 an e Re e + 1 > o ( 1 > o > O) of comp 1 ex 
momentum. 

Now let us express the regular solution 
in the form of the expansion: 

00 

rf; <0\r, X) "" I r./1 (O) (r, X), 
C n=0 f,n 

( 3 . 1 ) 

where 

,jJ (O) (r, x) = s (r, x), 
e. o e 

( 3 . 2 ) 
r . 

,jJ (O) (r, x>= f K (r,r'; x)V(r', x)i/J (O) (r ', x)ctr'. e. n + 1 O f f, n 

Using the bounciness of se(r,x) (B.6) and 
Kp(r,r'; x> (B.7), we get majorant for 
t fl e s er i es ( 3 . 1 ) ( comp .I 97 ) : 

I£ r./Jo (0) (r,x)l<c(e,x)(-r_'_)erlimxl e D(Cx)P(r,x) 
n=0 L, n r +o . 

where 

10 

P(r,x) = I ]V(r',x)l r'dr', 

o r' + o 

0<c(f,x)<oo, o:: D(£.x) < oo. 

{ 3. 3) 

¢ 

... 
' " I 
ff 

If we now assume the condition at the ori
gin* 

lim [r2 V(r,x)] =0, ( 3. 4) 
r ➔ O 

then P(r,x) is uniformly bounded and expan
sion (3.1) is uniformly convergent in both 
variables r and x. 

Taking into account the analytic proper
ties of free solutions (Appendix A), we can 
prove that at any finite r, x~o)n+i<r,x) are the 
ho 1 om o r p h i c f u n c t i on s of f a n'd x . Hence , from 
the Weierstrass theorem it follows that 1~0>cr,x) 
is al so the holomorphic function of e and x 
(in the considered regions). Analogously, let 
us put 

.,.(±J)(r x> = I ·'· (+J)(r ) 
'Pf ' 'Pfn ,X, 

n=0 ' 

!/)~~) (r •• x) =ef>cr,x), 

(+J) (r, X) 
if; e, n + 1 

00 

- f Ke (r,r';x) V(r',x) X 

0 

xi/I/+J) (r',x)dr'. 
L, Il 

Again, using the bounciness of ef(l)(r,x) 
(B.4) and Ke(r,r';x) (B.8), we get majorant 
for series (3.5): 

00 

I I 1tJ) (r,x)l<C(e,x)e-r.Imx e D(f,x)Q(r,x) 
n=0 • ,n . 

where 

( 3 . 5) 

( 3. 6) 

( 3. 7) 

*This condition provides inequality (1 .4). 

11 



. 
00 r'IV(r',x)I <IImxl-Imx)r' d' 

Q(r,x)=f ----e r, 
r r' + o 

( 3 . 8) 

- -
O_sC(f,x)<oo, o:::;D(f.x)<oo, 

Provided quasipotentials satisfy (1.4), 
the function Q(r,x) is uniformly bounded in x, 
and the series (3.6) is uniformly conver-
g en t i n t h e s tr i p - f < Im x < TT o f t h e r e g i o n 
fl'(x). Since the functions IPtJ) 

1
(r,x) (3.6) 

are defined by improper inte~f/als, we must 
also find the condition of convergence for 
their first derivatives. 

Using inequalities (B.9), we can show 
th a t for q u a s i po t e n t i a l s ,, s a t i sf y i n ,g b o t h 
the conditions (1.4) and (1.5), IP~+ (r,x) 
is the holomorphic function of x in the re
gion ~f uniform convergence of (3.5). 

Analogously, we will be convinced of 
1P/-J) ( r, x ) b e i n g h o l o m o r p h i c i n v a r i a b l e x 
i n t h e s tr i p - TT < Im x < µ/ 2 o f t h e r e g i o n 
fl'(x). From inequalities (B.ld) and analytic 
properties of the kernel Ke(r,r'; x) it 
follows that the functions ,J;e<±J)(r, x) 

are ho l om or phi c i n the ha l f pl an e Re e + 1 > o . 
In nonrelativistic limit both solutions 

(+ J) f' . IP e- (r, x) are the en ti re u n ct 1 on s of the 
variable f. Since the relativistic Jost so
lutions are not singular at r,,,o (see-App.A), 
expressions (2.15), (2.19) define sf -mat
rix (and the scattering amplitude) as mero
morphic functions in the direct product of 
the ha l f pl a n e Re f + 1 > o a n d the s tr i p I Im x I < __H. < 
< TT of the reg i o n n '(x) • 2 

In the case of finite potentials, the 
proof is valid for any part of the rapidity 
plane, except the points x=±iTTn (n=0,1,2, ... ). 

12 

t 

l 

·} 
f 

Q 
i 

From expressions (2.3), (2.15), (2.17) it 
follows that zeroes of Jost function re<+)(x) 

( the pol es of s f <x) ) a t Im x > o co i n c i de 
with those values of the rapidity, for which 
the regular solution xt0)(r,x) is quadra-
tic-integrable, i.e., the bound state occurs. 

The equation for bound states has the form: 

00 
(0) 2 2 

fdrl¢e (r,x)! Imlx -Re(r,x)-ye(r,x)V(r,xH=D. (3.9) 
0 

0 

Using the explicit expressions for the centri-
fugal barrier Rp(r.x) and factor Yf(r,x) 
(ref./7/ ), one can easily verify that for 
real quasipotentials and entire angular mo
menta the bound states lie on the segment 
Rex=D, O<Imx < TT 

Finally, we consider the symmetry proper
ties of the wave functions. It is shown 
in App. C, that at complex e the kernel 
Ke (r, r''; x) has the branch point x=O va-
nishing at•integer f and in the nonrelativis
tic limit (see (C.4)). Therefore, only at 
entire f the function (shx) -f-i lP~O)(r,x) is 
even, and the Jost functions are connected 
by analytic continuation: 

,I, ( ± J) ( ± iTT ) _ ,/, (_ + J)( ) 
'I' f r' Xe - 'I' p r, X ' 

(3.10) 
. f ( ±) ( ± j TT ) - f ( + ) ( ) 

f xe - f X • 

L e t u s n o w p u t x = i77 , o > 11 > TT • S i n c e i n t h e g e -
neral case 

(+) (-) (+) 
[ff (i77)] * = ff * (-i77) I ff* (i77), ( 3 . 11 ) 
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(+) . 
ff (i77) 1 S not a real function of r, the Regge 

may be complex in bound state re-trajectory 
gion. 

Another peculiar property 

is asymmetry of Ke(r,r';x) 
at reflections e ➔ -f - 1 

and 
(see 

of our equation 
±i ~( f +.!.) (± J) 

e 2 2,pf (r,x) 
(C.5)). 

The authors are grateful to A.Atanasov, 
V.R.Garsevanishvili, K.Ivanov, V.G.Kady
shevsky, A.N.Kvinikhidze,V.A.Matveev,M.D.Ma
teev, A.N.Sissakian, L.A.Slepchenko and 
E.P.Zhidkov for valuable discussions. 

APPENDIX A 

Let us define the analytic continuations 
for relativistic analogs of the Riccati-Bes
sel and Riccati-Hankel functions: 

i17 f f 1 
s (r )z j 3shx nir+f +1) e - 2( +l)p - - 2(chx),{ A. l) 
f . X 2 l'(ir) - 1..+ir 

2 

r;:::- ~ · -~i11f f+_!_ 
8(1.2\r,x)=~J~X-=~I (1-~r) e 2 Q /_ (chx),{A.2) 
e l 17 I ( f +1- ir) - - +ir 

2 

1 s e (r,x) 
C p<r,x) == ctg11(f + -)[ - - 1 a e<r) -Se (r,x) cth rrr] (A. 3) 

2 cos11(e +~) . 
2 

(comp . /15/) . 
The quantities (A.2) differ from the di

rect product of the functions introduced in 1~ 
by the factor ae (r) == e- inf sin11(ir- f)/sini11r. 

At arbitrary e the relations 
e~l.2)(r,x) ==Cp(r,x) ±ise(r,x), {A.4) 

14 

following from the connection of Legendre 
functions, are valid. 

At complex conjugation: 

[sr(r,x)l* = l't"' (r)sf* (r,x*), 

[ e?· 2 > (r, x)l + = ''r.* (r) [ ee~2
• l) (r, x *)], 

where C 

I' f (r) = 
8

i 17 (f + 1) I'(f + 1- if) l (ir) 

r(f + l+ir) 1(-ir) 

(A. 5) 

(A. 6) 

Now let us consider the planes of complex 
r a p i d i t y x a n d c om pl ex energy . E = ch x. The Le -
g e n d r e f u n c t i o n s P / ( ch x) a n d · Qt\ ch x) a re 
analytic and uni9ue in the plane E, cut from 
- "" to + l ( ref s . 1 14• 15/ ) . I n ma pp i n g o n to t he 
rapidity plane the strip -

IImx l < 11, Rex> o (A. 7) 

corresponds to the main sheet of energy sur
face/14(Circuiting the point E==chx= +1 
in negative direction, we obtain a new branch 
of the Ledendre function, for example 
Qµ (E, 1-) (see ref/15/and App. C}. In this 

V -- --

rotation the transformation v'E 2 -1 ➔ -vE 2-1, 
x ➔ x e-i17 i s performed and the strip a r i s es 

!Imxl <TT' Rex< o. (A.8) 

corresponding to the new sheet of E-plane. 
We will consider further all strip 

15 



jimxl <TT, lxl ;::t >0 

(the region fHx)). 
Let u s p u t x ~ n <xL Then , i n the general 

ca s e , P vµ ( ch x) a n d Gf ( ch x) a re the a n a l y t i c 
functions of the variables v andµ, except 
for the essential singularity at v= 00 , µ=oo 
( r e f . /1 4/) • B e s i d e s , t h e f u n c t i o n Q / ( ch x) 
has simple poles at the points ·for which 
v+µ=-n, n=l,2, ... (ref./141). 

Taking into account the definitions (A.l), 
(A.2), we find the location of singularities 
for the functions se (r, x), e<t2> (r,x) (see 
the table). 

Table 

Function The region of 
holomorphness 

Another variables 
fixing 

eO>(r,x) 
for 

l x cO(xl any f,,,''.ii(1+1) 

r;t(+i(l+n) any f, x~ O(x) 

Vf (r) e f (r,x) (2) l 
all f'-plane r ;,( + i(l+n), x~O(x) 

' ' ' 

s
1

(t,.x) f Re(i,)>-8 · Ref+1>8, xcO(x) 

~. Ref+l>o Re(ir) >-o,x~n(x) 

x~n(x) .. Ref+l>o, Re(ir)>-o 

I ' . • 

H er e 1 > o > o , n = o, 1, 2 , ••. ; n < f + 1 f o r e n ti r e f. 
. . We no t e , t ha t j n f i n i t e-, c .ha i n of . s i m p l e 

poi es ' of the, fun c ~ i o ~.s , (A~ l ) - .( A . 3 ) . i n , e 7 . 
plane, analogous to the 11 Lorentz-poles 11 in 

:'.f6 

the expansion of the total scattering ampli
tude in the representation of principal series 
of S0(3.1) group/ 13/ belongs to the halfplane 
Re e + 1 s; o a t r ea 1 r . 

Now let us write the boundary conditions 
i n comp 1 ex r - p 1 an e , u s i n g the a s ym pt o ti c 
expansion of the functions G,f(chx) at j,,1 ➔ 00 , 

I I 
largi-l < TT i 141: 

eil) (r,x) _ eitrx·-TTf/2). 

i·f' (r) e~2) (r,x) - e -i(rx-"rrf/2) 

a t ! r i ➔ 00 , ! arg r ! < TT/2. 

(A. 9) 

Specific are the boundary conditions at 
the origin. The functions e <1, 2>(r,x) for al 1 
f' are finite at r=O: P 

iTTf 
(1 2) --

e f' ' (0, x ) = e 2 Pf' ( cth x), (A.10) 

where a s s e ,< r, x) v a n i s he s l i n ea r 1 y : 

• iTTf 
se(r,x) - 2 

lim [ ---] = e Q f' ( cth X). 
r ➔ O r 

(A.11) 

APPENDIX B 

In this appendix we obtain majorants for 
the absolute values of free solutions and 
the kernels Ke(r,r';x) of equations (2.5), 
(2.6). Proving inequalities, we use essen
tially the analytic properties of majorized 
functions (see the table). 

Let us consider the functions e~1. 2> (r,x) 
in the plane of complex radius-vector (e and 
x are fixed in the holom·orphness region). 
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Now we choose the region, which consists of 
a circle c 1 of radius o(O<o <1) and the half-
plane C

2
(Rer>o) (Figure). Since the func-

tion e'f-) (r,x) is analytic in c2 and satis-
fies the boundary condition at infinity (A.9), 
the positive quantity A(f,x) exists for which 

lee°)(r,x)e-irx I S!.A(f.x)<oo, r~C2 (B. l) 

i s v a 1 i d f o r a n y f i n i t e f a n d x * ( c om p . / 11/ ) • 

~'i 

8' 

Cz., 
~'l, 

Figure 

*This follows, for example, from the 
Phragmen-Lindelof principle. 
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Obviously, the function e?><r.x) 
bounded (by maximum of modulus) in a 
C 1. 

Analogously, we obtain: 

lve (r)e~2) (r,x)eirx 1:::A'(f ,x) <oo' 

r.;C
1

,C
2

• 

is also 
circle 

( B. 2) 

Inequalities (B.l), (B.2) coincide with 
t ho s e o b ta i n e d i n r e f ~ 11/ f o r a c a s e of e n -
ti re f. 

We cannot, however, prove the uniform 
boundness of the functions se(r,x) (and the 
kernels Kr(r,r';x)) in the whole consi-
d er e d r e g i on of r - p 1 a n e ( c om p .I 11/ ) s i n c e t h e 
gamma-function r(±ir+ f + 1) entering into 
v 1 (tj, is meromorphic. 

For tu n a t e 1 y ,, to prov e the ex i s ten c e a n d 
analyticity of the solutions of eq. (2.5), 
(2.6), we need not use the complex r -plane 
(contrary to finite-difference equations/5,ll/). 

For rea-1 r from (B. l), (B..2) the inequa-
1 ities follow: 

1sr (r,x)l s B(f ,x)er\Imx1 ' { B. 3) 

le (1,2)tr x)l < A"(" ) +rimx f - \, _ L,X, e { B. 4) 

Let us specify inequality (B.3) for small 
r. tak;-ng into account the boundary condi
tion at r=O (A.10). Considering se (r,x) 
inside a circle c 

1
, we apply the Schwartz 

lemme: 

!s
11
(r,x)l<B'(f.x}Eer11mxl • {B.5) 

[_ - 0 
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that leads for all real r (with account of 
(B.3)) to inequality 

lse (r,x)lsB"(e ,xH-r--)erlimxl. (B.6) 
r + o . 

From (B.4), (B.6) there follows the uni
f or in bound n es s of the kernel s Kr : 

I 
, " .r IImxl(r-r')' 

. Kp(r,r:x..,<5..D(f,xH-)e. · at r>r', (B.7) 
. . r+ o · 

.IKe(r,r';x)l::D{f ,xH_r'"'-)~IImxlr'-Imx•rat r ';,r. (B.8) 
. r + u 

Taking intci account the recurrence rela
tions for the Legendre functions1 1¥we obtain 
analogous estimates for the derivatives in 
var i ab l e:x: 

l~e ~l)(r;x)!::;:A"(f ,x)e-rimx (If +ll(cthx+l)+r)' 
ax. . . . 

1J: ~p(r,r';x)lsDU,x)e IImxlr'-Imx•r X 

r, 
x(--)(Jf + l)(cthx +1) +r') at r'>r. 

r' + o 

( B. 9) 

.Thecana,ly~i$ iqf .anal,y,ti.c ·an_d- ·asY,mpto.tic ,pro
p er t i e s o L, th e. .. d er. ;i v a t i- v. e. s . i. n e · · s ho w s • th a t . 

20 

a: <'1> ·. ·' •• ·· · · ., · .. • . 
\.ar e { I (r•,:x)I, ~A"~( e ,' x)e -r,11;1 X 

:, ·,. 
, l 

. a , 
!;Kr (r', r'; )( )[ ~D'(f . xl• [rmxh'-rm)i'.,, • ,. . . " (.B. l O) (--~)at r'> , r. 

r + o 

APPENDIX C 
Now we discuss the behaviour of free solu

tions of eq. (2.1) at the point x=o.
1 

u;5ing 
the expression for a branch Q~(z,1-) 

15 
. 

we obtain: 
(1) -iTT (1) 

ef (r,xe ) =i sinrrf (l+cth rrr) ef (r,x) + 

+ (cosrrr -i cth rrr, sinrrf )e~
2

) (r, x), 

e~2) (r,xe-irr ) =isinrrf (1-cfhrrr) e?) (r,x) + 

+(cosrrf + i cth rrr,sinrr0e/ 0 cr,x), 

-irr -irr(f + o ) 
sf (r, xe ) = e sf (r, X • 

From (C.1)-(C.3) it follows: 

( C . l ) 

( C. 2) 

( C. 3) 

Ke (r,r';xe-irr) =Ke (r,r'.:x)+2sinrrf •se(r .. x)x 
. ( C. 4) 

x sf (r',x) (cthrrr - cthrrr'). 

It is easy to verify -that: 1-) (shx)--i-i sf(r,x) 
is holomorphic function of x 2 in the neigh
bourhood of the poif)t x=O (comp./9/ ); · 

2)Kr(r,r';x). ha·s branchpoint at x=O. 
We conclude with the discussion 6f trans-

formation e ➔ -f-1. From (A~8a,b) it fol-
lows t~~t · 

' . 1 ' ' 

e (l} (r: x) = e irr(f +2) e <1>cr, x >, 
-f-: l . .·. 0 ,. ' ·.: . f , 

21 



(2) -i77 (f +.!.) (2) 
v_f _ /r) e -f _ 

1 
(r, x) = e 2 v e (r) e f (r, x). ( C • 5 ) 

Thus, K_f_ 1 (r,r';x) I- Kf (r,r'; x> 
to entire number. 

if e is inequa 1 
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