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3ac1'aaeHJto n.r. E2 - 11585 
HOBI>IA M81'0ll BbiBOJl8 yp&BHBHHA JlnS 4!yHKUHA fpHH8 B KB&HTOBOA 
1'eOpHH nons. PaccMoTpeaue MOJleneA g[ rp 41 d , d = 2,3 , 
M81'0lt0M ~HKUHA fpBH8 

llaH DpOCTOA B o6JDHA MBTOJl BbiBOJlll ypaBHBHBA Jlns cjlyHKllHA fpBH8 
B JtBIIRTOBoA reopBH nons. Ha ocaoae 3Toro Merolla npoaelleHo paccMor-
peRBe MOlleneA g[ rp 4 ]

2 
• g[ rp 4] 

8
• . 

Pal5oTa Bl>lnOnHeRa B na6oparopBB TeopeTH'IBCKOA cjlH3BKR OIHIH. 

DpenpaHT 061tellHHeHHoro HHCTHTyTa llllepHI>IX accneaosaaaA • .ay6aa 1978 

Zastavenko L.G. E2 · ll585 
A New Method of the Derivation of the Quantum 
Field Theory Equations for the Determination of Green 
Functions. The Consideration of the "vtodels g[rp 4 ]d,dz.2,3 
via Green Functions Method 

Models g[.p4]d ,d-.2,3 ,. are considered. 

1. A new method of the derivation of the usual Green function 
equations is given. (The reader familiar with Green functions me
thod would easily derive our main eq. (37) from basic formulae 
(14}-{14) without our method as well). 

2. We transform the usual definition of the Green function (11) 
into the form (17), (18). The y -integral in (17) is shown to be de
fined (in some region M 2<M~ ) by (infinitely narrow) neighbourhoods 
of two points y• ±y0 (M 2,g ).yJ!>O :This fact corresponds to the va
cuum degeneration in the region M2<M~ • 
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SEC. 1. INTRODUCTION 

We have proved in the work /1/ the following result. 
Let the function 'G 0 (p) be defined through the infinite
dimensional integral 

'G
0

(p) ""li I ¢(p)¢(-f') e-~ n d¢(k) I I e-
80

ll d¢(k) , 
. k k 

where 

S
0
=1..hi a(k)R(k)+h

3
I CkiL R(k )R(k

2
) + 

2 k k k -~ -~ 1 

+ h
5 I 

k k k 
1 2 3 

1 2 

C k R(k ) R(k ) R( k ) + ••• , 
k1k2 3 1 2 3 

R(k) ""¢(k) ¢(-k) , 

¢(k) =¢(-k). ck k = ck k •••• 
1 2 2 1 

(1) 

(2) 

(3) 

(4) 

h. is the infinitesimal volume elem1~t ~f _the k . sum~a-
bon (k runs over the values k== h (11 ,1 2 , ... , 1 d) Wlth 
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i integer). Then the function G (p) satisfies the integral 
t
. 0 equa 1on 

-1 
G

0 
(p) = a(p) + 4f C dk/G (k) + 

pk 0 

2 
+ 6 J c k k n ( dk. /G0 (k . ) ) + 

p 1 2 i=l 1 1 

3 
+ 8JCpk k k n (dk/G 0 (ki))+.... (5) 

1 2 3 i"'1 

1. In the present work we show that eqs. (1)-(5) allow 
one to get all the quantum field theory Green function 
equations. 

1.1. We shall consider in detail an example of the 
quantum field theory model defined by the Lagrangian 

f ==- .!.( a(i(x) )2 - .!_M2 ¢Cx) 2 -g¢(x) 4 (6) 
2 axa 2 

in the Euclidean space of d dimensions. 
1.2. The Lagrangian (6) gives the Action 

S =! J(p 2 +M 2)¢(p) ¢(-p) dp + 

4 4 
+ gJ n <¢<P . ) dp . ) 8 <I P . ) , 

1 1 1 1 J 

-d/2 - ipx 
cp(p) = (217) J c,b(x) e dx, 

- -d g = g(217) • 

(7) 

(8) 

(9) 

1.3. Introducing volume element h, we shall rewrite 
eq. (7) in the form 

S = _!_h I (p2 + M
2

) ¢(p) ¢(-p) + 
2 p 

4 
+gh 3 I ll(¢(pi)), 

p +p + p +p =0 i = 1 
1 2 3 4 

(10) 

4 

here we assume the momentum cut off to be introduced 
via the conditions 

IPI < f ' IP 11 < f ' •••• , IP 4 I <f.; 

1.4. We define, as usual, the Green function 'G(p; M 2, g) 
via the infinite dimensional Euclidean integral 

'G(p;M
2
,g) =hJ ¢(p)¢(-p)e-s lld¢(k) I Je- 8 lld¢(k). (11) 

k k 

1.5. It turns helpful to produce in eq. (11) the change 
of variables 

¢(p) = y8(p) + t/J(p) , t/1(0) = 0, 

and separate in (11) the y integration 

8¢ = n d¢(k) = h-1 dy n dt/J(k) = h-1dy8t/J. 
k k#O 

1. 6. Then the Action takes the form 

S(t/J,y;M
2

,g) = ~ I '(p2+M 2 +12gy2 )tjJ(p)tjJ(-p)+ 
p 

+ 4g y h 2 I , t/1 (p 1 ) t/J(p 2) t/1 (p 3) + 
pl+p2 +p3 =O 

(12) 

(13) 

+ gh3 I , t/J(p ) t/1 (p ) t/1 (p ) t/J(p ) 
p +p +p +p =0 1 2 3 4 

1 2 3 4 (14) 2 
+.L(.M..:y2 +gy4) 

h 2 
here p # 0, p 1 = 0, ••• p

4 
#0. 

1. 7. Let us denote 

D(p ;y, M 2,g) = h J tjJ (p) tjJ (-p) 8tjJ e -S(t/l,y;M2 ,g) 
X 

-1 2 J xK (y;M ,g), p;-=0, (15) 
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K(y;M2,g) =fot/Je-S(t/J,y;M2,g)' (16) 

Then, according to (11), the equation 

G(p;M 2,g) ,fK(y;M 2,g)dy[D(p;y,M 2,g) +lo(p)]K -
1
,(17) 

K = fK(y; M 2 ,g) dy 
(18) 

holds. 

1.8. It appears that 

K(y;M 2 ,g) = exp[ f(y;M2 ,g)/h], (19) 

where the function t does not depend on h. We have h-+0, 
and y-integrals (17), (18) are defined by an infinitesimal 
neighbourhood of the function f maximum y = y 0 ; so we 

have 

'G(p;M 2,g) =D(p;y
0

,M 2,g) +y~o(p). (20) 

1.9. In the model considered there exists a function 
M ~ (g,l')such that for M 2 > M ~ (g,l') the function (19) has ma
ximum at y-;=0. and for M2 <M 5 (g,l') the function (19) has 
two maxima at y = ±a(M 2, g) , a>O. This result corres
ponds to the appearance of the ground state degeneration 
at M2 < M ~(g,l') (see, e.g., ref. /3'/ ). At M 2,M ~ (g,C) our 
system has a phase transition with the breakmg of the 
analytical dependence of G(p; M 2, g) on M 2. In eq. (20) 
one has to put y

0
= 0 at M2 > M~ (g,C) and y 0 = ± a(M 

2
,g) 

at M 2 < M ~ (g,e) . 
1.10. The function (16), (19) is called the effective 

potential 121. 
1.11. The article is planned as follows. 
In Sec. 2 we transform the functional e-s to the form 

(26), (33) as to get from eqs. (1)-(5) the equation (37) for 
the Green function D. In Sec. 3 we derive eq. (41) which 
defines extrema of the effective potential and the expres
sion (46) of the function (d/dy) 2 K(y; M 2 , g) which is 

6 

necessary in order to establish, whether the given extre
mum is maximum. Equations (37), (41), (46) are used in 
Sees. 4 and 5 to confirm the results sketched in Sec. 1, 
in the case of two and three space-time dimensions. 

1.12. Our derivation of the Green function equation 
(37) is simple and straightforward and deserves preponde
rance over other methods. 

1.13. Equations (17), (12), (19) at p ,o give 

'G(O;M2,g) = f dy :2 e f(y;M2,g)/h/ fdye f(y;M 2,g)/h . (21) 

Let now y
0

= 0 and 

f( . 2 ) 2 2 2 4 y,M ,g =f(O;M ,g)- U(M ,g)y +O(y ) . (22) 

Then we get the equation 

'G(O;M 2 , g) "" [ 2U(M 2,g))-l, (23) 

which, with due regard for the contibuity of function 
'G(p; M2 ,g) for M2 > M ~(g) implies 

lim D(p; 0, M 2 ,g) "" [ 2U (M 2,g)] -l , M2 > M 2 (g) . (24) 
~0 0 

Equation (24) connects the values of two quite different 
functions f and D and thus is of certain interest. 

SEC. 2. THE TRANSFORMATION OF THE 
FUNCTIONAL e-s 

In order to be able to use eqs. (1)-(5) for the compu
tation of integrals with Action (14), let us separate 
from the quartic term of eq. (14) the part 

-P ,3gh3 ~' R(p )Rrp ) , R(p) =l,',(p)t{l(-p), (25) 
4 p p 1 2 

1' 2 
Then we have 

S(t{l,y;M 2,g)=-P0 -P2 -P4 +S'3 +S~ (26) 

7 



here P 2 is the first, and P0 , the last term of r.h.s. of 
eq. (14), S~ and 8'4 are the terms of third and fourth 
order in t/J. Were the Action to contain only P0,P~ and P 

4
, 

eqs. (1)-(5) would reduce the problem of calculating the 
Green function to the problem of solving the integral 
equation (5). The terms s; and S~ prevent, however, 
such a reducing. 

2.1. Consider the exponent 

s' 
- 3 1 S' 1 S' 2 1 S' 3 (27) e =-a+- 3-- 3 + •••• 

2! 3! 

The expression 8; contains no pair R(p) ~tfJ(p) t/J(-p). 
The term 8'

3
2 , however, contains pairs 

8'
2 

= (4gyh 2) 2 [ 3! l' R(p ) R(p ) R(p ) + 
3 p+p+p=01 2 3 

1 2 3 

+ 3 2 l R(p 1) t/1 (p 2) !/; (p 3) !/; (p ;)t/J (p~) + 
p1 +p 2 + p3 "'0 

p -p, -p , = 0 
1 2 3 

+ l, t/1 (p 1) !/; (p 2) t/1 (p 3) 1/;(p ;)t/J (p ;)t/J (p ;)] ; 
p+p+p=O 

1 2 3 

p'+p'+p'=o (28) 
1 2 3 

here in the second and third terms the functions !/; form 
no pairs (in the third term p 1+p~ -1 0, p

1 
+P; -1 0, 

P 1 + P; f- 0 · ··· Pa + P; -10 • in the second term P2 +p~-/ 0. 

P2 + P; f-O. P3 + P ~ -1 o'. P3 + P; ,.bO) . 

Introduce the notations 

-8; = u 30. 

! 8 ; 
2 

= Q6 + 0 6t + u 6o · (29) 

8 

l 

here U30 is the third order in t/J expression without pairs, 
Q 6 the sixth order in!/; expression with three pairs, 
U61 the sixth order in t/1 expression with one pair, U60 

the sixth order in t/1 expression without pairs. Then it 
will be 

3 
__ 1_g'3=Q u + ::£ u . 

3! 3 6 30 k=O 9,k 

1 , 4 1 2 
4 (30) -8 = Q + -Q + Q (U +U ) + l U 

4! 3 12 2! 6 6 61 60 k=O 12,k' 

so that 

-s' 
e 3 = (1 + l Q6 +Q12+. •• 

U nk) e ' 
n2: 2k + 3 

(31) 

where U nk are the n-th order in t/1 expressions with 
k pairs, which are irreducible in the sense, that itis im

possible to extract from Unk any entirely paired multi
plier Qnf rn ~ n : 

Q6"" (4~h2)2 3! l , R(p ) R(p ) R(p ) , 
p+p+p=O 1 2 3 

1 2 3 

2 4 

- ( 4gyh ) 6 3 • 3! L , R(p 1) R(p2) R(p 3) X 
Q

12
- 4! p1+ p2+pa=O 

x ~ ' , R(p; ) R(p ; ) R (p 
2 

- P ; ) • 
p1+p1+p2=0 

2.2. Analogously one gets 

-s'- s' 
3 4 

e = (1 + l V nk ) x 
n2;: 2k + 3 

[ 2 2 2 4 
x exp p

6 
(3 ) + P 

8 
( 4 ) + P 

10 
(3 4) + P

12 
(3 ) + ... ] ; 

(32) 

(33) 
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here 

2 
p 6 (3 ) = cQ 6 • 

p ( 4 
12 3 ) = Q 12 

P8(42) = (gh3)2 -- 41 
21 . L R(pl)R(p2)R(p3)R(p 4). 

pl+p2+ p3+p4=0 

2 (4gyh2_}
2

gh
3 

3 341 ~, R(p )R(p )R(p )x p (3 ·4) =- . - 1 2 3 
10 3! p +p +p +p =0 

1 2 3 4 

X R(p 4) R(p 1 + p 2) . 
(34) 

••••••• t 

v 30 = u 30 • 

V =- gh
3 L' 1/;(p )1/;(p )1/;(p )1/;(p ) (35) 

40 1 2 3 4 p +p +p +p =0 
. . . . . . . 1 2 3 4 

see also eq. (28); in V 40 the summation area is restricted 
viatheconditions p 1 +p 2 ;£0, p 1+p 3 ;£0, p 1 +P 4 ~0. 

2.3. Thus, eqs. (26), (33) and (15), (16) imply 

D(p; Y 'M 2. g) = h J if; (p) if; (-P )exp ( P 2 + P 4 + p 6 + .... ] x 

x(l+ L Ynk) l1 dif;(k)/Jexp(P 2+P4+P6 + ... ]x 
n> 2k+3 k ;£o 

x (1 + L V nk ) lJ dlj; (k) ; 
n ;::2k+3 k;£0 

(36) 

here P , P , P , ... are entirely paired expressions (25), 
(34). 2 4 6 

10 

t 
' 

2.3.1. The parity considerations show the quantities 
Vnk to give no contribution into the integrals in eq. (36). 

2.3.2. Omitting V nk brings the function (36) into the 
form (1), (2). 

So, according to eq. (5), the Green function D(p;y,M 2,g) 
can be defined from the equation 

D(pf1 = p 2 + M 2 + 12gy 2 + 12gJ D(8) d8 -

2 

-6 (4gy) 3!JD(81)D(82)d81d82o(81+82-p)-
2! 

2 3 3 
-8!__4! Jn(D(8.)d8i)o(L8j-p) + 

2! 1 
1 

1 

2 3 
+ 0gy) g 33 4!( 8 f n (D(8 .) d8 .) D( 8 1+8~ o(8

1 
+8

2 
+8

3 
-p) + 

3! 1 1 1 

2 2 
+2(Jn (D(8 .)d8. )8(8

1
+8

2
-p)) ] -

1 1 1 

4 4 
(4gy) 63 3! 12J n (D(8.) d8.) D(8 -8 ) X 

4! 1 1 1 1 3 

xo(8
1 

+8
2
-p)o(8

3
+8

4
-p) + 

(37) 
+ ••• t 

here for brevity we omitted the arguments y, M 2 • g of the 
function D .All the terms of the r.h.s. of eq. (37) admit 
usual diagrammatic interpretation (c.f. eqs. (14), (15)). 

SEC . 3. THE DEPENDENCE OF y 0 ON M2 

(THE BEGINNING) 

According to (14), one has the equation 

(d/dy)K(y;M 2 ,g) =-Jn dl/;(k) e-S(Ij;,y;M
2

,g) 
k ;£o 

11 



!h~' 12gyt/J(p)t/J(-p) +4gh 2 I' l/l(p
1

)l/l(p
2

)l/J(p
3

) + 
P P1 + P2 +p3=o 

2 3 
+ (M y + 4gy )/hI = 0 

defining the extrema y=yo of the effective potential. 
3.1. Introduce the notation 

8(p1+P2+P )r (p ,p ,p ) = K-1<y:M2;g) x 
3 3 1 2 3 

x f 1/J (p 1) t/J(p 2) 1/J (p 3) e -S(l/J,y;M2 ,g) 81/J • 

Then, according to eqs. (26), (33) we get 

8( - -1 . 2 P1+P2+p3)r3(pl,p2,p3)-K (y,M ,g) 

Po+P2+P 4+ ••• 
Jt/J(p1)l/J(p2)l/J(p3) e 0+ l vnk )81/J = 

-1 2 Po+P +P4+ ••• 
=K (y;M ,g) Je 2 8ljJljJ(p1)l/J(p2)l/J(p3) X 

X ( - 4g yh 2 I' 1/J (p ')1/J (p ')1/J (p ') + 
p , + p , + p '=0 1 2 3 

1 2 3 

(38) 

(39) 

+ 4gyh2 gh 3 6 2 ~ 1/1 (p 1) 1/J(p~ R(p3) R(p 4) 1/J( -p 1 -p~ + •.. ]= 
p1+p2+p3+p4=0 

=- 4gy· 31 D(p 1) D(p2) D(p3) 8 <P 1 +P2 +p 3) + 

+ 4g2 y. 72 • D(p 1) D(p 2) D( p 3) 8 (p 1 + p 2 + p 3) X 

xJD(s 1)D(s 2)ds 1 ds 2[8(s 1+s 2 -p
1
)+8(s

1
+s

2 
-p~ + 

+8(s1 +s2-p3)]+ ...• 
(40) 

12 

' I 

j 

1 

(we have taken into account the fact that the integral 
of the form (15) of the function t/l(p 1)t/J(p 2 ) equals 
zero if p1+p 2 ;l0). 

3.2. Equations (15) and (39) allow us to rewrite eq. 
(38) for the determination of y0 in the form 

y[M 2 +4gy 2 +12gJD(s;y,M 2,g)ds + 

4g 
+ - J r 3 ( s 1'8 2' s 3) 8 ( s 1 + s 2 + s 3) ds 1 ds2 ds 3] = 0 . 

y 
(41) 

3.3. Now it is necessary to know whether the extre
mum r=Yo is maximum or minimum. So, we have to 
consider the second derivative of the effective potential 
at the point of extremum. 

3.4. Analogously to eq. (38) we have 

2 
(d/dy) 2 K(y;M 2,g) = J8t/Je-s<l/J,y;M ,g) x 

xU ! 2 -12gh~'t/J(p)l/J(-p) -(M 2 +12gi)/hl;' (42) 
p 

here curly brackets denote to the expression which is in 
curly brackets in eq. (38). 

3.4.1. Let us use the definition of the irreducible 
Green functions f'4 , f'5 , f'6 

2 
-1 2 4 -S(l/J,y;M ,g) 

K (y ; M , g) J IT ( 1/J(p. )) 81/J e 
1 1 

1 l 
0 

8 ( p. + p . ) 8 ( p + p 0 ) D (p . ) D (p ) 
i<j, k<t 1 J k l 1 k 
i~k.i,:e 
j~k.j,:e 

2-

2 

+ 8 (P1+P2 +P3+P4) f'4(p1,p2,p3,p4); 

-1 2 5 -S(·'· . 2 
K (y;M ,g)Jq(l/J(pi))8ljJe 'f',y,M,g) 

(43) 
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5 
- ~ o(P.+P. )o(~ P -P.-P. )D(p,)f'3 j < j I J k=1 k I J I 

5 

+O ( i;1 pi ) ['5 ( p 1' p2 'p 3 'p 4 'p 5 ) ; 

-1 2 6 S I 2 
K (y ;M ,g) f ll (!/f(p. ))o!jf e- (lfl ,y ;M ,g) 

1 I 

(44) 

• 0 ( p 1 + p 2 ) 0 ( p 3 + p 4 ) 0 (p 5 + p 6 ) D (p 1 ) D (p 3 ) D (p 5 ) + 

+O (P1+P2 +Ps )o(p4 +P5+P6)f'3(p1,p2,p3 )f'3(p4,p5 ,p6 )+ ... 

6 
+ ~ o (P. + p )o (-p - p. + ~ p k )D (p. )1

4 i<j I j j J k•1 I 

6 

+ 0 ( f p k ) ['6 ( p 1 ' p 2 ' p 3 ' p 4 ' p 5' p 6 ) . 
(45) 

In eq. (44) the arguments of is are three momenta of 
the set P , ... p5 except for pi and Pj, in eq. (45) the 
arguments of 14 are four momenta of the set p 

1
, ... p 

6 except for P1 • P · . 
3.4.2. Equafions (38), (41)-(45) give 

-1 2 2 2 
h K ( y ; M ' g)( d I d y) K (y ; M ' g) I 

y•yo 

2 2 
'"" - [ M + 12 g y 

0 
+ 12 g f D ( 8 ) d8 ] 

+ (12gy 0f [2JD2 (8)d8 + J1
4

(8
1

,-8
1

,8
2
,-8

2
)d8

1
d8

2
] 

+ 12 g y 0 • 8 g f [ 6 D (8 1 ) 1 3 (8 1 , 8 2, 83 ) + f r
5 

(8, -8, 8
1 

,8
2

,8
3 

)d8] 

o ( 8 1 + 82 + 83 ) d8 1 d8 2 d83 

2 3 3 
+ ( 4g) 13! f ll ( D ( 8 ) d8. ) o ( I 8 . 

1 i 1 1 1 

(46) 

14 

2 4 
+3 jr (8 ,8 ,8 ,8 )D(8 +8 )o( ~ 8 )ds ... d8 

4 1 2 3 4 1 2' 1 i 1 4 

2 
t-3 Io(s 1+8 2 +S 3 )o(8 1' + 82+ 83 )1

3
(8

1
,8

2
,8

3
)1

3 
(8~ 8'

2
8

3
) 

d8 1 d82 d8 3 d8 i d82 

+ Io (8 1 +8 2 + s 3 )o (8i +82 +83)16 (8 1 ,8 2 ,8 3 ,8i,82,83)d8 1 ... d83!. 

3.5. Now we are able to search for extrema of the 
effective potential and to define whether the given ex
tremum is maximum or minimum (eqs. (41), (46)). 

3.6. One has the following expression for the Green 
function 14 : 

4 
f'4(pl,p2 ,p3,p4 )~ - 4 ! g 1 D(pi) t 

2 3 4 4 
t-(4gy)- II(D(p.)) ~D (p +P~)+... (47) 

2 1 I a <{3 a I-' 

SEC. 4. THE DEPENDENCE OF Yo ON l\1 2 (d ,.,2) 

Let us consider the simplest case of two-dimensional 
space-time. 

4.1. Equations (40), (41) imply eq. (41) to have a root 

Y .. Yo "'0 (48) 

for all values of M2
. The equation (37) at y- 0 takes the 

form 

2 -1 2 2 2· ) D ( p ; 0 , M , g) - p t- M + 12 g I D ( 8; 0 , M , g d8 -

3 2 3 
-96g2 I n (D(81. ,O,M ,g)d8i )o( ~ 8. -p) 

1 1 I 

(37a) 

+ .... 
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Let us introduce the notation 

m2 • M2 + 12 g J D ( s ; 0, M 
2 

, g ) ds (49) 

and produce in (37a) the change of variables 

p • m q , D ( p; 0, M2 , g) • B ( q , g I m 2 )/ m 2 . (50) 

Then equation (37a) takes the form 

-1 2 2 ( ) B ( q , (_ ) • q + 1- 96 (_ J r/> ( q 1, f) B q- q 1• f d q 1 

3 3 2 ( 4 +2-12 (_ Jr/> (q
1
,E)B(q-q 1,f)dq 1 +0 f )(37b) 

here 

rf>(q,f)zJB(t,E)B(q-t,f)dt, 

f .g/m2. 

4.2.1. Equation (37b) implies the expansion 

k 
B(q,f)- IBJ:q)t 

k 

at £« 1. where 

Bo(q).(q2+1)-1 , 

B 1(q)-O, 
3 3 

B 2(q),. 96B~(q)J II (B
0
(s. )ds.)8 (Is. -q), 

i•1 1 1 ja 1 J 

(51) 

(52) 

(53) 

(54) 

4.2. Substituting eqs. (50)-(54) into eq. (49) gives the 
connection 

(> 2 f "" k 
M-=m -2477g[ln(-) +I akf ] 

m k=2 
(55) 

16 

between the parameters M 2 and m 2 ; here f' is the cut 
off momentum, see sec. 1.3. 

4.3. Equation (46) at y0 -0 reduces to 

-1 2 2 2 2 2 
hK (y ;M ,g)(dldy) K( y ;M ,g)- -m +(4g) x 

x[3
2 I D(s 1+s 2)14 (s 1,szs 3 ,s

4 
)8(s 1+s

2
+s

3
rs

4
)ds

1
ds

2
ds

3
ds

4 

3 3 
+ 3 ! J n ( D ( s. ) ds. ) o ( 1: s . ) 

1 I I j• 1 J 
3 6 

+ I ['6 ( s 1 ..... s6 ) 8 ( 2 s . ) o ( 2 s . ) ds 
1 

, ... , ds 
6 

] 
1 I 4 I ~ 

(56) 

Equation (47) shows that the term with 1 4 adds here 
to -m 

2 the value - m2 
t 

3 ; analogous consideration implies 
the term with 16 to add to -m 2 the value -m 2( 4 and the 

3 
term with n D(s.) the value - m2 , 2 . 

1 1 

4.3.1. Thus we arrive at the conclusion that the effec
tive potential at y •Yo .. o has maximum, if the value 
of ( is small enough; i.e., that the value of m 2 (for 
given g) is large enough. 

2 4.4. Let now eq. (41) have nonzero root y
0 

, y
0 

> 0. 
Produce in eqs. (37), (41), (46) the change of variables 

p.qy'gy5, D(p;yo,M2,g) .C2(q;yo)/(y~g), 

. 5 2 13 (pl'p2 ,p3) = C3(qt,q2,q 3' Yo)/(yo g ). 

['4 ( p 1' p 2 'p 3 'p 4 ) • C 4 ( q 1' ... 'q 4; Yo )I ( Y: g 
3 

) • (57) 

15 (p1, ... ,p5 )~C5(q1, ... ,q5;yo)/(y~1 g 4 ) • 

16 (p1 .... ,p6) -C6(q1, ... ,q6;yo)/(y~4g 5). 

17 



4.4.1. Then instead of (37) we get 
. -·1 2 4 . 3 

C2(q,yo) ~ q + 8 -< 41 Yo) fC3(ql'q2,q3,yo) 8 (1qi)dq1dq2dq3 

16.18 2 
- -2-f qcc2(qi;yo)dqi)o(q1+q2-q) 

Yo 

00 3 3 
- -4 f n ( c 2 ( qi ; Yo ) dq i) o ( !1 q •- q ) 

Yo 1 J 

123 3 . 3 
+--4 [ 8 fll (C2(q.;yo)dq.)C2(qt+q2 'Yo)o < ~ q. -q) 

Yo 1 1 1 r·1 J 

2 2 
+ 2 ( f ~ ( c 2 ( qi ; y 0) dq) 0 ( q 1 + q 2- q)) ] 

8·124 4 
• - --:r- f q (C2(qi ·Yo)dqi)C2(q1-q3.yo)o(q1+q2-q) x 

Yo 
~ ~7~ 

x o(q3+ q4-q) + O(yo ). 

Here we have excluded the parameter M2 via eq. (41). 
4.4.2. According to (40), (57) we have 

3 

c3 < q1 • q2 · q3; Yo)-- 24 q < c 2 < q 1; Yo)) 

12 2 
11- --2-f ll (C 2(s.;y0 )ds.)[o(s 1+s 2-q 1)+ 

y 1 1 1 

0 

+ o ( s 
1 

+ s 
2
- q

2
) + o ( s 

1 
+ s 

2 
- q3) ] + o ( y ~') 1. ( 40a) 

4.4.3. All the integrals in eqs. (37c), (40a) converge 
(we have d .. 2 ); so these equations imply the Green func
tion C 

2
(q; y 

0
) to expand in powers of y02. 

18 

c ( . .) s c ( ) -2k 
2 q • Yo "' - 2(k) q Yo ; 

k=O 
(58) 

c 2(0)( q)"' ( q 2 + 8 )-1 . 

2 2 
c2(1)(q) - 16 • 18 c2co> (q) f 1 cc2o(q 1)dqi )o(q1+q2-q) 

(59). 

4.4.4. Analogously, one has the expansions 

c ( q ; y 0 ) - ~ c ( q) y -·2 k 
n kzO n(k) 0 

(60) 

for all Green functions Cn . 
4.4.4. After the change (57) the expression (46) takes 

the form 

·1 -1 2 2 2 2 g hK ( y;M ,g)(d/dy) K(y ;M ,g)\ --8y0 
Y•Yo 

4 . 
+ -2- I c3 (q rq2,q3 ·Yo )o (q1+q2 +Q3 )dq1dq2dq3 

Yo 

2 [ 2 . -· 2 ( . ) d d 1 +12 2 JC2(q,yo)dq+y
0 

f c4 q1,-q1, q2,-q2·Yo q1 q2' 

+
12

..:Lf [ 6 C2(q1;yo)C3(q1,q2,q3;yo)+ 
y~ 

+ Yo-2 f c5 (q,-q,q1 ,q2, q3 ;yo )dq] (46a) 

o(q1 + q2+ q3 )dq1dq2dq3 

42 2 4 
+? ( 3 f C2(q1 +q2; Yo)C iq1,q2 ,q3,q4;yo)o(1 qi)dqi"dq4 

0 
~ 

+ 3 ! Y~ f q cc 2(qi;yo)dqi)o < Iq 1) 

3 

+ 32 f C3(q1,q2,q3;yo)C3(q~,q;.q3;yo) 8 (~q~)o(q;+ q~+qd 
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dq 1dq2dq3 dq!dq; 

~ 6 

+ Y;2
J 8 <1 qt )o ( 1 qi) Ca(qt, ··· qa; Yo )dq1 ··· dqs] 

here we have again excluded the parameter M 2 via eq. 
(41). Equation (46a) shows that the extremum y -y0 .; 0 
of the effective potential is a maximum, if the value of 
y0~s small enough. 

4.4.6. Equations (58), (41), (60) connect the values 
of M2 and yg: 

2 f 00 

M2 .. -4gy0 -24rrg(ln -=.+ I b y-2k ) . (61) 
y!Sgy~ k•l k o 

4.4.7. So, one sees that the effective potential K(y;M 2 ,g) 
has a maximum at y•yo aO (y(f> 0) for large positive 
(large negative) values of the parameter t , 

t- (M
2

+24rrg In )g)/g (62) 

4.5. So, we have finished the investigation of the 
case d-2 . 

SEC. 5. THREE DIMENSIONAL SPACE-TIME 

It is easy to extend our consideration to the case d -3. 
5.1. The problem is to transform the basic formulae 

(37), (41), (46) to the form similar to (37b), (37c), (55), 
(61), (56), (46a) via the changes of variables of the type 
(50), (57). 

5.2. We begin with the case y 0- 0. The integral-coeffi
cient for g2 in eq. (37a) - diverges (logarithmically). 
Therefore one has to choose the value of parameter m 2 
so that it would cancel the divergence: 

3 
m2. 11 2+ 96g2 f ~(D(s 1 )ds 1 )o (Is 1 ) (49a) 

here the value of 11 2 is finite. Instead of (50) we produce 
the change of variables 

P•f1q, D(p; O,M2,g)-t(q ;,\)1112 (50a) 

20 

5.2.1. Then we get instead of eq. (37b) the (divergence 
free, d-3) equation 

-1 2 2 3 
f ( q; A.) - q + 1 + 96 ,\ f II ( f ( q . ; ,\ ) dq. ) 

1 1 1 

3 3 
[o(Iq. )-o(Iq. -q )1 

1 1 1 1 

3 3 2 
+2·12 ,\ J f(q-q

1
;>.)dq

1
(Jda;,\)€(q

1
-a;A)da) 

+0(,\4). (37d) 

Here ,\ is dimensionless (at d -3) constant 

.\.. g/ 11· (52a) 

Similarly to eq. (53), eq. (37d) inplies the expansion 
~ k 2 -1 

t(q;,\)- ofk(q),\. t<o(q)-(q+1) . (53a) 

5.2.2. It would be instead of eq. (55) 

3 3 
M

2
""1L

2 +96g2 JII(D(s.;O,M2,g)ds.)o(Is.) 
1 1 1 1 1 

-12 g J D ( s ; 0, M 2 , g ) ds -

• 11 2 - 48rr gf + gil f a ,\k 
0 k 

(55a) 

3 3 00 k 
+ 96g 2 ( J II (t<

0
(q.)dq.)o(Iq. )+ I{3k,\ ). 

!q.!<E!/ 1 1 1 J 1 
1 

5.2.3. Analogously to sec. 4.3, the terms with r 4 

and f'a add to the r.h.s. of eq. (56) the quantities of 
an order of magnitude IL2 ,\ 3 and 11 2 A 4 • respectively; the 

3 
term with qn(s1) gives a logarithmically divergent con-

tribution (with a factor IL 2 >. 2 ) which cancels with the di
vergent part of m 2 (see eq. (49a)). So, the r.h.s. of eq. 
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(56) is negative and extremum v0 -o is a maximull). of 
the effective potential for small enough values of I A. I· 

5.3. Now we turn to the case y~ > 0. Let us denote 
by Fn {q; o) (instead of C 0 ~q;y0 ) ) the functions which we 
get after the transformation (57). One gets the equation 
for F 2 substituting o . 

o-fi/y 
0 

(52b) 

for y02 in eq. (37c). We denote symbolically this equation 
(37e). The first and the third integrals in the r.h.s. of 
eq. (37e) diverge.These divergences, however, cancel with 
each other, so that eq. (37e) contains no divergences. 
Equation (37e) implies the expansions 

00 k 
F ( q; o ) ... I F (k) ( q)o . (60a) 
n k•O n 

5.3.1. Similarly to eqs. (55a), (61), we get 

M 2 --4gy 2 -12g312 \y tJF (q;o)dq 
0 0 2 

\qld/y gy~ 

- 4 g2 J F 3 ( q f q 2' q 3; 0 ) dq 1dq2 dqa 0 ( q 1 + q 2 + q 3) 

"" --4gy~ -48"gf +g31 ~y I Iakok 
0 0 

3 3 00 

+ 96g 2( Jll (F (q) dq,)o(Iq )+ If3'ok ). (6la) 
1 2(0) i 1 1 j 1 k 

\qi \< f/y8gy~ 
5.3.2. At d-3 we have to substitute in eq. (46a) the 

functions F2 (q;o ),F3 (q;o), ... for the functions C 2(q;y0), 

C3(q; y 0 ), ..• and the values y~ , ygo, ygo 2, . . . for the 
degrees y

0
2 , y 8 , y 02 of the parameter ri; the formula 

thus obtained is denoted by eq. (46b). The terms with 
3 

F3 (q1 ,q2'q
3

;o) and qF 2(q
1
;o) give logarithmically 

divergent contributions to the r.h.s. of eq. (46b), which 
cancel with each other. So we get 

22 

-t -t 2 2 < 2 I g hK (y ;M ,g)(d/dy) K y ;M ,g) 
y•yo 

--sy2 (1+ oc.s 2
)): 

0 

extremum Y"' y0 , y~ > 0 is a maximum of the effective 
potential !or small enough values of lo I. 

5.4. So, at d -2 and d -3 the model considered needs 
only mass renormalization, this is the well known result. 

REFERENCES 

1. Zastavenko L.G. T.M.F., 1974, 20, p.57. 
2. Abers E.S., Lee B.M. Phys.Rep. (section C of Phys. 

Lett), 1973, No. 1. 
3. Zastavenko L.G. T.M.F., 1971, 7, p.20. 

Received by Publishing Department 
on May 17 1978. 

23 


