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Introduction

While investigating the ultraviolet asymptotics of the Green
functions it is neceseary to know the behaviour of the Gell-¥ann-
Low function or the /5 ~funotion in a theory. Usually for thia
purpose the standard perturbation theory (PT) in quantum field
theory is uwsed. Recently a remarkable progress has bean achieved
in caleulation of higher order PT contributions to the /aj —fune-
/1=3/

tion and a method of approximate estimations of large or-
ders has been developed /"5/.

In the present paper we consider what new information
comes from the progreses in calculations and theory for under-
standing the phymicel situstion in the effective charge behaviour
at emall distances, The examinamtion i1s carried out by the moat
studled example - acalar model (P‘i) .

It should be noted that this anslysis is alsc valid in the
theoriee with asymptotical freedom based on the Yang-Mille fislds
but in the Infrared region, The search of the ultraviolat stable

fixed point changes to the search of the infra-red one.

4
2, Perturbation Theory in "pfﬁ) Model

Consider the theory with the following intsraction Lagran-
glan
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K=" 5P =-79¢ (1)
in the four dimensional space-time,

New methods of Feynman integral evaluation developed in
recert yeurs allow us to calculate the [5 =function in thise
theory up to the 4-loop level,

Here one should note, however, that in PT calculations
beginning from the 3-loop level, the {b =functions depends on
the renormalization procedure and in different achemes the coefr-
ficients of PT seriee differ, beginning from the third one.
Besides, the renormalization group (RG) equaiions can be written
in different formes (in the lLie form or in the Oveiannikov-Callan-
Symanzik one)} and the /5 —-function in these formulationa
also differs in general, beginning from the third coefficient.
(For n detailed discuseion of this queztion see rof.‘,G/). Tois
does not, however, affect the physical effects since this reduces
to the redefinition of the physical charge.

We exploit the expresaion for the f_‘n ~function in the
model (1) obtained by using Bogolubov H-oparation with sub-
tractions at aymmetrical point P?:- ,\2 , 5= +=w-= —% )\z .
In this case the [3) ~funetions of the RG equations in the Lie and
Ovaiannikov-Callan-Symanzik forms coincide.

In the 4-loop approximation the Gell-Mann-low function of
the model (1) is 2/

P39 - T - msgmeng o

caleculated (year} 1972 1973 1977 Pevee

number of

diagrams 1 2 7 23 >50
4

The main diagrame which coniribute to the third and fourth
coefficienta in eq. (2) are represented in Fig,1.
3~loop
approximation
contribution to the {5—

function 38%, 62%.
number of divergent

subgraphs 0 2

4=loop

approximation

Contribution to the
f3 - function 437% 22% 20 12,

nunber of divergent

pubgraphs o 1 3 1

Pig.1

The given contributions to the /5 =function from wvarious
diagrams depend, in general, on the calculation gcheme. Thus in

the renormalization scheme with ultraviolet cut-off the (b —fune-~

tion of RG equation in the Oveiannikov form im /34
_3q2 17 4 >
Q=39 -% +20,840 -216,03G » - 3

and contributions from the glven diamgrams are 35%, 58% and 28%,

< 5%, 13% and 36%,respectively. Aas can be seen, the fact that
2h

n
in the theories like LP(:D) , where D= s for neoo
the main contribution to the Gell-Mann-Low function should come
from the diagrams with maximal symmetry without subgraphs 1t

is not yet seen for n=4, 30, what kind of informetlion about the

behaviour of function f},(g) follows from PT? We know 4 terms

of PT series which s (sa will be discussed below)} an asymptotic



geriegs of the Poincars type/B/. Then, limiting oursalves by the

first ¥ terms of the smerles we have -the remainder of series
R,Nﬂfg) = 0 ( g"“‘) . Morsover, by using the method of asymp-
totic estimates of the Gell-Mann-Low function coefficients, dis-
cugped in the next asection and asymptotic representation of the

fS -function {6) it is easy itoc show that the error is not lar~
ger than the first missed term of PT meries, i.sa.,

[5((3\_:2 ﬁn(‘g)n’t]{bm;ﬂwil. 4)

Conaider how far in we can move on knowing 4 terms

of the aeriss (4) with say 10% accuracy, The resulta are presen-
ted in Fig.2,

3
p(g)- 10 L Loop
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_Fig.2.
As can be seen, the forward motion into the reglon of large 5
is galowing down with every new term of PTraerios. Moreover, the

consideration of the 4-loop approximation does not give rize

to further progress since fo: 3 ~ 0,1 the contribution .- -

from the 4-loop term to the r.h.s., of eq. (2) becomes squal to
the one of 3=loop term, This is a commen feature of asymptotlc se-
ries with zero radiua of convergence.

Hence, further progress in PT calculations now does not
give new information akout function /5 (g) and the region

g:v { cannot be achieved in principle,Near the origin where
we know the funotion FS(S') 1% is poeitive and has no non-
trivial zero.

In this slightly dieappointing situation certain hopes for
clearing up the behaviour of fb(g) wore placed on the method
of asymptotic estimates of Gell-Mann-Low funoticn coefficients,
proposed by Lipatov/4/. Let us pee what new information gives us

this method,

3, Corrempondence to the asymptotice estimates,

The method for determination of asymptotic estimates to the
ooeffioients of the Oreen functions coupling constant expansion
is based on the functiooml integral representation and on the
procedure of the steepest deacent method in the functional space,
The saddle-polnt corresponds to the Euclidean classical solutions
to the equations of motion of the "instsnton™ type with finite
action, Using thie approach the asysmptotic expression for the
coefficients of [":: -funotion expansion in powars of 9 in
the model (1) wame obtained/‘l. It is of the form

-~ ?‘/z n
—~— — I i
o T, Pr=nn a_c(i+O(;\),
(5}
where a=4 , C= 41096 .
Analogous estimates for the ﬁb ~function in quantwm
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. -?5 s
statistics (model (P(i) } and for the ground state energy ‘ ! f _fl‘_m Na L
of the anharmonic oscillator in quantum mechanica (model (P[j) ) | 5 _ P N=2 D=4
were carried out in paper /5/. A didactic example i3 also the ; 125 Ne= B
| ! o
usual integral i R . s s . . R . -
presra : 1 £} 5 €& ¥ 3 1 n
o0 | o
2 4 1 05t
dx exp l— x - gx |
’ 0.5k
o -
4 a5t
being the zero~dimensional analog ( (‘Pt0)> of the !
oL
functional integral. Fig.4.
The comparieon of asymptoiic estimates with exact values
w i th
calculated using PT ie represented in Fig,3. ith l\f growing the situation is not improved thet reflects 8
—~ 2k fact that asymptotlc coefficienta decreese while exact ones
r%"' 135 LPZJ increase with increaaing N {gee ref./f‘/'/‘?/).
fon (D)
15 At the same time one should realize the relative character of
(25 P =1 such » comparison. Eq.{5) has accuracy O(‘Vh,) . It can be writ-
{ n ten down also in a slightly different form obtained from the
dispergion integral over the coupling constant, namely /9'1°/=
KLY
0 i
Qaz
a.5 o ~
dee  {1+06:z) = oo
0.5 fb(ﬂ) ~ 9, f—’n("g> )
- = (2-9) (-2) = '
ol
Pig.3. " — h
Pu= Tlret)a™c (1+0)). o
It can be seen that in the case D= (} aseymptotics sets in
rapidly, in the case D= 1 ,slower. As for the cases D=3 4 The differsnce betwsen the representations (5) and (7) 1a
for known values of fL  the asymptotics unlike the existing A ' due to the order 1/", which is unknown. This difference beco-
opinion, doea not yet set in, Consider for comparison the | mes small for large values of 1. but in the region where we
2 : -3 ~
N  -component model (LPQ'(PQ) , Q= 1,2,...,N in four epace ! work 1t is rather substantial. The ratio f-’n/ﬁ’u has the
dimenaionalSI. The ratios of asymptotic coefficients to the form
exact ones for various velues of N are plotted in Pig,4, 3
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A, ot ¥’ ‘J‘n|{2,?~ 6,F 45 3,6

The ratios [Fg,‘b/[’),L and f‘.')v,. /ﬂn. and the values of
funotion fu, are plotted in Fig,5.
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Pig,5,

Thus, for the optimal choice of asymptotic formulae we
need to know the term O (Vﬂ,)

However, for any choice of the term of the order 1/h the
desired asymptotica does not yet set in and the knowledge of
asymptotic coefficients does not mllow us to progress in conatruo-
ting the function (H(g) .

Nevertheless,the knowledge of insreasing character of the
PT cosfficlents gives us some usefull information, We apply 1t

in order %o conatruct the partial sum of PT seriss,

4, Summgtioh with the use of meymptotic estimates,

The factorial character of tue increamse of PT coafficients
obtained by the -asymptotic estimates method indicates that the
geries is asymptotic with the zerv radiue of convergence and

cannot be summed by usual methods. Inveatigations of the theory

10

of asymptoiic seriea indicate the opportunity to implement the
Borel summation nethod’®/ to the meries (5) and (7), This method
ig favoured by the fact that 1) in two-dimensional ¢onstructive
guantum f£ield theory modela/11/ and for the anharmonic osciliator
2/ the Borel summability ie proven , ii) the dispersion integ-
ral (6) reduces to the Borel type via the changs of integratiorn
variables and 1ii) the Borel "sum" is stable with respect %o
the addition of higher order terme of PT meries,

for all that the standard Borel method needs a slight
modification whose main purpose is to provide the decreasing
PT coefficients for the Borel trarsform and hence the nonzero
radlus of convergence, There sre possible various medifications

of the Borel tranaform, for inatance,

1/3 b (ko) (b,0) [.5 :
x 0 e
FDB@B: '3 e (8> Boo, Bo= e
[, b (6D (bb)
\‘%e TxBYB oo Bl = L

(8)

{92

]

or thelr combination
(o)

F>B(3>=§“L—g”°

whers o 1s arbitrary. We discues the optlmal cholce of o, below.

@ (ba) (e {10}

) (x,hx)ES(x) R = ——= 1

n r(fu-h- b~ O)Fb

For any b , according to (5), the PT series for the
Borel transform has nonzero circle of convergence and can be
spusmed inside this circle. Moreover, #q,.(5) shows us the posi- |
tion and charascter of the nearest singularity in the complex
plane of Borel variable 2 . Thus, choosing b in eqs.
(8-10) to be integer we obtain that the function 5“’?,)5) is
analytic inside the unit cizxcle with the cut starting from the

11
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aqﬁare-root branch point at =4 /13/. The complex x -plane

®
AR
/

Fig.6.

is presented in Pig,6.

Hance we obtain the series with unit cirele of cenvergence,
However, the integration region in eqa, (8-10) goes beyond this
circle, We perform the analytical continuation of the EghQJ
on the whole integration interval via the conformal mapping of
the cut ¢ -plane into interior of the unit cirele in the

114/

VW ~plane We choome the conformal mapping also in order to

provide the right singularity on the cut, The example of such =
mapping is

Viex -1

WXy = ———

Vvi+ e + 4

The complex W/ -plane i1s shown in Pig,7.

N
AP

CPig.7.

(11)

12

After the mapping one ahould expand the infegrand in_the
serise ovar W Lkeeping the same number of terms as in the ini-
tial fuzction f5( 3)

The conformal variable {11) possesass the fcllowing iampor-

tant proparty

M " rne ) &>t
W) = o & — 11+ 0%
;;Zl Yxr T{n+2) vz 2 i h)B;

2
fwixy] = Z o 3la 2 ) i+ O(‘/n)s

[wcm]" Z erefp s otm]

“7P {12)

’

It followsa that

N
PN{W3.—. Qo + G W+ - -+ QW —»

_‘—c—f‘x"{ _ » S
7 %J‘ﬁrn}h- o= 0y +20,+ -+ ASAyY (13)

Consequently, choosing in sqs, (8«10} b=5 , one tan
obtain asymptotics of fhn_ for large /. 1in a strict corres-
pondence with the Lipatov result (5) up to the numerical soeffi-
cient, and for the coeffloients of the series thers iz a aum
rule of the form

Qo-0y +2Q, + - -3 (—-)MNCLM = con.s'{‘ 4)
The procedurs desoribed containe an ambiguity connected with the

reexpansion of the Borel tranaform

(b) a3

b,
() = Z'—"C E’(

hy2 S (15

13



into the series over w , allowing the folleowing arbitrari-

neds
b,a) y bV v N (b, 3,V)
; 8 e n el
Wwr 2 (16)

where V is an arbitrary nunber.

So the summaticn procedure using the modified Borel method
and conformal mapping, contains the arbitrary parameters (b’a, v).
¥e have fixed one of them (}:\25) requiring the correspondence
wlth asymptotic expreasion (5). To choose the other paraneters

we have to involve gome exira censiderations,

5, Cholce of trensformation paramsters '

The choice of parameter a in eq. (10) is connected with the
corrections of order 1/n in asympiotic estlimates. In that cass

when they are unknown we shall follow another criterion, namely,
{(b,a)

n
decTeane more rapidly with the growth of w. The situation is that

we look for the value o when the terma of the geries B

with growing a. the terms of the series decrease faster and we
choose the maximal valae of a=b=5, In this cage, according to

eqa, (2) and (9), we have:
00
B dxe X9, ~ F 55
(’3(3§=§—3—E (x,;;c) B o(xy

(5,5 s 2 \ s (7

B = 128 x (4- D,033 X + 0,033 + 0,01 +)
(18)

The valus of parameter V in eq, (16) determines the

sasymptotics of {’:) ( g) for 3-—?00 . Hence for its choice

L

it is necessary to go beyond the weak coupling. As far as in the
CP(!:” model such an asymptotics is unknown, we shall determi-
ne the parameter V  from the requirement of minimal contribu-
tion of higher orders of PT series over W to the /55(3)
for large valuea of 3 . For this purpose we coneider ihe

following quantitiee
=

( Prer ()
7”1-4 g) - LB_ [55~‘83 ? (19)
where the function ﬁN (g) is obtained by using egs. (16),
{17) apd summation in eq,(16) is made up to N,

Ao a criterion for the choice of paraméeter ¥ , we require
pinimum of | PZ'Wi(%) | for large values of g . In favour of
thie eriterion the following example testifies,

Consider the quantum mechanica) problem of determination the
ground state energy of anbarmonic oecilliator ( (P(Jii) theory).
In this caese it is known that for H large the energy E(g)
behaves like 9”5 . At the same time the search of the mini-
pum of the quantities | 'Zwu(ﬂ)‘ leadas to the following re-
gults: For the value of parameter a equal to O and 1 the quantity

| YZHH.(Q)‘ for g: i has a sharp minimum for 0,2<V<0,4
that is in good agreement with 1/3, The values of the quantities

I ?‘Nﬂ_(g) | for various values of N are represented in Fig.B.

Besidea, the value of the ground state energy E (g)at 3=L
for these values of Vv is also very close to the known
value E(i)ﬁ 0,80'5. /12/.

We have perfémed the analogous analysia also for the model
with Gauseian propagator 115,16/ and for the relativietic Tomas-
Ferml aquation/w/, where the behaviocur for 9"' ©9 ia known,

Ir both cases we have observed a gharp minimum of quantities

15



I?NH_(Q)/ for the values of

asymptotica for g-» o2
A

0aa L

0.6 |-

in agreement with

Fig.8.

174

Plg.9.

16

The same situation takes place in the model (1},(2).
In Fig, 9 there are plotted the values of the quantities
ffz3[ , [I?‘,,] and }’Zf/ for ¥ in the interval {0+ 4)
at g =2 , The dotted lines denote the values of the coeffici-
~ (5,5v) _(5.5VY (55WV)
ents (16) normalized to the firat one, i.e., B, = By 2 e
A8 can be spen from the picture, the quantities llZN+]!g)|as
~s s
well as |E>,L lhave & sharp minimum st 4,F< v < 2,2 .
We have made analogous calculationa for other wvalues of parameter
a {a= o, 1,2,3 4) and have obtained the =ame re-
’ El
gulta, The change of value of (a does not effect
the mentioned property, as well,
Chooeing the value V=2 we come to the
following final representation of the partial sum for the F) ~

function
o

P9 =) e™ (=Y Beo,

B(xy = 2 SCZ( 1- 0,332w- Djl2}'w2+ 0,084 w:’+---)_ |
123 (20)

The values of /‘5 ( g)wﬂh due regard for the ona:fWthhree-
and four-loop approximations are plotted in PFig,10, All of them
lie in a narrow beam below the initial parabola and for the
accepted 10% accuracy allow us to come further into the region

g hand 50-

The obtained /’5 ~function has mesymptotice of the coeffi-
clente in the series OVergcoﬁmiding with that of 4/ and we can
get the right numerieal coefficient, saturating the sum rule
(14) by the first miessed term of PT series, For g — 09 the

(5 ~function behaves like 32 .

17
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We would like to note once more, that the conformal mapping
is not unique and our choice (11} is guided mainly by the corres-
pondenes with asymptotic estimates {5). Eq.(5) prompis another
form of conformal mapping, nemely W o= I:;E *). In
thie case the higher term of PT over XS destroys the
initia) asymptoticas (5), However, if the Borel transfoim parame-

ters &ra b=%, , Q=0 , V=2 , then the coefficients

')The authors express thelr gratitude to F,M.Dittes for supplying
with {he result of investigation of thim oppotunity.

18

of series rapidly decrease and the Gell-Mann-Low function up to

1% sccuracy coincidea with the obtained above (see Fig,10).

6, Conclusion

The resulte of the investigation performed can be summsrized

as follows:

(i) Calculations of the next orders of perturbation theory
themselves give no further advance to ithe larger values
of the coupling constant, This statement grounded in
detail below for the q74 model, is valid also in

other, more realistic wodels-apinor slectrodynamics and
Yang-Millas thecry.

(ii) The knowledge of expanaion coefficient asymptotics
allows one to establish the character of singularity
at the origin of coupling constant/10/. H6w=Ver, it
doea not allow one to obtain quantitative conclueions

/‘b(g) , for 37(5.

i,e.,1in the region of physical intereat /18/.

about the behaviour of

A combination of asymptotica coefficients ﬁgn
with exact values /5,L of low orders is a
tempting possibility astudied by & number of authors
/17’18’19/. The performed investlgation ashows that such
8 synthesis allows one to move forward more than by
two orders to the area of larger coupling constante
(from the valus g ‘l"q.'f. to 9250 at 10%
agturacy ).
(i1i) It should be emphasized that there 1s a ﬁoasibility-to
"guegs" the type of asymptotic for g_..cxv by
apprapriately choosing the parameter Y  under the

Borel integral.

19
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