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On the Structure of Non-Local Conservation Laws
in the Two-Dimensional Non-Linear o¢-Model

The naon-local conserved charges are supposed to satisfy a
special multiplicative law in the space of asymptotic states of the
non-linear o -model, This supposition leads to factorization equations
for two-particle scattering matrix elements and determines to some
extent the action of these charges in the asymptotic space, Their
conservation turns out to be consistent with the factorized § ~matrix
of the ngn-linear o ~model. It is shown also that the factorized sine-
Gordon S-mafrix is consistent with a similar family of conservation
laws,

The investigation has been performed at the- Laboratory
of Nuclear Problems, JINR,
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1. INTRODUCTION

The authors of a recent paper /1/ have discovered in the
classical version of the two-dimensional non-linear 6— model a
one-parameter family of non-local conserved charges. Let N-compo-
nent. field n- (X) 0,2{2’ f/ satisfy classical equations of this .
model: .

2.,.9 .. ’ ) .
Wh™+wn® =0
a
2. (n%) =1 |
[- X ¥

One can easily verify that in this case the matrlx
4

Q'(x,#/w) = Pe"PI_!'V;z.!CE/NZ'W%) J)_y‘, (1.2)
where ‘Z‘(X) are matrices with components

b.. nb;}'n“- (1.3)"
and the symbol -P meens ordering of matrix multiplication
along the integration contour in (1.2) from X to Y , for any

W  does not depend.on this contour. Therefore, under appro-
priate boundery conditions at infinity the followihg family of
charges is conserved:

Qatb\v) == Qab(—NJWIW). ‘ ' (1.4)

ab 4
Jo = nun



The integration contour in (1.4) is teken along the spatisl axis. .4
This family leads to the infinite sequence of conserved charges Q,,_

©o
- 1.5)
QW =) Q. w- |
n=0
The authors of Ref./1/ have noted also that being non-local,

these charges are not additive, instead they obey the following

multiplicative law: let the field n(x) configuration form at
any moment two well-separated waves: I’L(x) = Vl1(><) at X £ A

nx) = Vlz(x) at X2 B ana VL(x)=Const at A< x¢

Then
ab : b ’
Q (neo,w) = Z QM(HLCX),W)Q?(HZ(x)Jw). (1.6)

" In Ref./2/ the quantum analog QZ. of the antisymmetric

part of the classical charge Qz from (1.5) has been constructed

in the quantum non-linear O -model. It has been shown that the
congervation of this charge forbids multiple production in the
model and forces certain relations between two-partlcle scatter-
ing matrix elements. These relatlons turn out to coincide with
the factorization equations of the multiparticle non-linear Cs -
model S-matrix /3/.

In the present paper we assume an existence of the family of
conserved charges CQQ (w)in the quantum non-linear CS -model.
We suppoae also, that they satisfy a certain multiplicative law
which is a quantum version of Eq.(1.6). In Sec, 2 it is shown
that these suggestions 1lead to factorization equations for two-
particle matrix elements and fix to some extent the form of these
charges in the asymptotic space of scattering. In Sec.2 it is
demonstrated also that the factorized S-matrix is consistent
with this family of conserved charges.

In Sec. 3 we show that the factorized S-matrix of sine-
Gordon solitons is also consistent with a family of conserved
charges with close properties.

2. NON-LINEAR CS-MODEL. CONSERVED CHARGES

. The particle spectrum of the non-linear 6 - x;io_del consists
of N-component multiplet of massive particles which is transformed

by the vector representation of the iaotoplc group O(N) /3,6/.
Suppose, that the conserved charges CQ (\v) are traneformed as
tensors under orthogonal transformations and their actions in
the asymptotie space satisfy the following multiplicative law:
let RQLC,_; 3Cy ;e , Qgcx,out> be a k-particle out-state,
9- and C; being ~th particle rapldlty and the isotopic
index; QL< 9 <o < QK. A8 oo :, the epatlal coordinates of
particles .X are arranged in the order of rapidity growth

Xj_( X,_< ( XK . Then

(w), 9_{01; )chk) OLL{' ZQ(W) 191c1>Q(w)191C2> Q(W) , 9Kc“> (2' D
a.l Qg7

1f T - oo and in-states are under consideration the spatial
coordinates of particles and the1r rapidities are arranged in .
the inverse order. Therefore, if agein 91< 6, < 9 <- <9,< one
writes:

Q<w (6 Bec m} ZQ(w leici)Qov) BiCy)- ch) Toecs), (22)

- ak,i i
4

Taking' into account the isotopic covariance of the charge
Q%(W) and its conservation one has in general:

Qolaeh= £, 205°186)+ 00 05189+, Toae.

with indeterminate functions }4_ . }2 and 3[5 . The two-
particle scattering matrix has the following general form:

ab .
*) Charges Q (W) are supposed to be normalized Bo that

Q] 0) = 8*°|0).



0 eele (912) (91(31 he, owf[Qci,chm)
~(o) 5(8,-6,)5(6,- 6, [5'*5"1%1(9,2) e

1C
+ SCLCL5CZCZ éz<912) + 25 Os (9{2)]
where.g{?_"ez 91- " and . Q)Qi; 9>9.{

One can verify directly that the conservatlon of charges
CQ (ud in 2 —» 2 gcattering 1eads to the f0110w1ng relations:

[4(0)4,6)+f,0) 41(9‘)] 01(9-99 = {,6)4,(6)6,(9-8) (250

LLOLE)-1,©)6)] 65(0-8) = £,0)4,(8)6,(6-8) 2.0

[L@HE)-OH0)] Sulo-8) = ,0)5,(6)C5(6-8) (250

[7(5(9)42(9')-}1(9):‘3(9')] 6y (6-6) = [ £O)4,6) +f A+

HOLE VOO Ok G-0) + @

+L(0)£,6)6,(0-6),

where for the seke of brevity the arguments w near‘l's are |

omitted.
The general solution of Egs. (2.5a-c) depends on three

A » Yy end X& :

parsmeters

)\

65(9) = =6 (9) 61(9) =

” X-L96 () (2.6

RO = 3o 1a0) S 40 9 f6). @

Eq.(2.5d) leads to the following relation between parameters:

Yi+ ¥, = - -2)-‘-(/\/-2>‘ | ‘ (2.8)

Egs.(2.6) and (2.8) coincide with the multiparticle S-
matrix factorization equations of the nonlinear (O -model /3/.
Considering the crossing-symmetry relations

Gy(8) = 6, (im-)

(2.9
<f31(€0 (j% (er— 9)
one cbteins
A= /\/2 5 3/1 X;_-—-.7L' ’ (2.10)
so that only one parameter 32_— K;"-Jl X/ remains .

undetermlned and must be in some connectlon with the parameter
W of the corresponding charge. Flnally Eq.(2.3) acquires
the form:

Qt:’)lg,o = _J[i(wlp)[é-a‘,b) Bjc‘/'- (2.»1j.)
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To make sure that the conservation laws congidered are con-
sistent with the’ factorized multiparticle S-matrix it is conve-
nient to use its algebraic representation /3/. In this way the
states are repreaented by products of non-commutative symbols

c(Ev , corresponding to particles. The arrangement of the
symbols in these products corresponds to that of particles

along the spatial axis and their rearrangements (pair collisions)
can be carried out by means of:

Aes(@)Ae,(8) = 8 a Z AB)ALE)

(2.12)

 Gull) Aoy (5 A, () » Oy 8) A (6 e, (éi),

with the emplitudes Csi . Cjz and st defined by (2. 4)
In these terms Eqs.(2.1) and (2.2) can be replaced by:

(w)Aq(& -Ae (6) ZQ(W’Ac,@ Q(W)A SR Q(w) A . (6) (2.13)

ai Qy-q = 1

while Eq.(2.3) takes the form:

Qidu?)Ac(G) =J[1(“5 ), 5a:1c(9)"7(;('"59)50541)(9)*'7(:;("/9)6;)21(9). (2; 14)

Using these formulas it is easy to show that if Egs.(2.5) are
true, the operation of pair transposition of nelphbourlng symbols
is commutative with the action of the conserved charges (wo

3. CHARGES CONSERVED IN THE QUANTUM SINE-GORDON SCATTERING

The quantum sine-Gordon model is equivalent to the massive
Thirring model /7/ end therefore possesses the hidden internal
symmetry 0(2)=U(1). The masa spectrum of this model contains
both 0{(2)-charged particles, namely, massive soliton (A) and
corresponding antisoliton (X), and a number of their neutral
bound states /8/. The total sine-Gordon S-matrix is factorized
/4,5/ and its algebraic representation /4/ with non-commutative
symbols A (9) and 44(9) corrésponding to the soliton and
antisoliton, respectively, will be used throughout all the
following consideration. The commutation relations for these
symbols introduce two-particle soliton amplitudes S , f;j- and

Se : ,
ACoAG) = SCDAGIAL)
/Z\(ng@z): 5(911)/:(92)/?(91) BYERY!
Al6:) A(8,)= Sr(62) Z(Qz)A(Qi)a-gg(gﬂ)A (8)A(8s),

Suppose that in the model under conslderatlon there is a
one-parameter family of conserved charges- CQ (VV) which are
second rank O(2)-tensors and satisfy the multiplicative law,
described in the previous section (see Egs.(2.1) end (2.2)).
Their action on a one-particle state has the form of Eq.(2.14)
where real components of solitons /QQ_ ; 0. =1,2 are related
with charged solitons by: : )

,41+ zAz
/T = A1'1’42

(3.2)



ab
The second rank 0(2)-tensor (7  is reducible; it is
convenient to extract its irreducible componenta:

Q= Q“+ Q"
Q. -+(Q™Q%)

Qu = 501 Q% i 0% QY (.3'3’1

, M 22 12 2f
Q»fVZ(Q -R7-(Q -l )
Thén Eqs.(2.14).(3.2) and (3,3)»resu1f in

QuwIA(B) = Fo(w0)A()
Qo(w)A(0) = R, (w8) A LF)
Qi () AB) = Fi(wB) Alp)

Qi(W),Z(9)=—F(w'9)Z(9) - (3.4)

Qz(w) A(9)
Q.(w) A (6) = ﬂmmmw"
QW) A(B) = K(w p) A ()
Q—z(W)A ®)=0

where -

i

Fo(w8) = 24a(mB)+ (% 6) + 1, (w8)

Fa(w,8) = f,(w8)- £, (w 8)
Fo(w8) = f,(w0)+ £ (w8).

(3.5)

Straightforward celculations show that the conservation of
charges in two-particle collisions (3.1) requires three relestions

to be satisfied:

25(5)5(99‘55(9;9’)=.[5(9)5(95-5'(9}'5k99]sg (6-6)  Guse)

[ @)+ R6)S:6-8) « £ ) (0)- F(e)]SR(e )= Goow

S ORACHACNCE 9)

(@0 E)5x(6-6)+ RO)EE)- {-;(9)]57(9 6 s e
(e[F(9)+m9)]5(9 ). - |

The general Bolution of this system depends on three parameters
and hes the form: . = -

5@+ Sr®)  ShA(EE)
Sa(6) ShAd

(3.7
S®)-Sr6) _ Chi(B+3)
Sgi(e) 4 ChAd
where ) and 8 are parameters and
R6) _ Shi(8+y)
l:2-(9) Shis (3.8) |

RO _ Ch)6)
5,0)  ChA?

where is the third parameter, somehow connected with the
charge parameter W | Egs.(3.7) are equivalent to the factoriza-
tion equétions of the multipérticle"Sine-Gordon soliton S-matrix
/4,5,9/. Therefore the factorized sine-Gordon S-matrix is con-~

Y



sistent with thq‘conservation laws of the type considered,
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