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Hanb T. E2 - 11388 

HccnenosaHHe cnoHTBHHO aapymeHHhiX Kanu5poao"tJHbiX TeopuH. 
lfl ... TpeX- H qeTbipeXTO'tJ6'lfHbi6 ¢lyHKllHH H TIOCTOSIHHbi6 nepeHOpMHpOBK 

¢epMHOH-6oaoHHbie TpexTo'Lie'IHbie ¢yHKUHH o6weii CHKT Bbit.tHcneHhi 

B O.llHOITeTneBOM npH6nH>K9ijHHi OHH y.llOBJleTBOpHIOT COOTBeTCTBYlOlllHM TO)K

Jl9CTBBM Y opna-T 8K8X8IIIH. noK838HO, qTO K8JIH6pOBO'IHO HHB8pH8HTHbi6 KOHTp-1 

'IJI6Hbi, KOTOpbl9 6binH BBe.ll6Hbl paHbllle, ,aeJISlOT TeOpHIO KOHe'-lHOH. PeHOpMa

JIH38UHOHHbie KOHCTSHTbl H M8CCOBbl6 KOHTp'IJieHbi nonyqeHbl ITO M6TO.lly 

1 TXoo¢Ta. 

p a6oTa BbiTIOJIHeHa B na6opaTopH H TeopeTn:qecKOH !PH3HKH Ovt fiVI. 

npenpHHT 06bellHHeHHOrO KHCTH17T8 S!)lepHblX HCCnenOB8HKH. Jly6H8 1978 

Nagy T, E2 - 11~88 

Investigation of Spontaneously Broken Gauge Theories 
III, Three- and Four-Point Functions and Renormalization 
Constants 

The fermion-boson three-point functions of a general SBGT 
are calculated in one-loop approximation,: they satisfy the correspon
ding VVT identities, It is checked that the gauge invariant counter
terms introduced earlier make the theory finite and the renorrna.liza
tion constants and ma.ss counterterms are given by t-tsing 't Hoeft's 

prescription. 

k The investigation has been performed at the Laboratory of 
r~heoretical Physics, JINR, 

Preprint of the Joint lnsti lute for Nuclear Research. Dubno 1978 
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I. Introduction 

In two previous papers (hereafter r~ferred to as I and II/1/) 

we discussed the structure and the renormalisation of general 

spontaneously broken gauge theories and gave the generating 

functional of the proper Green functions and two-point functions 

of the theory in one-loop approximation (II). In this Part we 

deal ~ith the three- and four-point functions. The complete 

expression is given only for the fermion-boson vertices (Sec.II), 

and we diseuse the jmplementation of the renormalization scheme 

we use in Sec. III where we list also the renormalization cons-

tante and mass counterte:nns determined from the pole terms of 

the appropriate proper Green functions, 

II. The fermion-boson vertices 

b;r 

The ~eneral form of the three-point amplitudes is given 

9 ) of II. Below we write down the explieit expre•sion• 

of tae feraion-vector and feraion-•calar proper Green functions 

one get• after the .. aentua inte~ation; the rather lengthy 

gauge dependent terma are oaitted, thus the expres•ion• are 
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valid for \ : o (Landau gauge). Similarly to the notations 

of II let us introduce the quantity 

"l......,~ (."""''•"\:) = ... c. ... ~ .. c.. ... """- .... "'"-c.,"") + tc. .. :--""~ +'1•-~o."")• 
•l .. ~•t(>)~ 

( 1 ) 

where ~ ... , ""t. , ""'c. may refer to any mass, r 
(\ 

• 'I and ~ 

are ex:ternal momenta. With an infrared cut-off we write 

't 
0 1Uo c. c. ~o_ lc. • c; 1: I ~e.~ c. 

I 

.. ,.._-lc. 
c.~c.,~t·,c;l:) rtl,.-~) 

E. lc. l"-\ 
~c. 

E:..lt.) 
G.~. c.. 

£ "lt.) 
at.!. c. 

F "- (Cl\ 

01 ~c. 

"1. 

O~c.) 
.: \ .. 
.~ ... lD 
"-"".. lt'ot. 

- -·- ( o" <... \ - ,._ ... _ ... C' 0.1\C. - Dcu,.c. I 

I c. o~h - o~-.c. ) ~ 

t-."'" _ ... , ... 

- I (Die. p '- D'- -1- It 
-ll\'\._,..""1.)(/\"1.-"";) 0..1\/\- o..l\c- a.C.I\ DO.Ioc.) 

F '< tl.) - I ( It 't ..._ ~ 
(>..Lc. - (f\...._ .. , .... )C.I\~-~~>0:) bl\q,l\- C>G-~1\ -DI\I.c. + Do..~oc.) 

F '\.lt..) , 

. ~"c. -
t 

C. o" " ~ . C.f\~- ""o."')(r(•_.,..~) 1\1\c. - \)1\l.c.- Dl).,'-' + D ~t.) . 

(2.a) 

(2.b) 

(2 .c) 

(2.d) 

(2, e) 

(2. f) 

(2. g) 

fn (2,b-g) the arguments are the HC~me as in (:?.a). li'or other 

notatior•s we refer to II. ,ve remark only that " t-' denotes 

the feru ion-vector coup 1 ing in the rep r·esentation ·.vhere the 

fetmior, ·nasa matrix: 'W\ hao the clia~~or:al fon1 ,:._ = w .. "" 1,.;) ~ 

N:.ile L·:· .ill momenta f. = '\ .. p ~ ? o. , ;'\ "' ard :\:"' 

"''e i'"'' )e,· t •ons to the vector, s-:alar :..r:.l feruLw :'ields, 

:--eapec·~:;ely, with a e;iven masiJ 'M"" 
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With these notations the expressions for the fermion-

vector proper Green functions (counterterms + one-loop corrections) 

are: 

r~ltq_'-\ = t~otr-~1. +(-:t,-e")"f\}"l"~,. ~ 
'\\. "''1. • ... 

\-;,;- .. \d.,.~ J.t ;:; U\ ~ <.rf.\~t; -.~:) ~ r'l)."' t~~lri \-l)\ .. 0 > 
'""'") o b IJ ) 

where r. and r'L are the contributions of the diaerama 

(1) and (2), respectively, in Fig.1. 

~lL:) .6. ( 'Z.) 

Fig.1. 

r\ ~ (po_l..·, r..~: \ = 2D"o.._c. t¥>~1.·,t.t )t ft.lto.. t (\'1.-L )C.U:+~).\,o()"(.:_.~h 
,... ,. ,.. .... ,.. ,.. ,. ,.. ,. ,... ,.. ,... .,. ,. 

~'2.l~.~o.t-u.)~t"l to~, +~'l"-t ... c. ... _'lt)v.-'1(w.-~o.\"\ -l:ot. 
" ,.. ,. ,.. 

-V· t.,._ (~.~o.-q)"\l'ltc.-lf. • 

• r"' (t c.. l ~- ~ ) "~ t ,c 'It, r-, 1 "" 
'1 r ;:- "' " " -+ Oo..c.c.lpqlc\'-t)<~,_(>A.-1)(\\.·4)-(I.tto...._ ~-''ltc.~f.+ 

~ 1\ ,.. '\. 

+- t \\- '2.) r~o tt o. t. "' 'l"" tt c. r"' ~ • 
n '\tfo,) ;- • ,. "' " 1 " ,. ) ,. f 

+"E. ~c. c.,r.,lc. ·,H) tt.ll:o. '6 (,,.. +~)'~ ~"' '-""---, ~ Ttc,, \ ~ 
'Z.~~ r " ~ 2. E l(l ~I. ', ~ 1: ) >t l !to. C ( 14- 'Z.) (.;,. - ~ )-1: ,c 'l to ( IZ. + ~ ) • o-•c. \ 

.. "1:)" -'2'(~"-li41Yo,t""-"', + 
.. 2 t;. - ~ '> Q. "("' .( ~ l1t' e. ~c. 
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1" .,. l . ) ,. (3. a) 
~,. ~o,\i\~ -~!'> tt., { 41)~t.lfQ,~·.~\:)t"\ .. (~~~)'-

•" t f\ • ). I» 'L \1- \" I" \ )~'- ( • I' - ... ""'"''\ "l 4-lo. -\c. "'+ ;:z,Lu.u ~-~~ 

-\-(.¥.-.,)l~--!.))1-

-'2C.--.-\)D~r_lpQ.I&\~t))"""' 

"'. "'"\to.-.. ) r ,. " ~" "' • "' ~o.\c.C..'tCI.'-;"-t \. 'c~.~o u.<..~M•f\"'6 -~ fU. \.1.-

~ " .. ~ " -t l '(, +'-" ') '"" l \ - t 't"" + (.:. ~ ~ ) lc. ) l + 

I. ~ '\(!,. ') l . ) ,... lA ,. • > 
~ "'\ ~ 04t. t". It~~ t ... v. ~ '6 ("- .:.. ) 'I( - " ... ~,.. ')( -

- ~ (. H \J. ) I" l ~ -1- 1.q 'IC + ~ ( ~ • ~ l); l " 
- E'tto.. '\ t. ) " .. o.Atc. •o.~\ .. ~: C~~c:l~•~'~"',.+'IC(~+~1"'"' + 

"''("'l~+~'\..t ~ 'l.'IC"' (.'l~ _.;.,) + """ (.~ -'l.:..)- '\,,..) + 

~ ~ ~ ~ L ~a." ._ ~ t ) r "' '6 I" t ...:. -~ ) c + "' ... c ~ -~ ) c + 
+ ~(~-~ )1 \" "''l. .... "" ('l<\ ... ~) - lc.'" (~"''~) -1- \' 'I"'"J ~ 

"' ... 1.,...\{C.) ,. )',. "). 'i r ().(I.e. (.(>C. ... \ <;t) ~4..c)'" \.>. ('\_ ~ -'l.""' 'I< ~ 

... \. 'l.t!o.) ) I" , " " .. ) " " (."' " " .... ' ... + -:;. 'i= ~ t. <..'fa. ... i \ t t " '1,.., -~ + 'f lC. + u. ....... -~ + ~ l' + 

""L~• ... '\'~" t¥~-...: + ~ t4-~))lF., tPc.T.c'Po.'l"cl\"' 

+ f~' \'1''- z '2. t>l~oc.c.,o. ~ ~ .;~ )~ lA.,.. ---"'"c.~~~ n + 
<~-'2.-E'~~'c. t~o,~~\-4:) v.."'~ t.:..~~)-
.,.tlo.' ) I" • ,.,"\.... - ) - '"'..,-.'" c.•o."'~~'t "1 tw. +", ~ ~, tnc.~,. ~o. t(\ + 

" "' r'~ Itt. ~ 'lt>~t.lf~" i ~\ \C t~-~-~ )'I'"- -.."1 + 

+ 't ~'\I.e:) Lt t.l. \ \ ~~ ')'It~" C.~ - ..t. ) ~ + 
GAo' "\ 

"'E~~ t~~~i ~~) t:.-~'~"'"''\tf~LI\.-. no. )1\\ ... 

~ r,tt" -\'lt>lc.c.l'l~~..., .. ~)lu..u)"'t~""..:..)-
'\ '1. " -'2.o~t.c.'IC4.'-~~~'\V \r~ lnc.~ .. no.)i~ 

(3. b) 
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:J ., 

, I 
t\ 

Here 'It , "\ and -v.. 

external momenta: 

are the following combinations of the 

~: ~ ~t' "\ = 'It -q \ \A. = 'I( ~It 
(4) 

For the fermion-scalar vert·ex we have: 

') "'" . \ ro, t~o. ..._ \ =- f\~ + !.- \ J.~ ~cl.k;:; ( ~; l'o.";~"') + 
1.('h)" .. " 

~ f'l~ tpc., "i r.~) )w 
(5) 

where r' and r"'\. are again the contributions of the 

corresponding diagrams in Fig. 1 and are given by the expressions 

r,, c.,c.e.'<;fat-'1= zo'!u.e..t,o.'<ico~)~.f"tto..r~ c....c..c."tf.7 t.:.._:_ 
'2.t •• , .. ~ ;. l" ~)" "c.",,,..,, - ""'"""')'It,., -'2··.; W.-ll. .... 4 '1 W.-1411", ~ 

~ ~ ~ ~ ~ 
-~-t"~l ... -c.,)'1"11tc.~"-

1:. ... " 
_, ... \tt..l~-C. )t'~ <.-!.-~ )ttc. \"" 1 ~ 

+ o~ .. c. t,~\;~~).( ..... r._~tc.r, 4 r,_ -
- '1\.lv.-~):r._ !tc.. r.~ 'll.c.~le "\ 

,.., e:,l' ') ) r " • • ,. ,.. -" o.'t. L~'l~c ·, ... t "'-~"~to.'-\ tiM+-~ )r~ .. 
(. .. . ' .. ... "\. 

" -....-'l•"\1tc."\.f. l~ 
"' E'l.lC.) ) 'i' " + o.,c.t\H-\Iti~~ "-C.'Itc...(_'ll.(~-·\{\.; (~~~)\-

~'2.((.p-~)qr; +(\c.:.-~\rl"\r .. ~, 

~~ ltql..·, "") = t I:" .t ~t>~ .. c. l~ ~~.\ ... ~ \ r ~-~ -1-lv.-~)t~-~ )l <5
·a) 

'e: '\t .. ) ) ,.. ,. "''\ .. ,. \. ,.. "'\ ~ ~-.-.c. (.' t.l, ~ .. ~ .... \. i. ~ '2 ~ u. + ( 1M" p lit .) ~ 

~~~~-~c.,c.,~; .. t)C~-tq')l .r,.Cc~-..:..)"\.; + 
~t c."' • '11.0.' (. l ) ,. +Eo.t.c.t.'l,lc.·,.:._I:)C~,-'Eo.-.c. ~c.."·l-.~ ~~ 

+ ~~'!:~~ t\'o,lc.·,t.\:.)~ l'2.~ ·~-~ )~-
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- ~~!l"~ ll'ct" ~--~ )t~.t. tr ~-; (~-~)'")'\~(\ (?,~'P•)t-" 
;: r ~ ~" ..... 

+-t,r.'lt .. "'"~oo.A.c.{¥~"i"I::)\"C... -"-<-...·~n .. 
+- 4 e"\~~~ C.\'~lt·,\1::) ~o.~o. ~c..:. ... -;) -

-'2.E~~~(\'~1t·,\1:)( l~\-~)1 ~\(!lc.~\?r. )iJ ~ 
+f.\ t\" .(,4 ol..t.tt~'<-.~~)C<.IZ. ... ~)( -~o.x '1 +-

+~E~~ <.t~lo.;\1:::) '-.'JC. C~-~ )-t ~ 
+te.~~ <.~~ .... i~~) l~-~\t;t,~({>c.~\l'\o.),.~i<5.b) 

' " + r ~ '( .. ~ 'D ;,..., <. ~ ~ 1.. i ~ ~ '\l ~ +- ~) {\ l n c."'\ no.)~) . 

In order to check our calculations we have satisfied 

ourselves that the expreasions (3) and (5) satisfy the 

identities (37,a) of I, written for the spontaneously broken 

case and for the renoraalized functions: 

:r,~"' t~c.""') 1..r rt t·(~1:4.\) +~;.,.t~"')r~, t~a.l.): 
= r~(~) tC.c, c~~~c.)•t~,_o.co,~")r~t-a.) 

where 
'I.) _, 

7,,~.l~"") : !,t,t' (.1,"') C.,t'~ (.1., ~\~ (""') 1 

(6) 

r" (\ \ rt ' \'~ i and coli are the corresponding proper two-point 

functions of the theory, and 'L • ,1. c. is defined by the 

equation 

i. """l' .., c. 't•' C.' ,_c 
-,;('" ~4(1>"\'C'rel '- = ole. "'"''"'' 

(cf. Ea.u..., «; 
, 

04) and (47) in I) with ~\ the ghost vertex 

renormalization constant and "i-rio\" .. ._ the ghoet-tel'lllion 

!our-point function. Por the one-loop approximation ~,.cl' a.' 
can be taken from the diagrams of Pig.2. 

I 

i 

G.:r 

~ 

C."' 

" 
Fig.2. 

"l' 
0. 

"' 

We note that for off-mass-shell external momenta there 

are no infrared divergencies and we can satisfy (6) by dropping 

all terms proportional to the l R cut-off 1\ 

In a later publication we shall use r ~ to calculate 

the general weak correct ion to the ~- '2. factor of the muon. 

Here we state only that our results are in agreement with the 

values obtained in special spontaneously broken gauge theory 
-· ) : i ., 'J;' 

models(' --• ' cf. also' ' ). 

III. Renormalization constants and maaa counterterms 

rn this section we briefly discuss the choice of the 

counter terms and the re,J.lization of the renormaliz;ation proce-

dure described in I. A very simple prescription for the counter

terms has been proposed by 1 t Hooft /G/: one chooses them so 

as to just kill the pole terms in the dimensionally regularized 

Green functions. This method has the advantage that the renor-

malization constants are mass independent and the treatment of 

tne renormalization group equations becomes much simpler (/(,/; 

aee .1lao 171 ). 

From ( 9 ) and ( 1C1 ) of U one can easily determir.e the 

pole tenna also for the Green functions we have not dis::ucEle•l 
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so far and convince oneself that the counterterms written down 

in the Appendix of I will indeed eliminate all divergencies. We 

want to comment only one point here: the choice of the mass 

counterterm ~I""\. and that of b '>- , the finite change in the 

scalar vacuum expectation value. According to I they have to be 

adjusted so as to make to vanish either f' '·') or the trans-
' 

versal part of the inverse scalar propagator at ~ :: o 

After taking into account all vertex counterterms the {; !"' "L 

given below, makes finite both f''~) and I';~ • This b!"''l. 

is G -synunetric and independent of '\ and \ • Then we 

are left with a finite f' C~) 
' 

\'. ~ ..... 
' 

c::; ~ " 

-::.-l\"''1&'/.\~+c;~ 

'?l;tt ... ,.., r_ ""'"\.~~:~·.-vii._ - \;"' .... "'(~ -'2..:.."r; _ 
_ .... ;:fL,.,w.; (~Pc..{~,~~<"'\"f.-..-0.~"1:

-'?.IT._~ f.,')~~ r.,"' \~\~ \ '"\ • 

From here we get 

b"f.~ ""P.-t~ <;~ 
and it is easy to show that with this 6~ 

r ~ i <.. ~ ,; o 1 ~~, i-.. l,.., ~ b ").-.. 1 .. o . 

Since " 
T, ~t-'I'I.{,);J.... '\;."-~"'"l'' -l.~"r, +lN..,..,\\"';~ 1 = 

I I) j I' .. ._ "... '\ 1.-=~i').:"'~"" +l"'-""' -~'-"\~r-~1 

(7) 

(8) 

and the trace on the right-hand side is a fourth order invariant 

polynomial in '). (cf. 181), this part of S ~ gi vee a contri-

bution to 't" 
in (I.l6) which can be taken into account by 

finite renoraalizations of the couplings of the scalar self 

interaction Pt~) ; the IR term disappears in the Landau gauge. 
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l, , 

Below we give the list of the renormalization constants 

and ~:P..ss counterterms obtained by using the prescription of 161 

and w!".::_ch car: be used for t!':e re~or::calizat::_cr: group equations as 

described in 16•71. (Note that for the fermion operators the 

Dirac trace is not separated in these expressions). 

""i: ~ \.;. (\ .,&,~.n.- ~ T..,[(~-l,)To(\1'--l::,"~l\--:!-t"'tl'~ 
\' .. '!1'1.( ..... -"') .. ~ ' ") 

1!,,~(\ = &~(\ _ 1 T,. (( ~-1\)To(in.-l\r,~."n.-!:t,.,tp.\ 
\b!\'1.("--"'> ~ 1. I. ; \' :. 

I 'I' - - ' ~'t:.~+.,_ .... ,,.,.)(C':'i"~ +'2..\o~.(\~(\to( I 

1... ~ & .. ~ \ ,.. t ( '2. ~ -" \ ':}. ~ .... \'· \' .+ , 
'\ , \ \ (.. ~ '\ (."'--'<) ~ ' I , , \ } 

~.' 
l " 

\'· - I r ,.., + r -, ....... ) 1. 'l,~._("~ ._ -C.,-t,.\';1:,.. -T-.(~:J;.JQ.'il\ 

-\ .. (\ <..1':4:~\:,_ .... ~ .. ~(\\': )l 
~\\'< -C..·· ---~--- '\"' -\l.u"'t~-~.t) 1";t_ C~c;~i~c.-1""or,~'i'~l'.,•-\;)-\c\:Jit.l 

,,v .. 
I \ ( 

\C.n"'( ... -1<) T" ~ .... ( 'i ~'\ ~lo.l _. "H~;·\"\.C.~~o.~t')-
\,\,"-,l. I + ~ I . • -;,r>,r~ r'~,rt --=i ~- \ ,)1 ~~c.tl 

~\'-.L" ~;\t..t. 

'1. \ 
t;\"•'::- -.,-,-'\ T, ( b~~':r;\Joo"'- ~'\i>"" -e..,c.; +'2.""~"'-o..., 

'\ \(,. ~ .._.._ .... J o I ' • • 

.. ( i't r \ ..,.. ~"\''· f' ~ ) + 2 ...... r , ... "'• I'~+ -

- ~ ( ~ • .,,"' f\ r ~" + r, r.: t'; 1e. \ > ) 
b-..= - 1~,~"'c."'~Cr.t,w..,-~:,. -1\'\w.:I\-~C.-...1\'•r.:.+r;t\"w. .. )l 
7~,.t(\ : 0~!\- ""l"l~-~) T, (1/1.- \~ lT.til\ (9) 

As it can be seen, the mass counterterms are independent of the 

gauge parameter ~ 
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