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ITony6apuHos H.B, 

E2 - 11169 
MaTpH'EJHbI8 H aaanHTH'rleCKHe npei:tCTaBneHHH AJISI KBSTepHHOHOB 
H OKTOHHOHOB • I • 

nns1 KBaTepHHOHOB (MaTpHUbl ITaynH AnH CllHHa 1/2 ) H OKTOHHOHOB 

(KOTOpbl8 B nocne)lHee BpeMSI IlbITSIOTCH HCilO.llb30B8Tb !l.llH 06'bHCH0HHH KBap

KOBOli CTpyKTypb!) IlOCTpoeHbl 0'10Hb npoCTb!M cnoco6oM MaTpH'IHbie H aHa

nHTH'EJ8CKHe npe,llcraaneHHH a CMhicne reopaa npe,qcraaneaua .QupaKa. Oau 
npe,llH83HS'll8Hbl .nns:r ¢opManH3M8 MSTPHUbl nnoTHOCTH. 0xTOHHOHHbl8 MSTPHUbJ 

YllOBneTaopmoT MOAH¢HUHp0B8HHOli (no cpaBH0HHro C anre6pol! OKTOHHOHOB) 

SCCOUHSTHBHOii anret5pe. AaanHTH'leCKHe npe_qcraaneHHSI auanorH"IHbl npeACTBB

neHmo BHrHepa H npe/lCTaBneHHIO KorepeHTHb!X COCTOS!Hllli 11nS1 o6bl'IHOli KBaH

TOBOli MeXaHHKH 6eCCilHHOBblX 'IBCTHU. ITpocTeliwHli BapllaHT OKTOHHOHHOli 

KBBHTOBOtt M8XBHHKH, BKJllO'EJBH YPBBH8HHH ltBH*8HHH !l.llR oneparopa nnoTHOCTH 

H Ha6nIOJl88MbIX, c¢,opMynHp0B8H BH81:J:8.ll8 npSIMO Ha H3bIKe OKTOHHOHOB, a aa

T8M npeo6pa30B8H B YK838HHh18 npe,ClCTaaneHHH. 

Pa6oTa BhmonHeHa B Jla6opaTopm, TeopeTa'!ecKoli <l>H3HKH ·ottHH, 

Coo6IUeHae O61.e.11aaeaaoro HHCTHTYTa •.11epawx accne.110BaJ1ali • .l{y6aa 1978 
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Matrix and Analytic Representations of Quaternions and 
Octonions. I. 

Matrix and analytic representations (in the sense of the Dirac 
representation theory) are constructed in a very simple way for qua
ternions (Pauli spin 1/2 operators) and octonions. They are appli
cable in the density matrix formalism. The octonion matrices satisfy 
a modified (with respect to the octonion algebra) associative algebra, 
The analytic representations are similar to the Wigner and coherent 
state representations in quantum mechanics of spinless particles. 
A simplest case of octonion quantum mecha.nics is formulated, includ 
ing equations of motion, at first, directly in terms of octonions, and 
then is transformed into the representations under consideration. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JlNR. 
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_I. Dr.rRODUC~ION 

The Dirac representation theory 111 deals usuall7 with a 
description in terms of amplitudes. Representations of another 
kind are possible, which use the density matrix terms and, e.g., 
aro close to the classical description of angular momentum, and 
relative to phase space representations in quantum mechanics of 
spinless particles, such as the Wigner and coherent state 
representations. Here we generate in a very simple way, along the 
line of the Dil't\C representation theory, similar matrix and 
analytic (continuousY representations for spinf, i.e. for qua
ternions (Sec. 2) and for octonions (Sec. 3). The algebra of 
octonion SJCB matrix representatives certainly differs from the 
octonion algebra. One can say that the latter maslca an additional 
term of the matrix algebra (see eqs. (73) and (74)¾ by means of 
the non-aasociativit7 {like the Jordan algebra does with the 
non-commutativit7). · 

Iote, that the mathematical thee17 ef continuous re-
preaent&tieaa was elaborated b7 J.R.naudei/21. Spin coherent 
states and generalizations on other classical groups were conside
red in J•t•rs/3 ,4( Inveatigating the quark structure, P.Gurae7 
et al.I - 11ertenaivel.y develop now SJ]lllllatry and quantum-mechani
cal upeots of emeptio:cal groups based on the octonion algebra. 
In particular, 8Jc8 matrix representation of octoniona was also 
oomidered/6/, but approach and comtruction were different. 

In Sec. 4 we appl7 the concepta of Sec. 3 to the simplest 
cue of octonion quantum mechanics. The correaponding r-num.ber 
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system was proposed by P.Jordd12{ but it is not exceptional 
quantum mechanios of Jordan, Neumann and Wigner1'1'! At first, 
we construct the octonion quantum mechanics directly in terms of 
octonions, and define the density operator and equations of mo
tion for it and for other operators ,i.e.,, analogs of Born-Jordan
Dirac and Neumann (Liouville) equatio~s. The Jordan algebra is 
not used. All octonion unite are treated alike (the unit e~ is 
not isolated), and the usual imaginary unit t is used to 
make "observables" e;. Hermitian. Then we transform the octoni-
on quantum mechanics into the representations under consider-
ation, and, in particular, write Liouville equations for the 
quaternions and octonions. 

2. REPRESENTATIONS OF QUATERNIONS (PAULI MATRICES). 

We start with the completeness relation for Pauli opin i 
matrices 

leoll©\le.o\ = i (leol@\leo\l- l~il@lle.tli)= (1.a) 

= ~" \ d;Cl S (a..~-1) \ l.Y(a.)I © I\U(a.)\I , 
(1. b) 

which is written in terms of quaternion units: 

e;~eo, €t =:-eo, e;e.j =-~ijeo+E.ijlc. e.lc. (i,i,"-=1,'2.,'~) (2) 

with quaternion conjugation ei. - e-i. =-e;. • We can return 
to the Pauli matrices 6't by the substitution 

e- =-i.5-
.l .l (J) 

In eq. ( 1. b) 52."I-= <.l:rt'l. is the surface of the unit 4-dimensi-
onal sphere, lJ'(CL) is the rotation matrix in the form of· 

. """) 1 'l. ... 2. the ''matrix, associated with the vector" ct,-=(llo7C1. ,a:J'=Cl..l'a,.=-a,;+a., 
f=-0,-t,'l.,~, 

U(CL) = O..oeo + a., e.i,::: a.,..er . (4) 
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In-eqs. (1) we employ indexless matrix notation, using single 
and double vertical lines. It is easy to reproduce index notati
ons, "e.g., if' I e,(©He\U is translated to be (e;,)d-f,(et)y0 , 
then \e0 \101\e 0 l means b~'Sb'6r,' ~ In eq. (1.b) it is 
explicitly stressed that we deal with integration over the group 
0(4). The Olinda Rodrigues parameters OLJ' are in ~ relations. 
more convenient than angles (the Euler angles and 0thers/l4,l5I). 
The integral over a.,.. is trivial 0J'a. 0(<1~-i)c:t.ato.>..=1, 'iiail.Sllt), 
and eq. (1.b) reduces to eq. (1.a). 

Usual derivation of the completeness relation begins with 
the proof that ~dilf(1,)PU(t) or e.r4 'f' e~ is a constant 
multiple of the unit ea whatever the matrix f' =Ceoe0 +qei. , 
is. Note that this fact is a simple consequence of the identities 

ei e.c, e-i = -3 E?.o , 

Really, the terms with 

ei el ei = e.! • 

. c.j cancel,: and .we have 

e 0 Pe0 - e.1.Pet = 4c.0 ~o=~'r"L'P . 

(5) 

(6) 

With such a normalization the trace turns out to be the real part 
of quaternion (Tr•Re) (The definition independent of dimen-
sionality of representative matrices). Equation (1.a) follows 

4 . F from eq. (6) by substituting for all possible matrices with 
all but one zero entries. 

In this simple way one can obtain analogs of eqs. (6) and 
(8) (main consequences of eq. (1.a)) for other complete matrix 
sets (e.g., for 4x4 ~ -matrices), and for some non-complete 
matrix sets (see, e.g. eqs. (17) and (18)), and also for the 
octonions (eqs. (62).and (66)). 

Now we proceed to consider representations. 
A) "r"t(er F) . (7) 

Any operator P (2x2 matrix) is completely defined by the rep
resentative (7)(~4-vector "), since according to eq. (1.a) 

t' = e.t' 'l\.(~t' 'P) (8) 

(the reconstruction theorem). The multiplications of 'P by ee, 
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on the lett or right may be written, using (J),as operators, ac
ting on the representative (7) 

1\. ~~ ee. F) = ( 61Q.t.bfi0-b•01)lr + Eo~t~'f 't.!tt -P)=(e~)xr,'11'l.~l} 
'r"'-l~'f'et) = ('b~t1>tto-<oae~ftt-to,e.t~1\.{e.,J')=(e.t).it.}'1"l..(er"P) • 

{10) 
Hence the lett and the right representatives ot el are found 
to be 

(e.b~r='ii-ae.tbjt0-'6~obtt'+E..oae.t~ = T"C..(.e'<l«-e.e..e.J"), (11) 

(el:)-x.)'\ = '8~e..br,0-b~0 be_!'-E..0ae.t~ = 'T''t.(~e}'\ ee..), (12) 

where the last expressions follow from eqs. (9) and (10), put
ting "P =~r . Now any operator~· constructed out of quaternions 

e;_ , and any equations for such operators may be written in 
terms of these representatives (see Sec.4). The re~resentative 
(7) may be uaed tor density matrix (P = f) , and 
eqs. (11), (12) tor operators (observables), acting on it (e.g., 
Hamiltonian). As a general rule for all representations, the left 
representatives are multiplied in the same order as e;_ , but 
right ones in the inverse order. · f. 

The above representatives and the matrix 'l:=½ (eo+etei) 
may be written in an explicit matrix form as follows 

e. [1 . . .J e. f. 1 . -~ e. l· ... ·~ l [ ••. tJ r-1-- .. 
1 

't_ • 1 • • 'l . -1 • · · 't. ' • • ±1 ,z. • • +1 • • 1 • • 
e.o- • • 1 . ,e1= • • ·+1 ,et= -1 • • • ,e'!>= • ±1 • • ,t=. • 1 • •Cn> 

· • • 1 · • ±1 • • +1 • • -1 • • • • • • 1 
where dots denote ·zeros. The matrices e{ satisfy the quater-
nion algebra CJ), and the matrices ef the similar algebra~ 
but with the change c.ii"---£.ii"- • Both kinds of the repre
sentatives co111D1ute with each other 

t 't. 
[e'-,e.l] =-0 C14> 

and are related as follows 

'?. t 
e1.=-1e.;, t, l'l, = i. l e.0 + e.\ e.t) , 2. 

~ ·=eo • (15) 

In tact, ef and e'f have much in comm.on with 
familiar Dirao 4x4 matrices ft _ and Gt •!,,Only 16 matrices 

•>HoweTer, ei'r are real and ei'r 2-
0

, but 1o■e ef ~~ and 6"i 
i. !L 

are 111ag1nar;y and ~i. =6;, =eo• 
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, ei, ef and eieI together, 1.e.,e~•~ wit~- ;:ie.1)\ • 0,1,2,J, 
form a complete set (but not e-. or e'l. separately) with the 

'L 'L 

completeness relation 

4 I eall~ Ueo \ = l e~e't \ ®\\e.~e;_ \\ . (16) 

However, there exist analogs of usual consequences ot eq. (16) 
e: 't. for e.;_ and e;_ separately; 

f. . 
e~ 'Pte~ - e.t 'Pe.et~ 4 'T''l. 'P (T'l. =Re) , (17 > 

t t -t e. F = ei. 1"C.(et P ) , c10> 
nt e. l .. -t 

where r =C:.o'2.o +c.i.e.-i. 7 and the same is true for e.i 
Equations (17) and (18) are .derived along the line, indicated 

OJI. P• '• . . i L /1 a) · /o \ 
Another identification of e.;_ • It we denote 1=-\l) 1 7 1,=~10/ , 

then ·. ef reduces to Pauli matrices as follows· 

t /1 o\ , t ·co-i) . t .(o 1) • 6 
e1=i\_o-11=t.Ei~, e2.=1. i. o ='L61' e:!, =t.\.1 o =t. 1 • (19) 

Note that 

1''L(~'P) = "F~rlt(erJ = t'~o = r:a . (20) 

,, 
If ~ and 'P are a density matrix and any operator 

(both are quaternions), then the expectation value of "F is 
given by i.. 1'"l. lt'S') • Let us give possible representations of 
the latter in term.a of our representatives. 

a) Putting 

~ = e~ 'T''t-(e°_rfJ c21) 

we get 

Ttt.l'P ~') = \"t.(er' "PYT''t.lt~ \') =i'C.(~l)1' "t.(~~)=··•=lFe.)ro(re.)ro , 
. (22) 

where dots indicate a possibility ot other dispositions ot the 
symbol of conjugation. Here f and F are converted 

into col'Ulllll (row). 
b) 1''t.CP §') = oL 1\.(e'M.1\,eae..) (J.=\) . c23) 
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Putting here 

ye~= e~ 'f1t.(e.r.reae.) (24) 

we obtain (cf. eqa. (11) and (12)) the matrix realisation 

cr1-l. (Pp)= J. 'l'it. (~'Pf e'3«..) = cl 'T''t..(~Fe.rYr't.(~ ~e.ae)= 
= cl (Pe)~r (pe.. ).t<~ e. 0 , c25 > 

t t l ne l f 
where s> = s>oe.o+Nei.' r =C-oeo +c.,j_e;_. 

. I!) 1\. (1Y(a..)P) . c26> 

Due to eq. (1.b) we have the reconstruction theorem 

~:::: t4 ~d~CL o lci.~-1) U-(o..)1'"l(U(cqF) • (27) 

The repreaentation.(26) is a function of three continuous para
meters (instead of the discrete i_nde:i: ft in A ): 

U(<1.) = ~~ a..~e~, (~~=.,r +(kY-==i (28) 

(instead of a.}( , one can take the Euler angles). 
The rotation matrices U(a.) form a basis like the density 

matrix basis. Consider properties of this basis; 

. - Cl.o T't. lf (ct)= _ l"J , 
va.~ 

1'rc.(ika.)et)= -~ , 
'1Q~ 

(29) 

(Jo) 

(31) 'f1tt.(1f(CL)1f(e,))== ~~ 
Thus, Cli are like "expectation values" of matrices ei in 
"at_atea" 1Y(a..) (up to factor 1 /~ ). Therefore, the "state" 
V(ct.) is given in terms of these "expectati~n values". 

Further, we must find left and right repreaentativea for ei, 
auch that _ e, _ -

i1"L(lJ(a.)eJ1
) = e.i 1\.(U(.a.)~) , 

tp"t. ( UC ct) Pe,)= er Tt(Til~)"F) . 
(32) 

(JJ) 
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It is eaay to check that 

(<1oe.ocx.ie~ei =«oe,. +«i.eo+€.,jk..<l.f1<.=(«.1.~o-Cln'ot-E.-q1c.a.i'b~~e..-Cli ei), 
. (34) 

ei(~e0-a.•'1.j) =Cloe;,+ a.;_eo- f-ii~'½~ ::(cx.io o-Clo 1;. + E.,ik.t'lj ~~( CIA-~ €i) , 
l . (35) 

where Oo=-ona.o., o;.=-0 /oa..;. • Hence,left and right representati
ves of e;_ are given by 

t 
e.i. = a.. ;,_do-a.o '~\ -f.,: j k a.j Ok. , (36) 

et= a.;.o0 - <1.00, +£.i11t.a.1 o"- • CJ7 > 
This representation is characterized by the same three 

continuous parameters as the rotation in classics (the Euler 
angles). Recall,, that usually niatri~ "F' is characterized by 
matrix elements between states with definite spin projections say, 
by <.ni'! \ "P \ "'1~ > , where exploited are two discrete variables 
having no analog in classics. The representation under considera
tion permits us to complete the Wigner.descripti<:>n of spinless 
particles in terms of phase apace, by the similar "classical" 
description of spin degrees of freedom. 

The representations A and I! are connected as follows 

1'"t.(e'3Q.'F1)= ~j Ji~ 'b(a.~-1)~ T't.(U(a,YP) , (JS) 

'T''"L(Uta.)V)= t~ 'T'rc.(e'aE'F). CJ9> 
<1:y - ) 

The relationship between 'f't.(e~ 'f') . and 'T\.(lf(_C(.)\J is simi-
lar to the one between a distribution and its characteristic 
function in mathematical statistics (they are connected via the 
Pourier transform). To emphasize this fact we write eqs. (JS) 
and (39) in the other fonn 

1(ltt1n)-=- ~'-~di 1'lJtrfri.(1f(iYP) (40) 

1\.tU(~)V)= L. T~ (q,):tU ... >\"), (41) i. ..,11'1 ...... ., 

where 1' .;.. &r_!, 1the generalized spherical harmonics of 
order t 11,1 , and 'T1 !t,, are conjugated ones. Th~ coeffi-
cients :t({ .. o,) are, in fact, the traces 'l''C.(6..,h'F). , where 
ff..,n are the set of four matrices (~~),(~i)1(~iL(in , 
i.e.,½(eo+le.1), ½:(e.'-+ie.:!:>) • Thus, quantities &°{½~I'\) 
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are linear combinations of 
and (27) take the fom 

'T'-t.(ej1. F) • The identities ( 8) 

F = iit,jc1~ vcirr't.(ifc1,~)= ~ s-1'1., ~(t ~°'). 
C) <o\ U-(a.1 "P U-(ct)lo> = 11\.(yc.a.)i:'). 

(42) 

(4J) 

Any operator 'P is completely defined by these expectation 
values (see eqs •. (55)) in the "coherent statesw/3,4/ 

!Cl> =-1f{.C1.) \o> , ~(.Cl.)= U(ct.)lo><.o\U(a.) , (44) 

where lo> is any fixed vecto) (column). We adopt that \0) is 
( 1 0 

an eigen:nctor of 6 1 = o-1 with eigenvalue +1 : 

\O>=U), lo>(ol:: (1 ~) = ½(eo+ 61,) • (45) 

The coherent states are labelled also by three continuous parame
ters, characterizing U(a). Prom eq.(1.b) we immediately get the 
completeness relation for coherent states 

j_ ~J~ct b(«;.-1) U(ct) \o)(o\ 1f(ct) = e.a • 
52., 

Now it is convenient to use the Cayley parameters 

1f(ct.)- * 1f Cl "-1 (u -u*] - · 1 ( u.* u-lf] 
~lu\'l.+hrfl \f w ' ~ ) ~lu.\l+hrlt. -1S u. 

The expectation values of the matrices 6-l are 

<<\\ 6 let' - '\S~IA+lA•,s _ 2.(a.oa.t +a.1a..!,) 
1 .;, ---,::-----c- - ---,:----:--:---- ::::'L1 .. 

hdt.+'1:lt. a.;-+i:Ct. "' 
<a.l6,L1e1.>~ 1.(vt°Ll-u*'\S) ::,~(C1.2C1.:;-a.o«.1) =t 

I ul1 +hsl'- a.! +"£2. ~'!. 
'1. t. l.2. l.l. <a.I G \ ,_ IUI -IUI _ Clo +Cl~-0.1-Clt _ 

'.I, Cl;,- lllli+hll1 - a.~ +a:£ -t.n ·, 

where the relations 

<.ol.,-1 IO'> =<OI F;t.lO) == 0 , ..::.o 16~10~ = I 

lr(a.)'3i 1.f(u.):: ·"t.ik.6k. 
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(47) 

(48) 

(49) 

(50) 

I 
I• 

i 

\ 

t 

were used. Since the vector rotation matrix II 'Li\11 

gonal, 

"t,i'.I. 'Li'!,= i. 

is ortho-

(51) 

only two of 't.1:!>
1 

't.t.~, 't.:;'l are independent, and we cannot use 
them instead of a.J\ .to characterize tl).e coherent state \a.) , 
unlike the usual coherent state representation. The non-normali
sed states la..i =Jlul1-Hil11 let) and ~C1.\ depend on independent 
variables 

'<,<1.\: (u." \f~) } \a.)=(~) (52) 

and we easily get, e.g., the left representatives as follows 

<a.\5 1 =(trli' ;Lt.+~ ~if")ta.\, ta.101 'Pln.'>=(v' ,:W'+u*i~lPl<l'> C5J > 

and after returning to the normalized states 

<.o.\ G1Fla.> = (lS~~Ll. +~~ -+<.a.\51\a.>) <.ct!Plc1.>= e1t<.a.\P \a.) 

<.a.\ G'L'P \o..) =(l is•~ -i.u.*t,r .. +<.a.\61.la.>)(ct\t:'\Cl)s 6~(Cl\f\a) (54) 

<,((16.f \cl): f u_l'L -1r• L +<..a.\6:i.\Cl➔(ct\Vla.)E 6!<.e1\1'\a.) •. .:, • \: ~u.* o'\I* ;:,J 

" The right representatiTes are compex conjugate to the left ones. 
The construction of above representatives is similar to that in 
the Wigner or in the coherent state representations: a differen
tial operator plus expectation value._{see, e.g.,116/). 

Bow we can expresa any operator F via its coherent state 
expectation values as follcwa 

l' = ~ \cl~<1. ble1.~-1) e"~1 (O\U'lct.)FU(ct.)\c) = (55.a) 
si; 

A 

~ ~i ~J~a. <o (~-1) \cl\t i(t;-1) 1Ylt) U(t)(O\U(«-)'PU(a.)\o),c55. b) 

where ~ with v-=O equals to unity and with v:/:.0 to all 
t ~ ev from eqs. (54) (or equivalently to all e.,, ).Lacting 

01 Tari&blea a.1' • The same substitution also transforms U(t.) into 
U(t) • O:ae ou ea1il7 oheck eqs. (55), using the co■pleteness 
relation, (1) • 

The cennaction with the preTioua representations A and B 
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is clear from (55), in particular, 

'r'L(~ 'P):::.~ c il"a.. o ("-~-1)~ <o\U(Cl)'PU(a..)\o) C56 > 
~ ~,) ·7' ~ 

~'t. (lr(Cl)T-1) = ~ \c1"t it«~-1) U(e1.)<o \1Tl~) F lf(t) \o) <51 > 
. 't 

This coherent state representation also uses the parameters 
of nclassical naturen. 

n> <OIPlc~, <o\t~ "P]lo>, <.o\ei"Pe._; +e.{Pe.i\O) • (56) 

These expectation values fo1111 one more matrix representation. 
Note only that it is connected with the coherent state represen
tation like a distribution with characteristic function, in 
particular, 

<.o\'u(a.)PU(a.)\O)=- '1 <.O\'P\O)- «o~(o\[eiP]lo)-a;~)<.olca;.Pej\O) 
a.v ~ <lv (59) 

This equation is similar to eq. (39)ior (41), but now with 
T~11,, 'T'~K and 'r;.K instead of 'T' ~... • An .inverse relation 
follows straightforward from eqs. (55.a) and (49). 

). REPRESENTATIONS !'OR OCTONIONS 

The current discussion by F.Gursey et a1/!i..J.O/ of symmetry 
and quantum-mechanical aspects of the exceptional groups makes 
it of interest to introduce the representations, similar to the 
above ones, for octonione. It is possible, in spite of the ab
sence of the matrix realization (in the usual sense) and corres
ponding completeness relation. Now we assume the trace for octo
nione to be also the real part ( 1'"t.s Re.) • Further we find 
from the octonion algebra 

eiej = -bi1e 0 +£.ijk.ek. (i.,i,k=1,~,···~) 

the analogs of the identities (5), (6) and (6): 

ei.eoei-==-teo , ei.ejet=S'ej 

~1. CS-e 0 Fee,- e'" F' ei.) = C.oe0 = i,:-P 

(60) 

(61) 

(62) 

(where F is an art:trary octonion P-=c.oe.,+C.1.et> and eq. (66). 

1.2 

1· 
\{ 
)i 
I) 

) 

~ 
.\' 

1:, 

l 
11 

! 
JI 

i; 
I 

l ,, 
/1 
i 

I 
,\ 
{ 

However · e0 F e0 -ei Pe;:= ~c.oe0 -4c.;.e.i. f. T't. 'P • (63) 

With the definition adopted for the trace ('T'"L-=Re.) we get 
the associativity and corresponding cyclic interchangeability 
under the trace sign in the situations*) 

·rr't.(a.£i), 11.t_(Ol.tc.), 'r"L(a.ec.i), 'r"'"(.a.ic.a) , (64) 

where a,b,c are arbitrary octonions. No additional brackets 
are needed here. 

Now introduce ·representations•· 
A) 1'"l.(e,-°P) (65) 

F = et11\.(_~ F) • (66) 

Left and right representatives have the form 
in the explicit matrix form read 

(11) and (12) 1 and 

-1 · • · · . • • · ±1 • 
• 1 . . . .J r· . 1 .. 

t , • · · +1 • · e -1 • 
't • • ±1 • · · 'L • +1 et a: • • • • • +1 e,_ = . ;1 . 

•. +1 

t 
n 't -

• ±1 
• :;:1 • 

• ±1 • 

1 
• . . 'ii: 

. ±1 

·•c., -,-1 .. 
• ±1 . 

. +1 • 

• ±1 
+1 

. +1 . 

. 1 
. +1 . 

t 
't _ e,_-, ·±1 . 

.• ±1 

. . . ±1 
-1 . • . 
' l 

• +i .• 
. +l . 

t. 
e't_ 
s-

e 
'L 

eo= 

~1 

. ±1 
. ±1 • 

. 1 .. 
• +l • 

• ±1 
• ±1 . 

. +1 • 

• t.1 • 
• +1 . 

1 

1 
1 

1 
1 

. . . 1 

. . +1 
f 1 · ±1 . 

e't._ -1 
:i,-. . t.1. 

. +1 •• 
• . +1 

•• ±1 • 

1 
• ±1 

e. 1 · . . . +1 • 
e't=- • • • • • • •rt (, .• ±1 

. +1 .• 
1 • 

. +1 

·1 • 
1 
. 1 

1 =-1 · .. 1 
• • • • 1 

1 
1 . 
• 1_ 

el = - i_ ei. tt. , t =t(e0 +e~e\), 1. 
i-z. =eo 

(67) 
(66) 

*) 'r'l. of any associator = 0 (associator is always pure imagi
nary). The associator anticommutes with imaginary part of each 
its element: {.Ima.., (<1.,S ,c.)\-=O • 
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As a matter of fact, these matrices do not satisfy the octonion 
algebra. Instead of eq. (60) now we get 

£ e. "'e.. 
e.;_ ~j =-Si.i e.o + E.ij k. e.k. , C69 > 

,_ ., l 
where e~ differs from e"-· only in sign of entries, being 
dependent on i. and j • 

Left and right representatives always commute if any other 
forms of qpntum mechanics and quantum field theo#. 'iiut here 

e. 'L te,.,e.jJ:1=0 (70) 

because of non-associativity. Nevertheless,eqs. (9)-(12) and 
(20)-(25) remain valid for the octonion representatives, except 
for"- which now equals 1/g • Equations (61)-(63) and (66) 
are also valid for them. 

Using eq. (9) twice we get 

1'"L-(e311.(e.;.(el)))=-(etet);)Q.l"'i't..(_e~'F) , en> 
' t. e. and thue the usual matrix product et e1 corresponds to tho 

"ordored11 product (e.,(e.1 "P)) • We get tho representative of 
tho product of two octonions as follows 
'T'"'-(~((e;,ej)P)) = 'r~(e;111. (ei.(el f') +(et,ej, 'P)))=. 

= ( ete.~ + ce.\ eJJ)~t41'"C.(er n = (ef e~ + tel e}J)xr 1'-t.@.r -P) c12 > 
thus obtaining the relations 

le.,e/=ef 4 + [e~eIJ=e.~ei +[e!e.}]=-bijec,+€.ijlc.et C7J) 

)
't. ~ Jc. r. t "-] ~ 't. le.iej :ej e;_ + L-ej ei =-oi.jeo +E.i.l"-e\c. (74) 

as a matrix form o! the ootonion algebra. ~he additional tom 
[e\ ef] arises here. The oonsaquencu o! eqa. (7.3) &B4 (74) are 

t 'L "- t] A[ L t.1 -1 [ 't. 't.] .i.. I, t 'l) Ce." ei]=[e.;. ei -==-t- ei.ej -~ e..;, el + i.. E.i.i"-'--e.k.-e.1c. (75) 

t t 't. 
e..;_ e'-3 == 0 ( no summation ) (76) 

e..e. 't.'L t 
e;_ '\ - e,. ei = Ei11c.C..e.~+e..!) en> 
{e,.e1!t={e}e.f}.=-'lb;_je..o c10> 
[e, .e..if=[~~,e}+iefl= [e[+ief ,e.j]. (79) 

The way like that in eqa •. (9), (10), (71), (72) permits 
us to obtain lllany other relations. It is, in fact, the n:atrix 
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realization of a more abstract mathematioal formalism of the 
left and right multiplications /l7/ • The same is valid for 
other our representations. 

B) 'f "L(1f(a.) 'P) • 

F = ~s ~ J'e1. ~(a.~-1) 1f (a.)1\.( V(a.)P) . 

(80) 

(81) 

Here lJ(a.) has again the form (4) or (28), but i and f( run 
over 1,2, ••• 7 and 0,1,2, ••• 1, respectively; S1.8:.'lt1/3 is the 
surface of the unit 8-dimensional sphere. Equation (81) is a 
consequence of the identity 

~8\d8
ct. b(cti-1) 1f(a.)s1t(a.)-= eo®eo-e;_@e,. . (82) 

Left and right operator representatives for ootonions are 
defined also by eqs. (.32) and (J.3) and are given by eqs. 
(J6) and (J7) 0 The connection between the representations A and B 
are such as for the quaternions. 

C) 'r't.(V(a.)s,~(a.W) = 1''(.(~la.) 'F) . (SJ) 

Here f (CL)=-V(a.) y0V(a.) is an analog of "coherent state"• It 
is not convenient to choose V(a.)::: U(a.) since, e.g., for 
~0=½(~0-ie.1) 

4 

~g \ JS a.. S la.~-1) 'T't. (U(a.)~o U(a.) 'F) = 1'"t.(('te0-+'.li.~1)'P) , (84) 

but not T"t.- 'P • Define 

V(o..)::>J-1(\Js a.oeo+a.ie.i), .Nt= S-a.9; +a.i Cl.i , (85) 

so that 

1 1Ei ( s - 1 
11 ~)J o,~(a.i-1).N!.V(Cl.)@V(a.)=11(5 e

0
&e0 - ei@e.i). (86) 

The reconstruction theorem may be written as follows 

F::::: ~t,\ASCL ~(cx.~-1).Nl evt,1\.(y(a.)P)= (87.a) 

=t ( !-t}J~i(l o(a.i-1).N
1~Jsg '&(&;-1)1Y(t)U(~)1'"C.~(a:) "P).<01. b) 
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Connections with the representations A and Bare 

1\. ~3e.P) = -t :s ~ J 8ct. 'b {.d~-1) N'i. ~~ T'l.l~ca.)° P), (88) 

'I''LllYCtW)= ~ ;.t \A8a.. b(<t.~-i) )i't 1f(t)'r't.(f{ct.)"P). (89) 

s . " 
It is implied in eqs. (87);:(89) that et' are left or right opera-

tor representatives, and U"(~) is constructed out of them (cf. 
P• .11 ). If we represent*) 

Nt. Vla.)(eo-i.e~V(a.) = \uf(e0-i~~+Q,s1t+Mlt--+ \1,12)(-e0 -ie..)

-u.·u'~(ei"ie.~+u.*,s(e.14ie.;\-"-i.s1'-~Lt-ie.,.)-+ ~-w- {e.c, -+ie'i-)-

-Lli: * le.5 +i-e.~ +u.-fe( e 5-i.et,), 
(90) 

we find, e.g., the left repesentatives for non-normalized states 

as follows 

t.{t-r, -}.[ \V(a.)(eo-ie.~V(a.))e1 : 

==-dw-'.L -~•*L -u*L-.,*L \,,1u,, ,r, _. ,n,a., ~ 7lu.• u 'o~ o'\45* i:.. ?Ji'lf )l"l V la:J~o 'l~)Vl! 'I (91. a) 

,/ti, - . ( ~ • ~ 1-w1t.+l'l1i a i.=:~ ~ 
>J \..V{~(eo-ie..,)V(a.))et.=- -ull-w-- i.c'~ + u.* o'\f +~ow*-

.,,,•1.u+i.1A.1:* ~ itL*w o :eu*-iu.14!* ";> \ 'l. -
- u! oi.S-tZ"° oi*- u.• ~J'{ V(n.)(ea-ie..;,vw,<91.b) 

etc. Repreeentativee for normalized states are obtained after 
commutation of the above operators with J?-. The right operators 
are again complex conjugate to the left ones. It seems possible 
to replace the divisions in eq. (91.b) by second derivatives. The 
representative (91.b) and further ones lack simplicity, and one 
can suppose that a more adequate definition of coherent states 
and corresponding representation may be given in terms of the 
automorphism group of the octonion algebra/lo/ : 

q(it.) ~ ~(.Cl,t) == lU(f.) U(e1-))( U(t)(1f(CL)f0U(a.~U(~~('\f(a.)U(t~. (92) 

D) 'i'"(_(ro'P), 'T'"l.l[e,t~ol'P), '1'-t{(eiyoej+e.}voei)"P), (93) 

where ei Yoe.;-t~.;Yoe.;,=(e.iyc,)e;-+(e;ro)e, =e.,(s>oe;)+ej(s>oe.i.) 
is implied. We shall not go into further details. 

*'u ~ +· _,..,.. . .... . . =,,:, ao 'La.1 , ·v =-1.-t.a.~, ..., =a..,.-'l,a.;t, ~=O..s-+1-ct.4; • 
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4. ON OCTONION QUANTUll . MECHANICS 

Now we consider as a model the quantum mechanics, which uses 
the ootonions as operators, but is not exceptional one 1131_ Thie · 

r-number system was proposed by P.Jordan/i2/. Really, it is equi
valent to the set of above matrices e~ ,el (or e! ,e1 ) with the 
Jordan product Ao&=½-{J..lH and simple multiplication table: 
e~"-e~, _eloe} =-lliie!- • We make no use of the Jordan alge
bra in what follows. 

Eigenvalues and eigenstates. Let us solve the eigenvalue 
problem for the quaternion or ootonion e1 

e19=)..1s>, ve1=ft1e1, (94) 
where v= S'oeo+S,i.ei. is unknown, and >.1 and jt1 are eigenva-
lues. We have as solutions 

~-,=tt1 ... -:1::,. ~leo+ie~ 

t 
!_ (ei.+ie.i) 

).1=-}\1.=±l l ~e"+i.ei-) 
if, +· ' ~,e5-te.01 

l={')..1=i><r-.=1.\ J 
\\1=-i)<.J-'1=-i\ 

=-_{l)"-t=i><}'1=-i.\ for quaternions • 
l'),"-=-i)<.t41=t\ 

(95) 

There exist only four first solutions in the case of the quaterni
ons. The first two o& them are orthogonal to each other density 
operators. The latter two represent the non-diagonal direct 
products of brae and kets. In the case of ootonions we have also 
two such groups. Pirst of them contains also two solutions, two 
mutually orthogonal density operators •. Hovever, the second group 
includes the last six solutions. 

As the eigenstates of e2 one can found the density operators 

f(~i..=±l)= i_ (~0 +iet.) (96) 

and in the case of an arbitrary axis "t 

g (\~:::: ±i.) = i. ( ea +i.C.fl) > cl:.1 =-i. (97) 
The system of operators (95) is complete and orthogonal, 

when the operation Tr• Re is used as a scalar product. The 
system of density operators f(e~+iek) (k • 1,2,3 or 1,2, ••• 7) 
is oo?lete*>, but not.orthogonal. 

*'one can deoompoe~ any other operator (quaternion or o~toni
on) into a linear combination of them. 
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Any probability tor finding one state·in another is*) 

1.Ql>-,~i.,\a..=t) = 1. 'r·r.I i (e0-i.f€) i (e0--tcle)l= i (1+is),_ 

. •\ . . ir .... .., · ,( -➔ (98.a) 
lS(),.s""t.,~a.=-t. 1+t.S l)l.. e;=-t.., ",..e1..=t)="i\.1+a..t) +'i(j-a.6) =i, 
where 2 is a normalization factor. For e~ple, t.S(\-t"'i,">.1":.i.)=1, 

i.J('>.1=-i,'>-1-~=1, 1.S(x.f -i, ~l. i.)=-o, w(~,ri ,~i.)=½ (1+c.~, l.lS(~f-i1\:=~=i:(1-c1). 

(98. b} 
These are valid for both quaternion and octonion cases •. In the 
quaternion one,the latter two probabilities are in fact the well
known Pauli result. 

Equations (98.a) prove that transition probabilities '4S" are 
always positive, o,-w, 1 , and their S\llll is equal to unity. 
Theoe properties are conserved in the course of time evolution, 
since any transformation of the automorphism group preserves the 
tonn (97) ( c-c.' with c'r'=1. ). Any similarity trans
formation acts analogously (U(<1.)(ea-ic'.'€)U'a..'= eA-i c'e _,,,-1 ~ ·I ~ 1 . 
~ ~=i ). For example, the probabilities tor finding the sta-

tes with definite ~ and >-1. in the "coherent state" 
9(CL)=V(a.)l(e0-ie~V(a.) are given for octonions 

1.u(.)..-t=i,a.)- i.1'"t[ i (~-ie1)Y(ct))= \u.lt+1u1~:
1
1~12.+1~11 ' 

1.J(>..-:-i. Cl)= i. 'f't. [i(e +ie '\o(<1.)]== 1u11 + 1i.s11 .+l.!lt 
1 

' . i. 
0 111 \ult+lll11 -+lw11 +l~f ' 

lS()..1'::i ,a.) -+1..J('>.1-=-i.1Cl)-==1 , 
" • [:1_ . -i i uu*-u.f-'\f 

1.J~t.:t,a.)=i.1'-t. ~(~-i~1)9(a.)l=t:- '!-- ll..l\t.+hf\t+\,..llt+11:1t' 

w'~t"'-i ,a.)= i. 'f"t.(½(~o+iet)9(ct)1 =t + 'i llA\t.~~:i~~l:.lt-t\~lt' 
t.lSl)..t.-=i.,a.) +1AS0.1. --t,«-)=i · (90.0 > 

The ~expectation value of an ope1'BiQr 'P is as usual 

'iT"l.(~P) • (99) 

For example, for 'F = e-\ (.=-ics'c for quaternions) and 9= i (e0-ie~ 

i. 'r"l..le.1 i C.ea-ie1))=i • (100) 

Only quantities iej serve as Hermitian operators. 
*)The traces ot the products ot other solutions have another 
meaning, e.g., for quaternions the trace i. 'T\ ... [-½_(e'l.-i~'!.)tte1-ie~ 
meano in terms ot amplitudes: 5r(li.)(:-i\-i)(il)=<i.\-i.)(.:i.H)-=1-
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Equations of' motion for density operator and for "observab
les" F • In the case of quaternions evolution ot these operators 
is governed l>y the Ieumann (Liouvil.le) and Born-Jordan-Dirac 
equations 

~t~tt)=-['t{,fC.t)] (a), ~tF(t)=[~,F(t)1 (b), (101) 

with the solutions 

~(t)= e-'llt~(.o) e..'f,t (a}, Flt:)= ~t.-pc_o)e:-Yt<b) • (102) 

The Hamiltonian '( is pure imaginary quaternion. The evolution 
laws (102) are transfo:nnations of the one-parameter subgroup ot 
the authomorphism group ot the quaternion algebra. 

The evolution law of octonion operators is universal*) 

T"l. (o~,1(0) .. ·'F',Jo)) i'lt)') = ~"'- ((.1\{.t) .. :f1,.(t)) r<.o~ (1 OJ} 

if it is also taken to be one~param;~er subgroup of the automor
phism grouvof the octonion algebra! 

ta.J . t4d ·. 
rtt)=e.- f(O) (a), F(t)=~ F(o) (b}, (104) 

where ct:d rto) =[Cclf,1 vto)]-~@.1 r,,s,(.o~ • .A.s e;iuations ot motion in 
the octonion case we have the Lie group equations 

1 V =-[[d...r,)y] +3~,f>,s>), c105.a> 

~r = ttc1..1>1F1_,-:,(...i..,~;r), c105.b) 

where d- and {!i are two imaginary octonions, which together 
play the role of Hamiltonian. The equations (10,) generalize the 
Neumann (Liouville) and Born-Jordan-Dirac equations to the octo
nion case. 

~e condition ot conservation in tillle is 

[[J..r,1 fl= ~Y.,f, ,p) · (106) 

In tel'lllS of' our representatives the equations of motion for 
the quaternions and octonions may be written as follows 

~tf =t~l+l't.)f (a);, *F =(ll-1't.)F (b), (107) 

½'f =tGlti-+f.J.~1't.+?,~ ~'t.-W<a )~=~<i(!>f-[J.v,f-~[ir,~JF (b >p 08) 

•>rt eqs. (102) are assumed, 't'"L(Pl<:>'IS,lt.))='r"t(P{t)flO)), but 

'1''t. ( 'Pio)l\(o) 9(t) ~ -::fo. 'i''"L (f\ (i:) 'F11 tt) f(O)). 
.. )such a fora waa not ■et b7 the author in literature. 
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where f is d ther 'r'L(e:at.f) or 1'"L.(iJ(a.) f) or ariy other ot . 
our representatives (for 'P analogously). Th,ese .equations .are 

· matrix ones and their solutions have now the usual tor the Lie 
groups exponential form t t 

flt.)=e-('6!-'{'t-)tfco) .Ca), P(t)=e.("6-'6' )tp(o) (b) (109) 

J(t)=~xr((-t.i..!!>t+[~f>]t. + ~tJ..l~'l.l)t)f(o) c110.a> 

V(-t)= e.,c.p{(t&.\!'f-tJ.¥-]1:.-3[dl..tf'·"J)t.)V(o) . c110. b) 

Equations,of motion (109.a) and (110.a) for quaternions.and 
octonions are analogs of the statistical mechanics Liouville 
equation. In usual quantum mechanics and quantum field theory: 
quantum Liouville~like equations arise analogously (see, e./.f61 ). 
In all these cases, as·in the case of the quaternions, left ancl. 
right representatives always co11D11Ute with each other and "Liou
villians" split into the sum of commuting left and right Hamil
tonians. Thia fact permits us to split the density operator into 
products of amplitudes (spinor tor quaternions) and to adopt the 
Schrodinger equation for them as the equation of motion. 

However, for the octonions lett and right representatives 
do not commute because of non-associativity,and 
exp((-li:lj!,)t+@.~f +'.) tstf-\!>''J)t) does not split. Thia peculiarity 
indicates the impossibility to introduce the amplitudes (aee/7/ 
for other arguments). 

such Liouville-like equations have however similarity with 
the S~hrodinger equation.Recall that in the representation A j' 
(and P too) is not a matrix, but column of 'T'"t. ~j>) • For 

example, thle /lolutif ~ns (9'l read 0 

+i. 0 0 0 
O -1 0 0 
0 +i O 0 o , o , 1 , o I , <111 > 
0 0 0 1 
Q O O ±.i. 
0 0 ;..t 0 

where the tirst pair represents density opera1ors. 
Conservation ot the probability. Prom eqs. (l01.a) and 

(107.a) or (105.a) and (108.a)there follows 
1''L ~l-t.)=0 (a), t(t)=O (in repres. A} (b}, (112) 
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the latter due to the fact, that matrices 1l-y't. and 
[d..~]l-~J"'--:, [d..l~'t.] have only zero. entries. in zero rowse_ and 
columns (both matrices [cL~]e.-[c:£.~J'C.=2.~i.jlr.d.i~j(et-et) and [cL: ~'l:.J 
are such separately_) •. Thuu, the total probability conserves· 

'f"t. ~lt) =t'\1-t,~lo) Ca>, Jo(t)=V0 (0).(in repres. A) (b).(113) 

In other representations analogously. 

The author is sincerely indebted to V.I.Ogievetsky for 
useful discussions of some questions, related to this work. 
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