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MJOnnep-OpoAcKep M., nap<jleHOB IO.B. E2 - 11130 
06o6ll!eHHbie llHCllepCHOHHbie COOTHOU!eHHSl Ha napa60IIH'IeCKHX 

MHOI'006p83HSIX lliiSl TTTT- pacceSIHHSl 

06cy>KnaeTCSl B03MO>KHOCTb BbiB0118 0606ll!eHHbiX llHCllepCHOHHbiX COOTHQ-

ll!eHHA lliiSl llOIIHOA 8MlliiHTYllb1 B CK81ISlpHOM cny'lae C llOMOU!biO napa60IIH'Ie- I • 

CKHX MHoroo6paauA B (x,y) lU!OCKOCTH nepeMeHHbiX BaHnepca. C<jlopMynupoBaH 

Hbie nucnepcuoHHhie cooTHomeHHSI naJOT HOBbie npencraBneHHSI nnSI napuuanb-

HbiX aMnnuryn Tuna PoSI, cnpaBennHBbiX B ToA >Ke caMoA o6nacru, KaK H B 

cny'!ae< IIHHeAHbiX MHOroo6pa3HA. 

Pa6oTa BblllOIIHeHa B na6opaTOpHH TeopeTH'!eCKOA <jlH3HKH OYIHYI. 

Coo6weaae 06-.eJUI&eaaoro BBCTBTYT&. •.aepawx accne.ao-aal. ,lly6aa 1977 

Mueller-Preussker M., Parfionov I.V. E2 - 11130 
Generalized Dispersion Relations on Parabolic Manifolds 
for Pion-Pion Scattering 

The possibility is discussed to derive generalized dispersion 
relations for total amplitudes in the scalar case by using parabolic 
manifolds in the x-y plane of Wanders variables. The dispersion 
relations formulated will yield new partial wave relations of the Roy 
type being valid in the same region as in the case of linear mani­
folds. 

'I'he investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1, In recent years partial wave relations of the 
Roy-type/ 1/ have extensively been used in the phe­
nomenology of pion-pion elastic scattering /2/ and in 
finding semi-phenomenological as well as rigorous 
absolute bounds for low energy parameters /3/. The 
original equations derived on the basis of fixed-t 
dispersion relations for the total amplitudes are 
valid in a restricted region of s-values and do not 
involve crossing symmetry. Within the axiomatic 
framework Mahoux, Roy and 'Nanders (in the follow­
ing MRW) could pt·ove completely crossing symmetric 
generalized dispersion relations and got a family of 
Roy-type equations with the extended validity domain 
-28m; :; s:; 125m;14/They used linear manifolds 
for this, where x and y are crossing symmetric com­
'binations of the Ma ndelstam variables s, t, u /fJ/ 

1 
x =- -(st+ tu+ us) 

16 ' 
1 

y = 64" stu. (1) 

(The mapping of the real Mandelstam plane onto the 
(x. y) plane is explained in ref. I 4/ and summarized 
in the appendix). 

Later on, Auberson and Epele extended the above 
given domain up to smax=164.7m2 by applying hyper­
bolic manifolds/6/. However, it 77is rather complicated 
to write down the corresponding dispersion relations 
explicitly. In order to get more restrictive bounds 
on scattering lengths and the total amplitudes than 
till now /7/ it should be useful to extend the class 
of generalized dispersion relations which can be 
employed practically. 
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We emphasize that in general new dispersion 
relations derived on the basis of different curves 

· will satisfy certain sum rules automatically. This 
circumstance is important when dispersion relations 
are phenomenologically usedlsl. However, as is 
shown by Orlov and Shirkov 191 , e.g., such sum 
rules can be obtai:'1ed in the framework of represen­
tations proved for fixed t if appropriate assumptions 
about the existence of derivatives of the amplitudes 
at s = 4 , t = 0 are made, One can hope that one-di­
mensional representations valid in the whole complex 
s plane will supply (~ssentially new restrictions, 
B:...tt the derivation of such representations runs into 
mathematical difficulties, therefore the problem really 
to be solved consists in extending the validity 
range of the representations, 

In this paper we formulate new dispersion repre­
sentations on parabolic manifolds, The corresponding 
Roy-type relations are valid at least in the same 
domain as for linear manifolds, 

2, For simplicity we regard the scalar case, 
The generalization to the charged case is straight­
forward by introducing appropri':tte combinations of 
amplitudes with definite isospin I 10I. Furthermore we 
assume Mandelstam analyticity. In our context this 
means the following, 

(i) The gynamical singularities of the total ampli­
tude F(s,t) == F(x,y) are determined by the zeroth of the 
denominator of the Mandelstam representation 

M(a, s,t) =(a - s)(a- t)(a- u) == M (x,y) =a 2(a -4)-16ax-64y = 0 

(2) 
for all a :2 4 ( m:; = 1) . 

(ii) The convergence domain of the partial wave 
expansion in the s -channel, fot· instance, is given 
by the Lehmann ellipse the rif:?,ht extremity r of 
which is detennined by the boundaries of double 
spectral regions, i.e., 

\0 

... 

r( s) = 1 + 
2tM (s) 

s-4 

l '~6: 4< s<20 (3) 
tM (s) = for 

4s 
20<s<oo. 

s -16 

By supposing Mandelstam analyticity our results will 
not essentially deviate from those of the axiomatic 
framework, (The analyticity domain turns out to be 
slightly larger, Consequently the MRW relations will 
yield Roy-type equations being valid up to s = 134 ). 

(iii) In the limit s ... oo and for fixed t < 4 fA~ ima­
ginary part of the amplitude is bounded by 

lim F(s.t)j < c s 1 + < , < < 1 (4) 

I ul (see ref, ). 

3, We choose polynomially parametrized parabolic 
manifolds in the real (x,y) plane 

2 
X= ~ a T 

v 
l'=O 

~· 
2 

y = ~ 
V=O 

b T V 
v 

(5) 

where a v , b 11 are real parameters, and restrict them 
by the following conditions: 

(a) The zeros r 
0 

of the denominator of the Mandel­
starn representation have to be real for each a > 4 
(i.e,, x(a,r),y(b,r

0
)are real). -

(b) The curves are forbidden to cross those re­
gions of the real (x, y) plane which are limited by the 
lines E+ and E_.C_ (i.e., the points (x(a, r 

0
), y(b, r 

0
)) 

belong to the inner side of the Lehmann ellipse), 
(c) The parameter set av, bv varies in such a 

way that the points (x. y) for all values s of a cer-
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tain interval [s . s ] cover the whole physical 
m1n ' max 

region t ~ [ - s 2 4 , 0] . 

According to conditions {a) and (b) the disconti­
nuity of the amplitude can be expanded in terms of 
partial vvaves. With respect to condition (c) one can 
project the dispersion relation and gets Roy-type 
equations which hold for s ~ [s . , s ] . 

• . ( ) . m1v, tnax F'rom condthon a tt can eastly be seen that 
only those parabolic manifolds are allowed which 
intersect all straight lines s = const. >4. Otherwise 
equation (2) would have complex roots for all 
S= const. > 4 which are not intersected by the para-
bola (5). If we take into account also condition (b) 
then a2 > 0, b ~-a2 necessary hold and the curve must 
intersect the line y =y{x) (cf. appendix). Thus, we 
conclude that the Roy-type equations we shall finally 
get are valid up to s =134m2 (as in the paper 
l\IIRW I 41) for parabolasml~nding 

77 
to straight lines. 

Let us proceed now to the formulation of genera­
lized dispersion relations. F'irst, we clarify the ne­
cessary number of subtractions. F'rom eq. (2) for 
a= s:::: 4 we have two real roots corresponding to the 
two branches of the parabola 

T = T + 
1 ---

{s, a, b)=--- (-(a s + 4b )± vR(s)) 
2(a2s+4b2) 1 1 

(6) 
2 1 2 R{s) = (a

1
s + 4b ) - 4(a s + 4b - -s (s-4))(a

2
s +4b ) . 

1 0 0 16 2 

Using eqs. (5) and (6) we get the expression 

s- 4. / 4s x±(s,a,b) 
t = t+ (s,a,b) = - --(1- J1- -- +64 ). 

- 2 s-4 (s-4)2 
(7) 

Therefore we have 

6 

,. 

' 

l\ 
J 

1 
r --~ ± ~s 

s ~ oo 4ya 
2 

t - const. < 4 . 
8 ~ 00 

(8) 

According to assumption (iii) it turns out that at 
most two subtractions are necessary. 

It follows from eq. (2) there are in general four 
finite branch points in the complex r plane corres­
ponding to a=4 and a=a+, where a+ are connected 
with the intersection of the parabola with the curve 
y = y(x). F'or all branches the discontinuity 
+L\F(x(a, r + i-;), y{b,r+i;-)) may differ from Im F(s + i<, 
21 t+(s+i<,a,b))only by the sign in accordance with 

the-relation between the signs of the imaginary 
increments in r ± i~ , s ± i< (use eq. (6)). 

Considering this correspondence we get the re­
presentation 

F{s,t+{s,a,b))=P{r+(s,a,b)- r ) -t 
- - 0 

+ 

X 

+ 

(r+{s,a,b)-r )2 
_-__ 0 

7T 

"" dr (s ',a, b) 
J ds'[------ x 

4 ds' 

Im F (s ',t_(s ',a, b)) 
+ 

(r (s ')- r 
0 

)
2 (r _ ( s ~ -r ± ( s)) 

d r + ( s ',a, b) 
. . 

ds' 

Im F(s ·, t+ (s ',a, b)) 

J ' 
(r (s')-r 'f-(r (s')- r+ (s)) 

+ 0 + -

(9) 

where P represents a polynomial of first degree. 
Concluding we remark that in the simplest case 

(conditions (a), (b)) the representation (9) is valid 
in the sa me region s as in the case of MRW. How­
ever, by leaving thesJ restrictions on the manifolds 
(5), i.e. ,by studying the analytic properties in the 
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complex (x,y) plane we shall be led to an extension 
of the validity domain obviously. 

The authors express their gratitude to D. V.Shir­
kov and AV.Efremov for their interest and for sti­
mulating discussions. 

APPENDIX 

Mapping of the Mandels tam Plane s, t. u 
onto the Real (x, y) Plane 

Each sector of the real Mandelstam plane bound­
ed by the straight lines u = t , s = t and t = s, u = s, etc., 
is mapped onto the same domain in the (x,y) plane 
as shown in the figure. The images of definite 
curves can be represented as follows. 

s = canst: 1 y x = --s(s-4)- 4-
16 s 

( *) 

c+ 
1 3/2 1 

y = y (x) = --11-3(3X+ 1)+ 2(3X+ 1) j x > --
+ 27 - '-3 

E - - _!_s(-64 ___ + 4)( __§!__ + s) I 
Y - 64 s- 16 8 -16 for s > 20 

x = ace . to ( * ) 

The real (x 
0 
y) plane additionally exhibits the image 

of the imaginary minor axis of the Lehmann ellipses. 

E 
-~ 

8 

1 2 ') 2 
y = --sf(s+12) -128]-(s-4)-

256 

x =ace to (, ) 
~ 4<s<20 

for 
1 2 o) -2 

v=--sl<s-6)_ ~:?sr(s-16) l 0 

256 

x = ace. to ( , ) 
20<s<oo 

u·t cc.) 
I 

t•lf 

c_ 

S•lt 

S•tt 

t•cr 
)( 
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PJl straight lines 8 = con8t2. 4 
Therefore, the region 8 ;:: 4 

are tangents to C _ • 
is bounded by the curve 

I -X 

Y = y(x) = y_(x) 

x<l 
for 

X > 1 
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