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Quantization and Nonlocal Fields

A relation between the postulate of causality and
quantization conditions is considered for the scalar
field. -
A formalism of outer forms given on the fumctional
space is used. A current commutator is obtained for
nonlocal fields in the space-like region.

The investigation has been performed at the
Laboratcry of Theoretical Physics, JINR.
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Usually, in quantum field theory, the
condition of local commutativity is used to
consider as an independent postulate. It
should be noted, however, that at least for
free fields it 1s an immediate consequence
of the covariant conditions of quantizati-
on’Y ., Therefore, it is natural to try to
find the connection between the quantization
~conditions and causality postulate. In
attepmting "to make this problem more clear,
we shall use the formalism of outer forms
given on a functional space.

Let the S-matrix be a function of the
asymptotical in-fields &(x) .

Following the method by N.Eogolubov/&/,
suppose that the region of space-time, where
¢ (x) 1s nonzero,breaks into two subregions
G; and G, such that all points of one of
them (say, Gi1) lie in the past relative to
a certain time r whereas all points of the
other (G, )} in the future. Then

58 4
58= | S5¢ (x)d x,
2, >7 o¢h (X) (1)
where 8¢(x) is an infinitesimal variation
of ¢#(x) different from zero for xg>r only.

Multiplying (1) by 8% we obtain the 1-form



. + &8 +
- 1588 =i d% 20 s sh(x) =
@ xJ;r Jch(x) #)

- [ a*xix)se (x). (2)
x0>r

Taking the outer variational derivative of
the 1-form (2} under the condition that

86 (x" ) differs from zero only for x’gx,
we get

q 1 | 8 j{x) i)
AT : e
2 (x—xB<o BB(T) S (X)
(3)
x84 () A S (x))d xd% .
The expression in braces is identically
written as
Si(x) _ 8ix’) oy i e
ey Tsen T IHIGRIGNL. (1)
The causality condition implies’®”:
p21x) 2l i=0, for (xmx’f<0.(5)

Sp(x7) S (x)

Consequently, using condition (5}, expression
(3) gives

o =0 )



Thus, the condition (6) is a consequence of
the causality postulate. The field ¢ (x) which
obeys the Klein-Gordon equation can be de-
composed into the system of orthonormalized
functions

H(X)= E Ffa(x)qa +I"; (x)pa i (7)

and the expansion coefficients can be regard-
ed as canonical variables {g%p,} of a gene-
ralized phase space M . Then we can define
the contravariant vector

d d
= 2 {f* (x -f x)—1. 8
Fryea a()aqa a(>apa .()
Differentiating the expansion (7), the co-
variant vector 1is

deb(x)= > Ifa(x)dqa+f;(x)dpa2. (9)
a

Then, let us use the following expression for
the outer derlvatlve of certain l-form o
given on M’

G (X, ¥Y)=X(Y)- Yo X)-w([X.Y]), (10)

where X , Y are arbitrary contravariant vec-
tors on WM.

If the 1-form o 1s determined by expres-
sion (2) and the contravariant vectors "are
determined by expression (8), then equation
(10} will be of the following form

Ip(x) = dp(x’)




dj (x) BNX')} . d ]

= § - ~w (1 , 1) . 1
26 a8(%) e Tean ) G

Since from the condition (6) 1t follows that

J J
d o , _
) 0h(x) | dBHE) b=0 (12)

then from (11) and (4) we deduce the current
commutator

¢ d
IG(x)  dB(Ex")

i), j(x 0= w ([

(13)
for (x—x’)2<0. ‘

By using expression (8} the commutator

-l 9 ] can be given the other
dep (%) dp(x ")
form

-4, 9 ]
36 %) ()

- fﬁ{%(x) T )~ fg(x” )f’"(x)i><

9 d (14)
9a° '_3_5_12 EAB(“)[aqa arg I

where

AaB (x,x")={ £, (x)f:é(x’ ).-—fB(x’)f;(x)} .



From the quantization conditions for
field (x) it follows

dJ d
[a—q—-,-gl-)-—]?é 0, (L5)

hence, expanding the commutator in the r.h.s.

d
we have Jp

d d- y d -Y 3

[ —— 1= C - —_.

EPLINF Cog 3qr "~ CeB av, (16)
Without loss of generality, we may assume
that

y .

CaB=0 for a#£p

(17)

c” =c” . for e=12,. «

aa a
then the commutator (14} reads

[ d ‘ d

b (x) dp(x”)

(18)

= : . Y. o _ay 4
gbAaégx)ZCaaqy Ca P i,

: ¥
Substituting'expressions (18) and (2) into
{(13) and taking into account the orthogona-
1ity of the basis phase space

3
cdp (=2 - 19
i pa(ap) 5, (19)



we find
(i) i(x)] =
4. . . Y g
=[45i), 3 A, Gx)ILOC, —fx)cy (20)
for (x_x’)2 < 0.
In the limit of plane waves
ik x

f,(5) £ (x)=—L_¢ (21)
V’kg

the expression (20) reads
Ligx).i@x") 1=

-~ T+
ik 17 (k) _
=de4pd4k{i£;-Ck(p}- _“—Ck(mffﬁb)5(p2-m2)’(22)

Vkg vk

for (x—x’)2 < 0,

where j(k)- [dkj@x)e™

If the Hilbert space K is defined through
the scalar product

<g.@ >= fé (PI* (P)AQ (D), | (23)
where
d3p
Qm(P)=‘:_._____—__—; qf;,l,b@}{ »
VP +m?



then the orthogonal transformation J on X

J: ¢ » i e(Py)o(P) (24)

determines the complex structure of H and
alloyﬁ one to determine the skew-symmetric
form - :

Blg hl=-c<I¢,p> =

= —i *)e . 2
lp?afméﬁ(p)w ®)e(pd_(p) (25)

In terms of definitions (23) and (25)° the
current commutator is [J(x),ix") 1=

i ip2;{m2 IG)BIC, y (x-x")]-

~IMO)BIC, X (x=%")11d_(k) = (26)
= Im<j, B(x—x")>», for(x—x’)2< 0,

where
Xk(x—x’)zexpik(x-x').

Thus, finally, the current commutator
acquires the following form:

Li(x).j(x")l=Im< j,B(x-x")> ,

for (x—x% <0, - (27)
For the ¢ (x) local, the coefficients

C, (1 =0, @*) (28)



are analytic functions of p and, consequent-
ly,

BIC, x,(x=x")]= [ C_(m)A (m.x~x ")dm, (29)

where A(m,x-x") 1s the standard commutation
function for a free scalar field. The pro-
perties of this function give rise to the
following condition:

i) i) 1= 0, for. (x-=x"Y’<0. (30)

That 1s just the usual condition of local
commutativity.

The author is grateful to D. Elokhintsev,
V. Kadyshevsky and V.Suslenko for interest
in the work and to E.Ivanov for useful dis-
cussions,
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