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1. INTRODUCTION 

The motivation of this paper comes from 
quantum field theory and the study of the 
algebra of test functions S®.This paper 
investigates the topologies on S®. The al
gebraical structure of ~® defines two topo
logies, firstly the topology of the direct 
sum r®and secondly the topology r~which is 
the restriction of the topology of the di
rect product to S ®.We study some properties 
of the locally convex topologies situated 
between r ® and rp . Such topologies are, for 
instance, r po, :tl studied in refs. /S,8,16/. In 
section 4 we investigate the normality of the 
cone K of positive elements with respect 
to these topologies and construct a lot of 
normal topologies. The results of this paper 
show that the topology r ® is a "good" one 
from view-point of the topological struc
ture but a "bad" one from view-point of the 
order structure. In picture 9 we collect 
the results of sections 3 and 4. The topo
logies between rp and r® give a possibility 
of classifying the ~ightman functionals 
with respect to the continuity in such to
pologies (section 5). 
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2. SOME NOTATIONS AND DEFINITIONS 

The algebras of test functions in quantum 
field theory was introduced in refs. /1, 13/ 
and studied for instance in refs. /2,15/. The 
elements of ~® are finite sequences of the 
form 

f = (f ,f .... , f '0 ' ... ) 
0 l n 

with f0 ~C, fk(x 1 , ... ,xk) ~ S<Rdk ), where d is 
the space-time dimension, S<Rdk) is the Lau
rent-Schwartz test function space /12/. It is 
xk = (x~ , x ~ , ... , x ~-l) = (x~, i k.), k = 1,2, ... . We put 

dk 00 

Sk=S(R ). S®=n~o Sn is the topological 

direct sum of the spaces sn' s 0 =c. 
For f,g~S® one defines the N-th compo

nent of f*g by 

(f*g)N(x 1, ... ,xN) =I f (x , ... ,x
1
)g (x 1 , ... ,x ) 

' n+m=N n n m n+ n+m 
and the N-th component of Af+ g by (Af + g >N-=-
= AfN(x 1, ... ,xN) +gN<x 1, ... ,xN), A ~C. Thus S® be-
comes a. * .-alg~bra with identity 1 = n,o, ... ). 
K =I I r< 1hf( 1); fl 1) ~ S l is the cone of 

'< ® 
1 "" 

the positive elements. Some properties of K 
are investigated in/3,9,16/. Now there j_s the 
question about the topologies on S®. All 
considerations of this paper are restricted 
to the case of locally convex topologies. 

let v be the well-known Schwartz space 
topologyn on sn, for instance' defined by 

r! 
n d-1 a 1 

In IJ <l+<x!>2>m<--.l 
i =1 j=O 1 ax~ 

1 (1) 

\\f0 \I m =sup max 
x ri<m 

i-

f (x
1

, ... ,x >\ 
n n 

m = 0,1, ... , n= 1,2, ... 

4 

The algebraical structure of S® defines two 
topologies: 
1) The topology of the direct sum r ® defi
ned by the following system of semi-norms 

P < )(v ) <f> = I Y n II r II 
yn n n>O n v n 

(2) 

for all sequences ~n) of positive numbers 
and all sequences (v 0 ) of natural numbers. 
It is llf 0 llm=lf0 1, m=0,1, ... 
2) The topology rp is the restriction of the 
topology of the direct product of the 
spaces S n to S®. rp is defined by the fol
lowing system of semi-norms 

q <n = II r II , n,m = 0.1,2, ... n,m n m 
(3) 

If we restrict the set of sequences (y
0

) or 
the set of (v 0 ) then we get a lot of topolo
gies weaker than r®. Let I' be the set of 
all sequences (y

0
) of positive numbers and N 

the set of all sequences (v ) of na tura1 num-
n 

bers. For each I' 1 c I', N 1 c N we define the 
topology rW

1
, N 1 > by 

Let 

lp(y)(v) (f>=Iynllf
0

ll ;(y 0 )~1l'(v)~N 1 l. (4) 
n n n>O IJ n n · 

r = 1 <r l ~ r · 
0 n ' 

N = I (v ) ~ N · 
0 n ' 

y ~ofor a finite number of 
n n only l , (5) 

to every sequence (v
0

) 

there is a constant m 
with v

0 
$. m, n = 0,1, ... l. 

A simple consequence of the above given 
definitions is 
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Proposition 1: Let be 

i) r(r ,N)=ra,.dr,N) =r ,r(1,N) =r""', 
0 J 0 00 'CI 

ii) r<r
1
,N

1
Hr<r

2
,N

2
> for r 1,r 2 c r,N 1 ,N 2 cN 

and r 1 cr 2 , N 1 eN 2 . 

(r 1~r 2 means that the topology r 2 is stron-
ger (finer) than r 1 ) • roo is the important 
topology introduced in 151. 

Let us define a generalization of the to
pologies ~) which will be of some interest 
in section 4. Let m be the set of all mat
rices of natural numbers with enumerable 
infinite many rows and columns, i.e., 
m =I <mii > i,i = 1, 2, ... ; m ii is a natural number I 
and let 

m 
2 n1 2 mnn n 3 

llf II =sup max l<l+x ) ... <l+x) II l! 
n (m

01
.) .s j< 1 n ._ 1 ._0 r. m . 1- j-

1- Dl 

r j 

<~)if I 

axl n 

i ( 6) 

be for all f 0 ~S0,n=1,2, ... 
We define the topology A(1 1 ,m 1) , :r 1c :r , m1dli 
by the following system of semi-norms 

lp( )( )<n=~ r llf II< >;(y )~:r, <m .>~m ,I (7) 
.y m n>O n n m DJ. n 1 DJ , 

n DJ -

(Jif 0 ll(m .)=lf0 1). 
OJ 

If m 1 =m 2= ... =v ,n=l,2, •.. , then P( )( )(f)=p( )( )(f). n n n Yn mnj Yn v n 

Let be 

6 

to every (m .. ) there is mo=l<m .. >~m 
1] 1] 0 h a constant c Wl t (8) 

mij::;: c, i,j = 1 ,2, ... I. 

In analogy to Proposition 1 we have 
Proposition 2: 

Let be 
i) A (r 0 'm) = rp' A (1' m 0) = roo, A (1' ')Jj) = T ®· 

ii) AW 1 ,m 1)-< AW 2 ,m 2 ) for r 1,:r 2 c:r ,mi>'lll 2 cm 
and :r

1 
cr 2 ,m 1 c'lll 2 • 

Another important topology is the topology n 
introduced in/171. j( is the strongest topology 
on s® such that the multiplication on s® is 
a jointly continuous bilinear mapping m: 
S®[r®] xS®[r ®J .... S®[j(]. 

3. TOPOLOGICAL PROPERTIES 

In this section we study the topological 
properties ofS~[r] withrp<r<r®. The 
known results of r j( r I 2,8, 15, 17/ settle 

""' ' ® down in the results of this section. he state 
the results in four lemmas. Further let r be 
locally convex. 
Lemma 3: 

i) The restriction of any topology r with 
rp <r < T ~ tO the SUb spaCeS sn (n = 1,2, ... ) 
of S®is the well-known Schwartz space 
topology 1/ n . 

ii) rp is the weakest topology on s® 
with this property but r the stron-
gest. ® 

The proof follows from the theory of the di
rect sum and the direct product /10/. 
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Let SN be the projection from S® onto the 
subspace ([ ES·S 1 ES ... ES SN, i.e, -r SN (f) = 
= (f 0 , ••• , fN, 0, ... ), N= 0,1, ... , and let M be the 
closure of some set M with respect to the 
topology r. \11e state 
Lemma 4: 

Let rp<r<r®,M c S® and ~McM,N=0,1, .... 
rp r 

Then M = M r = ~1 ®. 
The proof of this lemma is in analogy to 
that of Theorem 6 of /17/. 

Remark: After Lemma 6 we give 
of a set M with SNM r:f_ M, N= 0,1, ... , 

~~r ;£!\/® for some r ;6r®. 

Lemma 5: 

Let r
00

-:r-<r®. 

an example 
and 

i) If there is a filter-base 1Hr) of 0 
of the topology r with SNlJ c U, N = 0,1, ... , 
for all U~1J(r), then S®[ r] is complete. 

ii) The ,-bounded sets are the same in 
all topologies r. To every r -bounded set 
there is a natural number m with 
MC([&S,ES ... GJ S. .... m 

Proof: 

i) S®[r® J is an ~F-space and thu~~ is 
complete. S®[r""] lS complete tool"''. Let 
5 be a r -Cauchy filter in S ®. Then ~ L; 

a roo-Cauchy filter inS® ,too, and because 
of the completeness of S®[r"" J there is an 
element f~ .S® with S: __, f in roo. Now let V 
be in 'lJ(r) with SNV c V, N = 0,1, .... Then S: contains 
a set B small of the order ~V. For any ele
ment g of B, B c g+Y2V. Because of SNV:::: V 

N = 0,1, ... , and Lemma4 V is r -closed. 
00 

8 

From the facts that f is in the rpo -closure 
of B and V is roo -closed we get that f is 
an element of g + ~V. Then g is an element 

of f + ~v and B c f + ~ v + ~v = f + v . So we 

have S: .... r with respect to the topology r, too. 
This completes the proof of i). 

ii) ~e prove that the bounded sets with 
respect to the topologies '® and r

00 
are the 

same. Then the assertion is true for all 
topologies r with roo-\ r ~ r ®. Let M be 
roo -bounded. Because there are sequences 
(yn) ~ r which grow arbitrary quickly there 
must be a natural number m with M ca ES ... ES S m· 

We get by Lemma 3 i) that the restrictions 
of r ® and roo to CES ... ES ·S m are the same, 
thus M is '®-bounded, too. 

Now let us give an example of a topology 
r* with r -{r* ~ r and S [r*] is not 

oo+ + ® ® complete. 

Example: 

Let T be a '®-continuous linear functio
nal on S® that is not '.oo -continuous. The 
existence of such functionals will be stated 
in Remark 8 iii). Let r* be the topology 
described by the following system of semi-
norms IP(yJ(vrlf);(yn) ~ r, (vn) ~ N0 I and 
pT(f) = I T<nl (No is defined in (5)). We 

have roo ~r* 1'®' But SNUc U, N = 0,1, ... , 
for u =If ~s®;IT<nl s. 11. does not hold. 

Let H=lf~S®; 'f(f) = 11. H is dense in 
~~[roo] because 'f is not roo -continuous. 
Thus there is a net (f(a) )a~A , A is a di-
rected set of indices, with r(a) ~ H and 
f (a) .... 0 with respect to roo. It is easy to 
see that (f(a) ) a G- A is a Cauchy net with 
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respect to r*. If S®[r*] is complete then 
there should be a g~ 1S ® with f(a) -+ g ( ) in 
r*. Because of r* >-roc it should be f a .., g 
in r ,too, i.e., g=O. But this contradicts 
'f(f(a)\ = 1, a c;. A. Thus S ® [r*] is not complete 
and u = lr~~s®; \'f(f)\ :5 ll is r ®-closed but 
not r*-closed.. 

Lemma 6: 

i) 1S ®[r ®] is a barrelled space, but 
'S® {r] is not a barelled one for all 
tOpOlOgieS rp< T < T ®' 

ii) ~s ®[r;p] and ,S ®[i®l are bornological, 
but 'S®[ 7J] is not bornological for all 
topologies r 

00
< 71 $ r®. Further there are 

topologies f, wi tli rp < f, < r and S ®[f,] 
is bornological. + + oo 

Proof: 

i) S®[r®] is an F-space and thus S®[r ®] 
is barelled. 

'll(r.,.) = IU cS.,.; U=lf; I y 1\f II <I,(y )~f',(v )~Nil 
-a '01 n>O n n v n- n n 

is a neighbourhood ba~-e of r® containing 
r ®-barrels only. It 1s SNU c U, N=0,1, ... ,U~'ll(r®) 
and thus U is r -closed by Lemma 4. Hence the 
sets U~'ll(r®) are r -barrels too. Because 
of r < r® there should be a set U0 r;; 'l.J(r®) which 
is n6t neighbourhood of 0 with respect 
to r. Hence there are r -barrels not being 
r -neighbourhoods of 0 and thus S ® [r] is 
not barrelled. 

ii) S ®[7 ;pl. respectively, S ®[r ®l are borne
logical because rp is a metric, ~espective
ly, because ,S ®[r ~ is an F -space, 10/, ~s ®[r] 
is bornological if 1 is the finest topology 
in the set of all topologies with the same 

10 
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bounded sets. This proves that 'S®[71 ] , 
roc <71 $ r ® , is not bornological and that 
there are bornological topologies f, with 
T m< f, < T oo • 

J+ + 

4. NORMALITY OF THE CONE K 

In this section we discuss questions 
about the normality of the cone K in some 
topologies. ~ understand the concept of 
normality of a cone in the sense of ref. /IO/. 
For instance the normality of K is of some 
interest in the theory of AO* -algebras/7,8,11/ 
and for the decomposition of linear functio
nals into positive ones.The normality of ~ 
with respect to roo and :n was proved in refs. 5 •

17 I 
and the non-normality with respect to '® 
in ref. 161. 

In the following lemma we will construct 
a lot of topologies in which K will be 
normal, respectively, non-normal. ~e say 1 1 
has the form (A) if 

i) r 1 cr, 
ii) to each (yn)c;.r 1 there is a (on)r;;f' 1 

with on>n 2 yn, n=0,1, ... , 

iii) to each (yn)r;;.r 1 there is a (En)r;;r 1 with 
2 2 (8(s-1h 2s-1) < f 28, (8sf 28) < f 28+2 , s = 1,2, ... , 

~ 1 has the form (B) if 
i) ~ 1 c~. 

ii) if (mij)r;;~ 1 thenmij=mkj for i,j,k=1,2, ... , 

iii) if (mii)r;;~ 1 and i=2s then mi 2=mi 2f!' 
m. 2=m. 2 1, ... ,m. =m. + 1 <s=1,2, ... ) and 1f 

1 1 S- . IS IS 

(m .. )c;.~ 1 and i=2s+l then 
lJ 

mil= mi2s+1' mi2 = mi2s''"' mis-1 =mis+l (s=0,1, ... ){B) 

11 



iv) re.
1

<m.
2

< ... (i=l,2, ••• ), 
1 - 1 -

and ~ 2 has the form (C) if 

i) m 2 c ~ , 

ii) there is an (mi. )~~ 2 such that to every 
constant c thJre are indices i,j with 
J. < i and c < m . . . 

- - 1] 
We state 

Lemma 7: 

i) If r1 has the form (A) and ~ 1 the 
form (B) then the cone K is A.(r !'~ 1 ) -

normal. 
ii) n is the strongest topology weaker 

than r®in which K is a normal cone. 
i i i ) I f r 2 c !' and ~ 2 has the form ( C ) then 

K is non-normal with respect to 
,\(I' 2> Jli 2 ) • 

Proof: 
') f /4 Theorem 1/ h 1 Because o ' we ave only to 

prove that each semin~nm P(J,)(m .. ) of a sys-
n ,J 

t em de s c r i b in g the top o 1 o g y A. (r 
1 

, • Jli ,) f u 1 f i l s 
• . i 

the relat1on 

<I r<kl"r <kl >< <I r<kl"r <kl >lh (9) 
p (])(m .)k< r s - p(l)(n;.,) k< r r 

1] 00 lJ "" 

( " f(k)* f (k) ) 1;2 
p(l)(m.)k<._ s s 

lj 00 

·'th . (k) (, . ..) (k) \:; D th w l any f "' (f 0 ' ••• , f n '0, ... ) ~ CJ ®. l)y e 
Cauchy-Schwarz L;.equality and (A) we have 

( I f Od* f (kl) 
p(l)(mij) k<oo r s 

12 

) 

' 

11 
'} 

r+ s m 

I rr ( 2 r+s 
=sup max l+x.) 

X e.<m . j = 1 J 
1- r+s J 

e 
D. ii f(k)* f (kl 1 

] k<oo r s ::: 

r+ s 2 m . f. -(k) 2 
<sup max II liT <l+x.) r+sJ D. 1 f (x

1
, ... ,x >1 x 

X e.<m · k<oo j• = 1 J J r r 
1- r+s J 

r+ s m e 
X I I rr <l+x~) r+s j D.i f(k)( 2 1;2 

k<ooj=1+r l J s Xr+1'"''xr+s >I l = 

=II I r<kl* r<kl 111;2 II I r <k>*r<klll lh x 
, k <oo r r ( m 2 r j) k <oo s s ( m 2 s ~ 

e 3 , a e"- o 3 
x m. = 11 ~-A.) , e =<e .... ,e ). 

A =0 Jx . 
J 

But this is (9) and thus we have i). 

ii) he give the proof in the concept of 
0* -topologies 17•81. Let 11 be the strongest 
topology weaker than r® in which the 
cone K is 71-normal. Then TJ has to be the 
strongest 0* -topology weaker than r® because, 
on the one hand, K is normal in each 0*-

topology /8,11/ and, on the other hand, 
the corresponding uniform operator-topology 
'T of the universal representation to a nor
mal topology is stronger /8,11/, But )1 is 
the grea}est 0*-topology on~® weaker than 
r ® too 8/. Thus we have 11 = :n. A direct 
proof of the fact TJ=:ti is also possible. 
iii) The proof is in analogy to the proof of 

ref. /6, Theorem 5/. 

Remark 8: 

i) r
00 

is a special case of Lemma 7 i) and 
r® of Lemma 7 iii). Thus we have 
again the roo -normality and the '® -
non-normality of K. 

13 



ii) Because of Lemma 5 ii) we can describe 
the topology il by the base of neigh
bourhoods 

'U (il) = I U = ['V] ; V ~ 'U (r ®) l 

with ['V] = (V+K)n(V-K), the K-saturated hull 
of V, and 'U(r ®) is a base of neighbour
hoods of r ®' 

iii) Let T=<T0 ,T 1 ,T 2 , ... ) be a linear func-

tional on S® defined by T
0

f
0

= f 0 , 
n 3 ,\ 2 T f = f ... f ll ll (1 + (x ) ) f dx ... dx . 

n n v=l A=O v n 1 n 

By a simple estimation we get that T 
is r ® -continuous, but, for instance, 
not r 00 -continuous. Further examples show 
that between rp and r® there are a lot 
of several dualities. 

We collect the results on the foregoing 
lemmas in the following Picture 9. This pic
ture shows that r® has "good" properties 
from the point of view of topological spaces 
but it is "bad" adapted to the order struc
ture induced by K.Conversely roo, il and the 
other normal topologies are "good" ones 
from viewpoint of the order structure but 
"bad" ones from viewpoint of topological 
spaces. 

5. CONTINUITY OF WIGHTMAN FUNCTIONALS 

In this section we prove the continuity 
of Wightman functionals of scalar fields 
with respect to some topologies. Let rf 

be the topology defined by the norm 
.p(f)=I n 2 11fl1

2 • We have rm<rf< r 
n~O n J oo 
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Picture 9: 

Let r be a locally 

convex topology on s® 

The restriction of r 

to ~s n 

The closure of a set 

M c ,s® 

Is 'S® [r] complete ? 

The r-bounded sets 

Is 'S® [r] barreled? 

Is'S ®[r] bornological ? 

Is K r- normal? 

( + means "yes", 

Lemma 10: 

rp ..J., 

r/p n 

r 
00 

=0 
n 

-< T ® 

_rp -r _r® 
M = M = M • if M fulfils 

SNMC M, N = 0,1, ... 

Yes, if there is a 

+.+.+.+.+·+·+·+ 
filter base 'U<r) with 

SNU c U, N = 0,1, ... , 0: 'lHr) 

the same bounded sets 

++++++++++++++++++++I I I I I l I 
no 

.••••.••.••••••.••••••.•••• + 

+ • + • + ••••.••.••••••• " •••• + 

• +. +.+.+.+.+ ............. . 
il 

but . means "no"). 

i) The Wightman functionals are il -conti
nuous. 

ii) The Wightman functionals of the free 
fields are '£-continuous. 

15 



iii) The Wightman functionals of the Wick 
polynomials to the power f = 2 in the 
free fields with mass m>Oand their 
derivatives are '~-continuous. 

Proof: 

i) The Wightman functionals W of the scalar 
fields are hermitean linear functionals 
on s® and have to fulfil W<Kf® ) ;::: 0. Put 
each such functional is 11 -continuous 
ref. /I7, Theorem 5/. 

ii) The Wightman functionals of the free 
fields are of the form W = <W0 ,W 

1 
, ... ) 

with 

Wo= 1, w2s+I =0, S= 0,1, ... , 

-3 ip(x -~) 
W2<xi,x 2)=(277) fe I 0(p 0 )o(p 2-m 2)dp, 

( o I 2 3) ( o -+ ) • 1 2 ( o I 2 3) ( o -+) x.= x.,x.,x.,x. = x.,x., I=,, P= p ,p ,p ,p = p,p, 1 1 1 1 1 I I 

dp = dp 0 dp I dp 2 dp 3 , -+ I 2 3 dp=dpdpdp' 

+ 4 2 2 'h Vm=lp.;:;R; p 0 =(p +m) 

n 

W2 =In W2<x. ,x.) and the sum runs 
5 ( i,j)v=I 1 v l v 

over all participations of the indices 
(1,2, ... ,2n) in tupel(ii,j

1
), ... ,(in,jn) 

i <j ,·s=1,2, ... ,v=1, ... ,n. 
Jl Jl 

We estimate for some f 2 .;:; 1S 2 and mass m;::: 0 

16 

-3 -I - .... 2 2 'h .... ...2 2 'h ... ... 
IW 2<f 2>1=<2rr) 2 If f2 (p +m ) ,p;-(p +m) ,-p)dpl 

R3 

-I -3 2 2 - ... 2 2 - 'h ... 2 -2 ... S. 2 (2rr) sup IU+p) f2(p,-p) f (p +m) U+p ) dp 
p~V~ R3 

~ ** 
*5 2-I(2;r)-3 sup l<1+p 2) 2f 2(p,-p)l :S llf 

2
11

2 
· 

p 

*follows from f (p2+m2)-~~U+p2)-2dp:Srr. 
R3 

**follows from sup l<l+p 2) 2f2 (p,-p)l < 

-8 -i(p X +p xJ 2 3 () 2 
< sup I (2rr) JJ e l l 2 ~ I1 n (1 + ~--.) ) f (x ,X )dx dx I 
-P p i=lj=O Jxl 2 l 2 I 2 

I' 2 i 

-8 . 2 3 , ') a 2 
< (2<7) sup 1 11 II (1 + (xT) (1 + ( -_) H

2 
(xi ,x 

2
) I x 

x ,x i=l j=O 1 Jxl 
l 2 i 

. 2 l 
x JJ<l + (x~) )- dx

1
dx2 S II f 211 2 · 

Then we get for f2n.;:; :S 2n 
n 

IW (f >1=1 In w <x. ,X. )f (x , ... ,x )dx ... dx I< 
2n 2n (i,j)v=I 2 1v J I.! 2n l 2n 1 n 

< 2n 211f II .This proves ii). - 2n 2 
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iii) At first we describe the structure of 
the Wightman functionals of tne Wick polyno
mials in the free fields. We have 

a 1 a 2 a£ (n) 
(:D ¢D ¢ ... D ¢:(g)¢) <s\ , ... ,t

2
) 

e; 2 e ( 0 2') lh j n 1 
= --"-- 2_ ( n- c_ + J ] f ... I< fi dfl.) 2_ (j!)- X 

(2rr)2(£ -l) j=O n! k=l l k
1
< ... <k£_r1 

1 i i+l e i e- i 
X 2. P((-i171)a ... (-i17.)a (itk f ... oek t g( 2.1'/r- 2. tk ))x 

p J 1 £-] r=1 r= 1 [' 

(n-f+2j) .. ... 
x <~> <11 ..... 11 •• t

1
, ... , e. , .... ,e.. , ..... e ) , 

1 J "-I "-£-j n 

where g is the Fourjer transform of g , 
.... 2 .... 2 -lh 

dDi=d77j (m +77 i) , m is the mass of the 

corresponding free field, the sum 2. is 
p 

over all permutations of the variables 
17 ... 17 ( -t ) .. . ( - t ) d b 1 1 i k 1 k r -i an " over a sym o 
means to omit it /14/,If ne/2 is an integer 
then ~nf denotes the set of all (n, nf/2)
matrices R with elements l,-1, 0 only and in 
every row are e numbers not equal to 0 and 
in every column is exact one 1 and exact one 
-1 and the -1 stand over the 1. Let 

fL=l, ... ,jn/2 v 
P.=(rv

11
>v=1, ... ,n, Kk(k=1,2, ... ,£) denote 

the numbers of the columns which the £ ele
ments of the v-th row stand which differ 

18 

from 0 and kv the number of the elements 1 
in the v -th row. 

®n 
Let a 1 £ : ~ n£ x S 1 --> fR 

(a , ... ,a ) 
defined by 

be a map 

(n) (1) 
a( ) ( (r ) , g ... g ) = 

a VJl 

fn/2 n -(v) fn/2 
= c e f ... I ( l1 (d!1 )) II g ( 2. r X ) X 

n + f1 = 1 fl V= 1 f1 = 1 Vfl Jl vm 
e mkl 

X 2_ ( fi ( ir X ) a 
m;p k = ] 1/K 1/ KV e k k 

with 'S ®n= S 1 ®'S 1 ... ®S 1 ( n -times), 

C n= TT 'h £ 'h (2rr 2(f-l)JJ k ! nfl\flf-2k
2
- ... -2k -1}!)-l 

nc_ v=2 v Jl= 2 f1 

.... .... V: d!1 = dx (m2+x 2)- 2 

'11 11 Jl 

and Pe is the group of permutations of the 
numbers 11,2, ... , el . There it follows 

Proposition 11: 

The ~ightman functional of the field 
(:Da ¢ ... Da ¢:)is W (f)= 2. a 1R,f ), n= 1,2, ... 

n n R ~~ ( l f) n nf a , ... ,a 

Let W2s+1 = 0, s=0,1, ... , for odd£. (a(a) is 
defined by continuity for all fn~ Sn). 

Now we prove the Lemma 10 iii), i.e., £ = 2, 
in the case (a 1,a 2)=<0,0). The proof is ana
logous in the other cases. We have to estimate 

(n) (1) n J I .JO .JO lnl ::-(v)~ ) a( ) <R,g ••• g ) = 2 C 
2 

... uu 
1 

... uu g .:;., r x 
0,0 n y+ y+ nv=1 Jl=1 VJl f1 

with R = (r ) G- ~ 2 . V/1 n · 

m m 

Because of 2. r. = 0 for 
j = 1 Jfl 
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R = <i' Vfl ) 
and 

we get Det<R) = 0. We define the rna trix 
by ;l!f1=rv11 ,v=1, ... ,n-1, f1=1, ... ,n, 

f =r ,r .=0, for j ;fK 0 ) and a linear 
n n DJ 2 

nK 2 DK 2 
transformation of variables by 

~1 
~2 

~n 

-

-
=R 

X 1 

x2 

xn 

Let Det<R) ;f 0. We estimate 

Ia (R (n) (1) <o.o> ,g ... g >I::: 

n - (n) 2 2l ::;2C
2

sup lg (x +x )(l+(x)) x 
n + .n n n 

X ' X ~ V Kl K 2 K 2 
Kn Kn m 

1 2 
-n I J -> --> (--> 2 -2 x m ... dx 

1 
... dx (1 + x ) ) x 

R 3 R 3 n K2 
n-1-(v) n 2 ... 2lh n --> 

x II g (( ~ r (m + x ) , ~ r x ) < 
l/=1 f1=1 Vfl f1 J1=1 Vfl f1 

n -nn -1 I 2. 2 - ( n) I :: 2 m '-' 
02 

<Det(R)) sup (1 + x -, g (x) x 
x~R4 

--> -+ -+ 

X I .. ; I~ .... M I (1 + ~ 2) -
2 

X 
I n n 

n-1 -(v) -->2 'h --> 
x n g «1 + ~) , ~ v) s 
v=1 

20 

n -n -1 n 2 2 - (v) 
::2m cn2(Det(R)) In sup (1+(~) ) g (~l/) I X 

v=1 ~ ~R4 
v 

-+ -+D -+ 

x I ... fd~ ... ~ n 0+~ 2)- 2 < 
1 nv=1 v (11) 

n 2n -n -1 (n) (1) II 
< 2 TT m C <Det(R)) II g ••• g 2 - n2 

2 3 A 2 -->2 3 A2 
<~v) stands for ~ (~v) and ~v for~(~) 

A=O A=1 v 
Because (11) is also right for suMs of 
elements of s~n and these sums are dense 
in S , (11) holds for arbitrary f ~ 1S .Ap
plyi~g Proposition 11 this proves

0

Lem~a 10 
iii) in the case a 1 = a 2 = 0. The index 2 of 
the norm II g (nl ... g0>11 2 1s a consequence of 
a 1 = a 2 = 0. We get other indices for other 
a 1' a 2 ' 

Lemma 10 demonstrates how one 
Wightman functionals with respect 
continuity in the topologies r, r p 

can classify 
to the 
-{ r ~ r 

® 
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