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1. Introduction 

The present paper is aimed at the relativistic generalization 

ot the phase function method. We proceed from the quasipotential 

equation (QPB) in terms of rapidities/11, reducing in the rela

tivistic configurational representation/2/ (see also reviews/3/) 1 ) 

to the differential one. 

The formulation of the two-body problem in the relativistic 

configurational space is based on geometrical properties of the 

field-theoretical QPE/4/ and, especially,/5/ and possesses many 

typical properties of quantua mechanics, that makes it possible 

to apply here a number of its methods. ~or instanse, in ref./6/ 

(see also App. II,III in the book/7/} a variant of the relativis

tic phase aethod was developed, based on the finite-difference 

BchrOdinger equation/2 ,31. The equations, deduced in/61, made it 

possible to introduce the relativistic notions of the effective 

radius and the scattering length, to obtain some qualitative 

estimates of the scattering parameters, and to elaborate a 

method of calculating the relatiVistic corrections. However, 

the finite-difference character of the phase equations required 

l} A aore complete list of refs. on quasipotential approach 
is presented ir/1•3/. 
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the additional speculations to solve them unambiguously. Prom 

this point of view the relativistic SchrOdinger equation, de

duced in/1/, is preferable. 

The integral form of this equation is: 

""""' ~ ~ J ~ --. 1 rr~ tv (~,, _/""""'' 
<f.:t(~)=~(<l,z)+ !J~('l,t')v{'L')rrt Z/Cl.i, (1.1) 

where 2 Ert =!! r/L ;X' 9- =!It+- i/ z>. is the total energy eigenvalue2 ), 

?j is the relative momentum in the c.m. system, ((i/, :t) is 

the kernel of relativistic Fourier transformation/2 ,31~. 

f (f. f) = ( rto - '/ i/) -~ -l- 'r. 

' <Jo=E~, ( 1.2) 

~ -} . 
{~(It is the relativistic analogue of the relative radius-

vector ( 0 < t < <>c> ). The nonrelativistic limit ( C--" oa) 

of the quantity ( is the usual plane wave: 
• ~;7 

f r 9}, t J ---7 e ~ 1 l 

The relativistic plane waves (1.2) satisfy the completeness and 

orthogonality conditions: 

J ~--t-*--t ~ - -1-7 ( t Jt) 3 ( { Cf' '() ( ( ~ 1

1 'l ) d 'f! =: fj0 S ( Cf - 2') 1 

(;;iii>'~ J ~ (p~ CJ ("r ,u: t'Jd' _(Jp = J( t- ~), 

ci [) p = d P--t I /11-j/ ~ 

The partial expansions of the plane waves 
~ . ~~ 

-~ -4 i ) (')) ) ·t.{ ( )f!( 'f() 
~(o t).:;;: .17 L r..lti l Jf t,_/'J e. a'r (1.J) 

f 
1 

~ { f ~ f=D v . 1 

2 > We use the system of units, ~n which f=C == lll ~1. 1 t11.- is 
the mass of one of the interacting particles. The case of equal 
masses is considered. 
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and the expansion of the Green function {)qJr7t'J 111: 

9 ('2,i!'):=.L ~ 5 f(fJ,t>f(P.t') dfl = 
~ (ZK)3 jlzh .f{ -..J/+i.c f (1.4) 

.i Coo 

= '1 !/( t 0' 'to (Zt~- t) 'Jrt r t., "{ 'J 1?. r n~ ti!'J, 

where 

:i { (::l J .f 
:J~e(t,t.1= -JitX

9 
B(t-t'}fle (t,Yrt)Se o: Y~)+ (1.5) 

+- e (t'-t) e/2
J(t; Yrt) 1e (t, ;fq.J}, 

are defined now using the relativistic analogues of spherical 

Bessel-functions Jl (t, ~). Ce ( t, Yr,) and spherical Hankel
(1,2) 

functions ee (t,frz) (see Appendix). 

The partial-wave equation of <f~tf (t) has the form: 

00 

'f1e (t.) = .JeJt, J~) + f {j~t (t, t'/V(z_') ~e (t'J dr: ( 1.6) 

2. The Phase ;rpe Equation for the Partial Scattering 

Amplitude 

Following the phase function method/7,S/ let us consider 

the wave function r~t(t) as a linear superposition of two free 
(f) 

solutions jr(t,J'?) and ee (7,~} with coefficients, depen-

ding on t : 

· [ A OJ 17 ~e('t)==8e('r,f<t) j,("r,Yif)+uz,(t,J1)ee {t,f~)J. (2.1) 

Comparing (2.1) and (1.1), and taking into.account (1.4) 1 

we come to the pair of first-order differential equations for 

oft ("':,_h) and Ee ('L,f'l)' 
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d Vcz>[ rn .1<2.2) __ Jfe (t,.ft) =- -;p- jt('c, Yt) +e{ (t,J't)~ (r,J21 
.-1 t .:Jrz Ytt- -

[ * " (C:J¥ 1 x jr ( 't, y~) -r efi-e (t, 4) ee { r, /rtJ , 

cl/p (o,y?-) =0, 

d V(t) r2 J* 8, 
d-e Be (t,YttJ = Jh .ltt- ee {t, .J'?) t> ( -rJ ./rJ "' 

(2.)) 

[ 
..4 (f) -

x _3eft,Yt) 1- ure(t,.Ji)et ("CJ ~J}, 

!Jf (<~, y~) = j_. 

If the solution of equation (2.2) is known, we find the 

solution of (2.)} in quadrature& 
= 

I i J · 1 {2)'/. I 1 

l3t (t, ~) = exp j/,_Jt ~ V(t J t£ ( "l ,~)[Je (t, J'IJf-

f lYle ( t;Ytt> e/Drr: /~J] d''t '}. 

By analogy with the nonrelativisti~ case, we may treat the 

quanti tiee de ( t, J<t) and /Se {t, Ytt> as the scattering amplitude 

and the normalization constant of the wave function ~ttf ( t '), 
corresponding to a part of the potential ~(~; t) inside a 

sphere of the radius t : 

V(t;t:) = V{r'JO(-r -z). (2.4) 
.A 

The equations ~or the S -matrix element ,Sf ( YJ )'), 

phase function JlC'l,.f) and the tangent of the phase ·fe(tJJ), 

corresponding to the scattering on the cut-off potential (2.4), 

mey be obta~ned from (~.2) and the relations connecting these 
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quantities with the partial scattering amplitude: 

A 

Se (<,Y) = e t_iJ;C'r,Y) 
' 
ho·,y> te (t,/) = 

i +i./If ( 'r, y) 

i.o; (r ,y > ~'"' 
./le(Y,/) = C c1/n rYf (t,)'). 

These equations have the form: 

d "' . vrt, ! (<:) /\ . (f} I 
dt Se ('t,/)= z !J!t7 Ee (t,yJ-0(t,yJE, (r,7) (2.5a) 

!- (1) I; -" (<_.):(c I] A 

X _ef ('t,'j) -Se (t,)') ee (t,YJJ, sf (O,J)=i, 

d V~; + 
ol!t te (t,J) = - .vry L .1t (t,yJ f- t.t (r,y ){£ (r, y) J (2.5b) 

X [J! ("t, /) + tp (t, ;XJ q,:t('r, )" )/, f{> (OJ _l) = 0, 

d Vh:J I \ 
{:£ii dp (Y, J) = - 1/z_y L eL)5 Ot(t,/) .it (l, /) + 

+ .1in /!; ("t,y J Cf (r, /)} [o,J Of (r,y) .J/(r, .X) -r (2.sc> 

1- 1/n rJ; (r,J) C/(t,/)], 8; (o,;i) =0 . 

We can come to (2.2) and (2.5), replacing in their nonre

lativietic analogues/7 •8/ the free solutions of the Schrodinger 

equation (Riccati-Bessel and Riccati-Hankel functions) by their 

relativistic analogues. 
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Unlike the nonlinear finite-difference phase type equations, 

got in/61, equations (2.2) and (2.5),are the simplest ones (Ricca

ti type equations). The natural boundary conditions choose their 

physical solutions unambiguously. Obviously, all approximate 

methods, developed in the nonrelativistic case (the perturbation 

theory, the linearization/7 •81), and the algorithms of numerical 

computation are directly applicable to (2.2) and (2.5). 

). The Phase Type Equation for the Total 

Scattering Amplitude 

Let us now deriv.e the phase type equation for the total 

amplitude without assuming the spherical symmetry of quasipoten

tial. In quantum mechanics the same approach was developed in/9/; 

it allowed one to elaborate a new method for obtaining high-

energy asymptotic representations of the scattering amplitude/
10

•
11

{ 

We begin with the more general case, than (2.4), where the 

potential variation is connected with the parametrical dependence 

on the cutoff radius. 

Symbolically, the integral equations for the scattering 

amplitude and the wave function, and the connection between the 

wave function and the off-energy shell amplitude have the form: 

(4 = - tt~- V + -vy1 Jl (3.1) 

v~1 = L' ~ ;;,~ v 1~ , (3.2a) 

'"'-' ~ 

if~ ~r + ~- v9~, (3.2b) 

<fcc/ = I - z (Z7rJ1 Yz c/1' (3.3a) 

"-' m (/_ 

'~'tt-- = :L - ~ (:!. :Jt) c/!j~ ' 
{3.3b) 

8 

~ 

where X is a kernel of the unity operator. Assuming now, 

that potential suf'f'ers a variation a v ' let us calculate 

the amplitude variation~~ • So far as 

A = - :t_ 

we get for 8' Jl ; l. (l!'lt)~ Vst'~, 
o.tl = - _:t_/, [ J'V 'Po -t- V· d'st-'a ] 

l(Z~)I v v , 

Excluding cf5l''V with the help of' (J.2a), we come to the 

relation: 

J'Jl :1 "' 
= - !!Jt!:~t)-r lf'lr · S V· ~ . ().4) 

Taking into account {3.3a,b), we obtain the equation for~: 

S'Jl:::::: _ t~21t)r- (I -trtnJ~flll }JV(I -!(RJt)
19tt ./1 J. (3.5) 

This equation is justified for any variation of potential, 

in particular, for cut-off potentials (2.4). Other surfaces of the 

potential cut-off' are also possible (comp./ll/). 

Let us now concentrate on the parametrical dependence of 

potential (2.4) and investigate equation (3.5) in configurational 

representation. 

In this representation the relation (3.4) for the scattering 

amplitude on the energy shell .Yp = J£t.- is given by expression: 

j;_ fi( ~ ,llf J '(:J rl:zJ =- tl f d !(-.._, X 
'lff ( 

(3.6) 

x if{ (.h, izp; ·r: n-;,; V (;,)~ (.Jt, n}; t ;n;,Jj , 
t'-=:~ 
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where the wave functions ~ and lp satisfy the equations: 

'f'( (! 9 1 ni ; z ', ll~ ') = 5 ( h , t :· n; ~,) +
(J.7a) 

+ ]tJ~(t~: i"') vrr_~''Je(r 1-?:"Jn rY,.ni; t;,n~~,)d~:,, 

i/; ( ., , --'> ) c* 1 ~ ~ 
T't fl:v,1l~; i-, llt' :::: ~· (h,"l,· Tl't_Tlr_') + 

(J.7b) 

+I <A r ~, nt; t ;' n-; ~~J :ltt r··t:l _.,_~') vr?;e(-r~,r;c~.;~ 

For a more clear representation we denote the dependence of 

all quantities on the lengths of three-dimensional vectors and 

their directions, separately. 

Let us write the Green function (1.4) in the form: 

!h) i: t__,')::::- rf~l f dn--; ( (}(-r:-<c')(r_!i 'z;• n;Tl1o.a> 
(i) -} -) -~ __, £(~}.:1c I -"I '-" )ll 

xf cf<t,r; nn3 )+{)(t'-rJf(J1_,t;nJnJ (;fc;,t;nllJ'/, 
(11 Z) 

E ~ .... I) 
where the generalized functions ( y~' t; n 1l are formally 

givan by partial expansions: 
oc> (1 .e.> 

(1 2) . j_ \ .f J 0 
£ (h, r; ;;-;il'[) == ~ufl.X, h(/!t+J Jl r; rr,fit)l;(cm~(3.9) 

. (i,2l __, _.., 
For the quanti t ieeE (Xt J 'Y ; n,, n "r) the relations 

f ~:l<(_ . ~ ~ )Eri,c.> -· __, __. _ ~ :Ji ;r_, n,_Ry - (Yp, r; 1Zp l?'t )r/ tl"r = (J.10a) 

= .q fr e ::t; lY ~<f.-
~ Jli. Y;><t ' 

where 

C"/z Yf'r :::c/1 Yt c!z ~- :J/z_fp :1/Lx<t rf?,fl;J ~ 3p < x~ _, 

10 

f (i,l) 4 4 ~ 4 ']£ ±it. .X~ 
F (Y~, t; nfJlr)d~= ~1~:~; e , (J.10b) 

. 
(12) __, ~) 

E 'r:Ytt, r; llin'( t y<t ---7 = 
q:?L ± L t~ (J. 10c) 

·u!l y~ e o( i + n; n~) 
are fulfilled. 

Taking into account (J.7a,b)-(J.10) and the expression for 

the amplitude depending on the cut-off radius ~ : 

!2 -~ ·-~ :{ f >f ' ~ "' 
c/l (j<f,n!Zp; t 7 ll~) =- !/f( t ( .JJ, Y; T'f ll"r r )x (J. 11) 

.x V(t~ 1)9(t-'t/~ (Pt,71~; r; »~~)dr~' = X 

'l!7r 
-1. 

X Ji; ( y~, nz ; t: a-;, JVr·?j e(t-t ') ){ 

K C' (_Y. t __, __., ) / -" I 
'> "?-· "' ; n. t , nJ oc... t , 

we obtain from ().6} the sought - for equation: 

d uf( ~/ ll.__., • Y Tl ) == - t :_ (' d TZ__., V ( f 7
) x ( J • 

12
) eli- J.'?-J ~ ~ ·~ f{- !I :Jl:' J i -'l 

l[ t: *( . __, -'I J!l y; (' ~ • 
x ~ Y"t- ~ t ~ lZt n t ) + -

1 
j! J d ( Y<t, ~ ~· -'r ~ ?? 1 J ,X 

(2)~ __., - li_ 
xE r Y~~t:; n"( ll~ )o6t1 } (t (Yo t · n: ?!r) + L_Y~x 

"" 7 ? - g_ :Jl-

{.11 __, - __, E (i I ~ ~ / __, ]' l 
x _ e- / [ftt, n"i , r, nz.) (.7tp., -t.>· llyn z)O( 7lz. .1 

with the boundary condition c/l-( y <J. 7 n?' 0.> n-;. ) = 0" 

following from (3.11). 
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We give also another derivation of equation (3.12). In 

the spirit of phase function approach/8/ we consider the wave 
~ -") fWlction as a linear superposition of the solutions f{.Yt,, t; lltllt 

~) ~ ~ -
and E (J'r, 't.; ~ l('L) of the free Scbrodinger equation 

lf/( --1 ~ f!3 -t -t 
r ]'J., ll't; t 1 llr_) = ( Y'j-, ~; "( 1 ltt) x (3.1 J) 

)(L ~ r .x<J-1 r; n;ll~; + JAYt ]frz-; utrx~; ~; '( n: r" 
9.:Jl"' 7 

(0 , .. I I cl ~ 
" £ (11, r; ~ 1Zr.) J n t ' 

13 _, _, 
where the amplitude funetion · (y'J. 1 ~ ; t, 71 :t.) is an analogue 

of the normalization factor ~e (2.1). Comparing (J.1J) and 

(J. 7, ) and taking into account (3.8), we find: 

;> ~ ~ c-- ( _, -~ 
K)( '/'1 1 /lt ;r 1 n't) = o ~ -!Zt)-

(3.14) 

,fl :v: j' 1 -}, , E (2)JI: , =--' _, l V( ~~ _ J_n_J-<1 a. t (} (Y. -t) (~, ~; n..,, ll~ J r ~ 
('f'ft-)1- . 

X <j.J (]q_ 1 n1 , ( : rl~ ') 
1 

12 

a 
l 

t 

' 

(' _, 8 ( ----} . ~ d ~ ·) ) 
J d nz Ytn n'J, ' t, 'tl"C) cJr- ( Yrt , ~- ·, r, ll't = (3.15) 

= -q~ j eft' e{'t- t') t* (Yrp, 't~· n~ n;) ll{ i')x 

X tp ( ylfr J n; ; "(: /!~ t J. 

1.3 f: ___, d; _ __, -; 
Hence it follows that (.'X,, nt; =, ~) = ( n? -1ft} and 

c}!(Y'f,ri.i ;ao, n~) is the scattering amplitude on the 

potential ~(t~). 
. ~ --, 

Excluding 13(-Xj,n1 j t, ll't) from the pair of relations (3.14) 

and (J.l5),we come again to the equation (J.1J). It is easy to 
-4/ ~ --, 

see, that at any finite value of t- the quantity dCf X~, »z; 'l, llt:) 
equals to the total scattering amplitude on the cut-off potential 

(2.4)' since in this case A{.x~ J n; ,· "t,n--; J = b-:f(Y<J ,n;__- =, nJ). 
It can be easily verified, that the solution of equation 

(J.1J) satisfies the reciprocity relation 

(/~(y1 , n;; r, rl~) = df(x,/7- n;; i,- ni) (J. 16) 

and, for real potentials, the unitarity condition: 

'-/ ~ r· _, ~.. Jl! x ~'ct _., 
('/)n c/C J <j J nq j ~ 

7 
Jl"( ) = : ~ 'f.- J t )t. X 

" 4Jr-
dt( _, -~) ..4.:1; --) ) 

x ..X~, ll; 1", l?"l c/L (X9-, n; 1-, J?'l). 
(3.17) 

We give also the treatment of nonlinear equation for the scatter

ing amplitude in the momentum representation, which can be useful 

for detailed calculations: 
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b=c-

i 
d./1, ( p, 7) = J/.1 't [ f ift. (Yf,) S~(J# J Y;')~e ~~) ~ o.1a> 

. X clX;J d ]j : 
where 

Yyi'(J;) =tl(Yj, -;r;J- J;lfit/ -~~(~}(:ftt(~)t); (J. 19) 

~? U; J ~ J(:tl - Y,e J -:1/1 x't -c~ (p,~ Jy't (I), (3.20) 

c-"l><_> 

~ ( Yf, ~) = { cf/("r 7 lj>)IF(r ).fl' (l' }~) d'r J 
(3.21) 

"n 

(.·t/r(p,r;.J~ ~ifx~ [1/fr~YJ·) V(tJVftfr)of·r, (3,22) 

( 'f) = 1!: . 5_ . _:i_~~ /!, ( '/{' Jh y9 . )', 

(3.23) 

4. The Effective Radius Approximation. 

Relativistic Corrections 

In the nonrelativistic case one comes to the kno-n effective 

radius approximation by expanding the tangent of scattering 

phase on the short-acting potential with radius ~ in pe-ers of 

the dimensionless parameter 2ru2/fl <>"" 

-Q(t,Cf):;;-
1 ___ 1- af!~JtJ rt 

fJ rk (c? Cf)=-( .:?1~-J).f! (21-t)!! rt=-o 

and keeping the first terms of this expansion. 

In the relativistic case, as was shown in/6/, one should use 

the expansion: 

14 

l 
{£(r, --__£ ____ ~fa -r f!n+-21'+.1. 

J1,}- (;'qf 1) 11(.0 P-1)1f - l?n ( ) ( tf!Jft %£_) ( < 1- " ~ ..• ll-0 2. 4.1) 

in pe-ers of the quantity f:J/:. Y~/C!_ , which is the relativistic 

generalization of the momentum of relative motion. The expansion 

(4.1) is valid, if the interaction radius ~ is smaller than 

the Compton wave length .x- of interacting particle 

:R/x < 1.. . 
This condition is fulfilled, if the interaction is realized by 

the exchange of quanta with the mass larger than 'the masses of 

interacting particles. 

Substituting the expansion (4.1) into (2.5b) and using the 

expansions of free solutions in powers ~f ZJ/i Y~/Z , we obtain 

the differential squat ions for the functions Clf'n (t}. 

At n=O these equations have. the form: 

d V(tJ(-l)t+l. "t rt~'.LJ r;(- . {t'I-1J r-eJj 
~/)" {t) = . L' ?") 1- at. (r)ft) _/(4.2) 

(/{.. (. "'--t'o f!.f+ 1 (-t) (f+1) . o 

with the boundary condition tli'o ( o)=O. In particular, the 

equation for the scattering length Q('lJ=Cloo(?:) does not differ 

in form from the nonrelativistic one: 

ifc_ a..("C) == V("t-) ['r-CL("C~l.!Z (4.3) 

The equations for the functions otn ('t) are linear at 7Z ~ _j_ • 

We giv;e only the equation for ao-t {'l/, defining the effective 

radius 'teff = 6_',1') z ao -1 frJ I al"JOZ( r) : 
r ~ <>e, 

d 
v v 0 (4.4) ;z;z- fk.t.f't) .::.,/'1-- (r) t.lm("C)+L (r:), ao1. (o)~- , 

where 
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X{"l) = z V(t) [a_fr) -t], 

y (.,) = £ oLaf-rJ - V(tJ( t -aJ·o) { t
3

- '(.tClft)+- X) 
. $' d"r 3 .1-t. . 

The solution of equation ( 4•4) ~ 

a,,r ~> = J;d. 'Yr ~ 'J e .f Xh •felt " (4.5) 

connects the effective radius with the scattering length. 

To find relativistic corrections to the scattering para-

meters, we use the expansions of free solutions in powers of 

* ~ jl , given in/61. Substituting, for example, the expansion 
me <=> 

-fr ('Y,f~) = L fe (~) {"t .~)A--~ 
~t~o (4.6) 

into equation (2.5b), we obtain taking into account boundary 

conditione: ~ 

-J.(D , J____{.tJ f' / V(t'J / 
'-c ('t,'f);::_(J, Lr (Y,~)::::- -Jd't ._

9
_ <f'e(r,tt)"' 

0 h 9/ (4.7) 

CJ y j )' e;tp {- :;; -J v{'t 'tJ q, (q_ Y")/'1 r ('f, y '')cit '/ 
t "( , ' 

where Yef"Vl }::: l'lr (q, "t J( fr;;~) [ i!f]!'- .fJ l'fr (~, r) + 

--'--- j_ L" f{fl-1) 1 Jt r( J .L (r) c( '~~ 
r i": ·-;y- -r -r ~d'Y t(fJ'rl-(r 'ft,ttJOii~f'lt~? 

l'fe {q, Y} = Je (fJ't) + -Q(O)("r, Cf) eeftrrJ. 

The authors express their gratitude to A.A.Atanasov, 

V.G.Kadyshevsky, A.N.Kvinikhidze, S.Cht.Mavrodiev, K.D.Mateev, 

A.N.Sissakian, N.B.Skachkov and L.A.Slepchenko for useful 

discussions. 
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Appendix 

The relativistic analogues of the Bessel function JE{'t,j't), 

;-Jeuman function Cp (t, J~) and Hankel functionse/
1

' 2.(z, Y't) 
are expressed through Legendre functions f?v~(:t) and rrcr';() 
in the following manner: 

/:;- ~~~- IIi (1+1)/J-t-Yz /J 

:5t("r,Y~)-=v';!lr?.t Yrt(-1} f-'l) ~~-"r-1/z (rnJ?_), (A.l) 

! ftj!5i (-(->) ,hf/2_ (A 2) 
/'-(r, Ya )= (-1) .f t- 1 ( r, Ya )= 7l; 'Xtf- V 'f! (rff J7 J, • 
L£ /" -- " c;__. t"r-.1,/g 

(A.)) 

ec (t,ZJ(r, Y~) = Ce (r, ~) ±~_· Je ( T, ·'J'i) = 

1 rz;xfr~- ~f') l'~f(- (f'f.f) /I -f'- ~~ (r'f'_Xa) 
-.-. v . F (- r) < :v - . " I/. I· J 
l 7( 1- l < - vz 

-where 

t (.:l)_~i~ f/ir+)) 
('(-it) 

is the so-called generalized power. (!, ZJ 

(A.4) 

The quantities Jp (YJ J'<J.-), Ce(r, Ytt) and (lf' ( r' Xz) 

have the following nonrelativistic limit: 

oie ( "(, jCJ) --·-> Jr f"r'f.) c ~Y_'f ~:);, fjJ (rrj ), 
(A.5) 

r'e ( 't, ~~)- .-) Cp (YCJ)::- f~.-l't Jjf-+'2 (rtj) J (A.6) 

(iV 2 {; -~ ( 0 .2J 
ef ' (Y,'f'/)--) t:e(l1 ~r7)= il/'-~'rfJ- ~-1f/.z('Tf).(A.1) 
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For the functions jl' { "L_, Yet) the following addition theorem 

' 2 • 121 is fulfilled: 

c1!'_!r_!_}fl) == __ :{__~ -- Zoe> (£bD.1/frJ Yp)~ 
.-Jt Ypry ·uixp J~X't t~o 

x 3r r -r, x7 > Pr r c01 o J , 

c// Yf>1 ::.: ('I Yp · c1 Y'l - J// .Jp · tl x't ·em 8 J 

or, in the integral form: 

f t-* ·) ) t'( '--) •) , ., (p,"r >s q,rJoln.., == 
4.7t- da('t]Yn) __ 

Y.iA.Yn 

(A. B) 

(A.9) 

_ 1 . fin 'rYp~ 
- .7! -r :~A Yp't • UJ2J 

Let us prove an analogous theorem for the functions f'e 

and ['Fe • First of all, we note, that the addition theorem 

(A.B) is justified in a more wide region, than the "physical" one 

(turning into the halfline 0 .::; y "'.o.c" or 1 :5 c/ly '=-Z< 0<:>), 

namely, the relation 

i -1ft. ;:-i/2-
( i-.L-{yi/2 !}"{- Y2(:t) = /i}-~ jiJ2 (~2- 1} :1/:l " (A.10) 

Oc ;rrc"tt-1'+./J/z -fO-Y:L -/'0 J )( z ( Zfd) ---~-- P. (~t) I~ (:Zy)~ (cPJO) 
f!=O rtt'U-iJ Lr-f/:; l'}·-f/.z 

is fulfilled. 

Here 

-< ) Y2 /- .2 ) o/.<. lit = :t:L :t :l - ( :t 1. -:f. ( £-.! - :f aJf 8 7 

(A. H) 

18 

e is considered real everywhere. 0 < e <. 7(- 0 

The addition theorem (A.10) is justified for ~1. , ~:t._. 

satisfying condition: 

I r :'1-t+1) (:C~ f-1) I> 1_. 
( :/1 -1.) ( L:.t. -1) 

(A. 12) 

This condition follows from the asymptotic expansion of the 

expression, entering into the sum {A.10), at /--7 e>c:>. 

Let us now replace in (A.10) :t-fl. --') -22 • Taking into 

account the relations 

f:'l.Jr- t:t'JI 
-:L--t=e r~~-1) 7 -L-+.L==e (7-1J:J (A.1J) 

where the upper or lower signs are taken in accordance with the 

sign of Jm :1- 1131, we pass to the expression: 

:L -:1!2 v'.!ii/2-_____ p (-')-)= , X (A.14) 

(;c2 -t/12- zt-1;2. (,z._/-1)1/2 (:JL}- _i) 1/2. 

k f:r2t tJ/rrL·~,.tf11J2p-P-.t;2(.z. ).P.-f-Y.z r-z-<51/fa:JJB) 
t"'o ,_ r r~ n n I a- t;.z 1 tt:- 112 _, 

which is fulfilled in the region: 

I {.!£_~i) ( ::r:l- :t) j> :i. 
(':C:t -1) (:!_tf-:1.) 

Finally, we use the relation 

(A.15) 

-t r f: .Jr'( -e- ¥2 -t- t~.z, I 
5f:Jn:-Q. -f/2-{:z->= -::-f:;::-ie p _

1
/.r:zJ+f/,. (-;zJf<A.16) 

-a _ t;
2 

.-(_. . 1 r /.2 . /2 

which gives the sought-for addition theorem 

_:1___ Q -.tj:L (~) = vft--/2 ____-:- X 

{;t-2-1)1/2. -i'r -i/2 {:E}-:L)d/:?- /.-iL..c.:!-t) .1/Z 
(A.17) 

x ;f' (2f't-1Jjf'fi~+ft-LJJ2pf-iJ.?/z. GJ ~f'-f/:z(Y;t)/j(cDIB), 
{=0 rftrt-1) I i'l-1/.2 1) -Lt-1/.1 -
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fulfilled in the region 

I ('11 f-1) (~ ~1) I> :L. 
(Sf t -1) ( :1.2 -,:: 1) 

(A.18) 

Using the relation (A.J) we obtain in the "physical" region of 

arguments 'if 1 cce/IYp, ':12 =ell'~ : 
{1) <>o I< (f) 

eo (r,Z£j}__ ~ 1 2__(:21'1-.f):k f0~){j (l,Xz)x(A.
19

) 
Jl. Xp<t nb?JfiY't t~o 

" /2 (COJO) 
7 

and, analogously 
-:-·~ ~ (2) 

~,f2J(r, Xj>1 ) = !- _ 2_- (2f+_i):lr (?:,.)j>){j, f0-1')<A.20) 
-----i--p;;--- YI~Yp J/IX~ f'-o n / G') 

-"~!''l- --"rrrUJ.1 ~ 

f~ (r, Yi_:z J := ____!_~-~ ~!X> (2fJt:I):J/fr~ypJt:; (r, Y~) (A.21) 

. <ll_fr>1 't t/4 ~ .1/{Y'l l?=n x Pe (em I?). 

The condition of fulfillment of addition theorems (A.19)-(A.21), 

in terms of the rapiditiee has the following form: 

tr < y'Y. 

The relatione (A.19) and (A.20) are reduced in the integral form 

to (J.10a). 

Passing in (A.19) and (A.20) to the limit ~1 ~ 00, we 

obtain the partial expansion of the plane wave (1.3), like the 
ipt £>~J8 expansion of the usual plane wavee in Legendre poly-

(f 2l . 1 ~ M 
noms is obtained from the addition theorem for ~ ' ["r/fJ -%. 
Let us emphasize that in the nonrelativistic limit formulae 

(A.9), (A.19)-(A.21) turn into addition theorems for the corres-

ponding cylindri.cal functions. 
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