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1. _Irltroducj;i_Q_n 

There_ are many rea,ons to believe that Quantum_,Chromodyna

mics (QCD) is the basic theory of hadrons. •t Hooft h~s investi

gated, for example, the particle spectrum of a two-dimensional 

Qcr/11. In this case one is able to solve the dynamical equa

tions of the theory. As has been found there, two-dimensional 

QCD e:i:hibit's quark confinement and yields a linearly increasing 

mass spect~ for the' colour singlet quark-anti quark bound-. 

state mesons •• Recently, a lot.of interesting questions such 

" as unitarity, Regge behaviour, deep inelastic scattering, fo:nn 
. + -

factor behaviour, e e -annihilation have been studied within 

this mode112- 51• Moreover, introducing bilocal fields it is 

possible to derive from two-dimensional QCD an infinite-compo

nent nonpolynomial field theory for the bound state mesons/61. 
A complete effective Lagrangian of this model should, however, 

contain colour-singlet mesons as well as baryons. As a first 

step towards this aim we investigate in this paper besides the 

quark-antiquark channel the quark~uark channel and the ques

tion concerning diquark bound states. Baryons could then arise 

(for SU(\)) as bound states of diquarks and quarks. 
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Por this purpose, we have introduced two types of bilocal 

fields for the i<f - and i1 -channels. The stationarity 

condition tor the effective bilocal action yields then a system 

of equations tor the quark Green's functions which is the 

relativistic analogue of the equations in the theory of super

conductivity/7,a,9I. The second functional derivative of the 

effective action evaluated at the stationary point detenlines 

the kernel of the Bethe-Salpeter equation tor the 1·f - and 

'Ii -channels. 
In Sect. 2 we derive the effective bilocal action tor the 

meson and diquark sector. Sect. J deals with the quark and 

diquark spectrum. 

2. Bilocal Variables 

Let us start with the generating functional of_ Green's 

functions of two-dimensional QCD in the light-coDe gauge. In 

terms of dynamical variables we get/6/ 

l.(1,7t)=½' s~"Dfei(piz-(1{, iC~1)--tC7_gt°(1i.,.,kqf()1> 

t- 1~i f 9+7 J · 
Here we have used the short-hand notations 

( f(, Kif"> : ~B c1: K'As,cJ> 1» 1: 
= J ";:~ ct2y ,fx' dz' ~¥(a)1a:(x) ~i~;;:1 ~c1lx') ~;l~') ' 

Net 

k ( "1; /,,') -= > 11:~ ~:: OaJ dab T1

])(i'i-)') d(x-x')J{/1) 
a« hi.· a,dS .:.--1 " ~,- a . ·,-,,ja h=1 

-1 .. t 

= /~~if,o~ &,~ ~" T :D(x-y)cf(x-.<'JJ(y->'), <2> 

4· 

I 
I 

l 
·" ,, 

'\l >i) 
l'c,:_S are the matrix representatives of the generators of 

the local colour gauge group ,S'U( l't) normalized according 

t. \l"ll '\lwi) 'T r ,,,., , c. )9" r. to t /\ /\ = C ( ,,, .: N,:, Il ) • The gluon 

propagator 1)(x.) and the quark propagator G, ,, ) are given by 

])( ~) r elk L" --t -~kx-
- ~ (liif k2. J 0:. 

G (*) ·= r ~i~~ ,- ,(, k- ------ l --<- t< ~ 
( .,(, Ji" 1-' 7 I< .... tJ '- ,,_ .. k_ - 111n t- -<- E '-

(J) 

Kt " -~ ( kc ..t k.) 
The capital indi~es A in eq. (2) denote a triplet of indices 

(a 0( ~ ) , where a. = A 1 •.• , N - and o< = 1. 1-.i are 
I I t . I I ( 

indices of the global flavour group SU ( Nf) or of the colour 

gauge group SU (Ne) , respectively, and X- is an integration 

variable (summation or integration over repeated indices is 

understood). Finally, · C: is'a normalization factor guaranteing 

that . Z (o10 ). -= 1 . As can easily be seen, the interaction 

" tem (2) leads to attractive forces in the colour-singlet quark-

antiquark channel. Indeed, we have 

tNc:5 1-z~:~ =ff5 +:f.Nt-1-1 
"· -1 , , ( tJ 2., _ {\.11 1 11} _ r., ~ --p 

ic<"f1t.f - f A.,._l ."\ I'/> - I 1'1.:. '1 

(4) 
_i_·?. \ 

Ne.. r,.;;.1. J •"Xf 11 S 

where 1\ , r, are the projection operators on the respective "~-{ 1i -channels. As has been shown in ref/1~6/ there arise then 

meson bound states in the colour-singlet ff -channel. 1'hese 

bound states are most easily introduced into the generating 

functional by linearizing the four-quark interaction(2) in 

( 9 ~-t-) using .a bilocal field 2-:( x., Y ). Moreover, an effective 

Lagrangian of. QCD ehollld :. also contain. the colour- singlet' 
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baryon bound etates which are built from Ne qu.arke (for 

~ l{ ( N.__) ·) in the completely antisymmetric combination 

E,. , . 1. a 11 1101• Thie could possibly be achieved by adding 
.(,1?·,(t,IL t1 -1-<i. .. -l'N.:.... 

and subtracting suitable combinations of Ne quark tielde to 

the exponent of eq. (1) and linearizing them by multi-local 

fielde B(x.1,x2 , .•. 1 XNc) • Ae a firet step t01tards thie aim 
- ·r 

we investigate in thie paper beeides the 11 colour-singlet 

sector the (fi (antisymmetric)~sector of two-dimensional QOD. 

Using 

l Ne 1 X { Ne. l ~ { /.\ J + 1 S} 

.--., 

- ,k"",, "s fn 

N~-1 

~ (111 (- ~'1)1) -~ \s 'of'> "·~ 
( ,tn)T "' 1f1) ) 
\ ,, ((, f, ~ 

(5) 
N -If-;).) -,-, ( N +1 u - !..:£.___.'._ r c • vS ' I ~ 'A N .;, C'.f, Q ::. Ne. C 

it ie obvioue that the gluon exchange leads to attraction in 

the antisymmetric channel {A} and to repuleion in the symmet

ric channel f S} • -PA and P.5 are the reepective pro

jection operators. We expect then the formation of diquark bound 

states in an antisymmetric colour configuration. In particular, 

for SU ( 3c) di quarks could possibly be bound together with 

quarks to build colour-singlet baryons. Adding and subtracting 

suitable terme we now use a tour-quark interaction which exhibits 

explicitly the attractive forces in both the ~c'f - and 11 -
channels*) 

F = [ (~f-P1 K ~ q f) + ( cqq/1 t;i. kl~ Cj ~) 1 + wr (q,'t/(6) 

W,.. denotes, in the spirit-of- a'Bartree-Pock.approximation, 

a "residual" interaction which will be treated perturbatively. 
•) 1'1ie eirective four-qllal"k interaction in the curly bracket.of 

eq. (6) leads to weight factors in the dynalllical·equations-tor 
the <f'f - and I~ -sector that agree with perturbation theory. 
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Por this purpose, we write 

·w· ( +) . W ( i... (,f" .i. S ' 
-r 9 I 9 = "(" ~ J"~r ) ,i if7 / 

and take it outeide the functional integral. We now linearize 
tthe etfecti ve tour-quark interaction in the expressions ( fi ) 

and ( ·11 ) by performing real and complex bilocal Gause integ-
rations/6• 111 · 

ex-f f (~~i- (1{, 'P" K 'P1 1 c()} = 

"'. C1 s1)z exp 1 .t c:¾"f ( Z:, it.z) + i ( if P1) L'S <
1
> 

exr~ (Z~~JL (Ci~)~ PA k-PA qi)} 

"=' Cz i])I\ )I\ exp f -e}t(A,K-"/\) +~91t I\ 
• r /\ (PA'1'1)_} 

(8) 

i-<~~ C:j) · k ])(. EF = JAB, El=" :: 0\F J£.B 
I ' 

efc · 
The bilocal "fields" E i /\ are treated as c -number (Bose) . 
fields. To have bilocal sources that couple directly to the 

bilocal fields we add in eqa. (7 ,8) source terms F; R 1 ~\ Q 

and perform the, change of variables 

:.?iR+Z=X 
'Pl\ Q .. /\ = y 
Qt'Ar-i\=Y 

(9) 

Using eqs. (6-9) the functional integral over the quark fields 

in eq. ( 1) may now be taken 

) T>~ D1+ e'"r i { (f, i) L ( l.-) + (q~'P(-~,) + (1~-7)c\t1} 

- ~ l- CleA L] 
1

l
2 

Q t; p - i (\~ -iz) c"' ( -\ r) 
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where 

( 

-i. c--< 
L = xi 

-2(<. >.'.\) 

and . G-1 . G-,( V 
,t t<.1 = ,{. . -1\1. 

(G;-)AB -=(Cx)BA 

) -2.. <½. ) 
. G-:11 

-,<_ x,, 

i X1 = P1 X 

) YA= PA y 
The generating functional now reads 

(11} 

(12) 

. , ) . (21-<'. / "'. ( .; .£ 1 J' -Z ( 7 1 i,zt) ~ C e 1e P i - w.,.. z- Ji.t- , -;;: <Jn ) ,\ -
I L 1 • ( 1 J) 

~ fr>xfvyffr e1<r[~Wett(X,Y,Y)] Z(1,i(,i<.,Q,a/X,t,Y), 

where the effective action l,Jelt and the source-dependent te:na 

2.(. . I xi YI y) are given by 
--1 , - • -,f 

L / ( -~ ~ .· { , (v 1/ v) - · ·t'f i [-i G -X ] · 
V\iee X, Y, y-' := «- t (2q~t ","' " ..<. 1-1 " -

. q (14) 

t- l ~~}2 (-t Y, 'i<·\ Y) ~ 1-fr £Lo[ 1._ t- ~~2. (.i >'A)i< 

and x G_x... 2.(~ YA)] 

Z(- i )9',Y) ~ exf'f-~~+Gri~ f i ~+Gu~~ - i- 7 G,~ ~ 
. 1. £.. c· -'I - 1 -,f z <-- ,,.._-"' 
t- .2 (2 j_.f i;R,k P1 R)-(.z$_.y:.(P,R1K)() -C:Zff ~Q,k ~c151 
-A (~-<t(~~,K-A ,y) -f. ~(½-if(~Y; K-~PAQ) 1 

Here · 
-. -1 

G = L- 1 + -~)(1 ,2(~YA) ~"· i(~ YA)] G~,, 
., "' 'l. ,1. 

GQ = - [1- + G)(1 J(~YA)GJ:1(1YA)1--16 ~· o(~-YA)G_~~ 
i t ' ,,_ 

c<-\ = G_;~ J. r:, ~> ~X1 [ 1 + 2 (1 >'A) G;, .z(,.~) ~ -1-1. < 16> 
"\ ,-(. t { 
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are the normal and anomalous Green's functions ot quarks moving 

in external b1local .fields X , · Y 

J. Particle Spectrtllll 

a) Quark sector 

Considering the stationary points of the effective b1local 

action (14) immediately leads to dynamical equations for the 
, , 

quark spect1'1.11l or two-dimensional QCD. Let us take 

~- J'Wf{f-( x, Y, ·y ) = er 
or 

dWe(f = C7 d~eli = (} '. ex - , oY ' 
Jwt'/f -= et .

&'f 
(17) 

Denoting the projections o.t the solutions ( )(, '>', Y) of eq. ( 17) 

by 

~x = M · , ·1\2({Y>=6 J PA2(~Y)= 6 c1a> 

and taking into account the definitions (16), the stationarity 

conditions (17)'Yi?ld the following coupled system of equations 

l'1 ;'(.2~:i')2 k~ G.,(M, 1\6) 

6 .,,, -~5~)J.. ~(PA Ga( k'.Ci16) (19) 

6 = (:Zj~f Ga01,6);) YA k. 
In momenum space we get ( M .. fr r> ~ H (p} l~f, ; flavour indices 

are suppressed) 

' . , . k tv)--1 .1.. r_dk e(lk:pJ)i) X 

tvHr-) = ,( jf2. Ne Ne J. - (k.-p. )J.. 

~ffk~ i[11 ;Gi(kJ 4(tc)~k>~(/t_)f~ Gk?>}I/ (20) 
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ii. 
,i 

~ Cr-1 ;: ·_ - g_Z. N,~,, l'i>.)· rfoll<- ·e(lk:tti:-x)" ,< ' 
d..f, ,(, ff' N,:: llA ¥,'K . -(L-p-)2. . . .. 

,,. s of~~ rr 11 + G: (k>6(L) G~(U LI c~-)T1G:<"' /.'.\(() cfr,)1 ;' .• 
where • ·· · · Q 

~ 
~ 

L G: (k) = 
,( ~kf k--11-t«2 

+ ;~_- k-: M{L) 
, (22) 

g(ILI-~) is an ini'rared cut-oft. The coupled system of the 

nonlinear equations (16),(19) for the no:naal an~ anomalous 

quark Green's functions and their respective nomal and anoma

louo selt-energies M and 6
1 
6 · is· just· the relativistic 

analogue of the equations in the theory of superconductivity/7- 9/_ 

For illustration, we give in Fig. 1 the ·graphical expressions for 

Gn , Ga , G11 , 6 1 ii· and H ~ The content of the. 

coupled equations (16,19) is shown in Fig. 2. Notice that in 

the case of trivial anomalous solutions 6 = 6 = Ga = Gu =- CJ 

the above equations reduce to the Schwinger-Dyson equations 

for 411 , '1 in an approximation where vertex, and gluon 

propagator corrections are absent. The respective·equations 

hav~ been solved by •t Hooft111 .in the limit Ne-+ oo , 12 Nc 

fixed. The solutions are 

__ ~ N/-1 (. S~i-i k_ _ 1.. ) 
M(k_) - 'f,- NC. ?, L (2J) 

with G11 (k'> given by eq. (22). In particular, it fol101ra. 
' . . . - ; ' 

from eq. (2J) that if A ~ C7 then M (k-) 7 0o and 

-,(, ] 
~ 1'!/-1 Sq,,, k.;_ 
jt- Ne, CJ 

G1_/k)"' :X [ (24) 

Thie vanishing of the quark poles for :\ ➔ (} has been inter-

preted as an example of ~ infrared confinement of quarks*_) 
•) fhe limit >.·• & has -Eo be performed at the end of all calcu
lations. Other realizations of quark confinement with propagator 
poles have been discussed in ref. /2,J/. 
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We shall restrict ourselves in the following to the solution 

Mt er , /),. = K"' & • The question of possible .nontrivial solu

tions 6 'i' Cr will be' studied elsewhere (a solution LJ r Ct 

would imply a new BCS-~und state containing Cooper pairs of 

quarks).*) 

b) Diquark spectrum 

Let ·us now expand the integrand of eq. (13) around th~. 

stationary point P
1 
X =' f\1 ,' .6 = 6 = (')-. • .Shifting the 

~,; ' 

integration variable iccordi?~ t~ 

.X(><,)') =;. M(x.-7).,+,q>(><,1') .. . (25)' 

the generating functional (1J) may be rewritten as 

2{· + R - r.1 · [ • c.2,tt iv ( A er ,, J:) 
r_ 7./7 i ,Q,Q) e= \.'., Ql(r A. ~. . 1" ".[ Jiz+i I' 07 

,( f ])cpf]))'f])y ~i<r~ f.tvlu + klr~ · .. Wint 1 
,. l (71i.t,1:?,G,G I tv1+d1i Yr y) 

(26) 

Here the free acrlone 
l.1~ 
VVfr~ • h/ free for the field 

variables ~ and Y are determined by the quadratic parts 

of the effective bilocai action 

wf~ ~ i ( cb)~4,'.(4J)\t (<1>1 f(2f{Kf[1-(25,i)y~.H,C1<e>~11)?,]~ 

Wl~ = }. (y,f>/Y)= i (y,,[-C2t>K][1+<2s,--3(-f 6<~)~9PJ i) 
(27) 

The interaction part Wi"'t is given by ( (/>,,. :o ~ q>) 

'*'l i'here are implications from the non-relativistic theory 
that superconductivity cannot ari11e in two-dimensional models, 
i.e., 6~ Cr /12/. ' ' 
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W,11t 
':10 • . 

. '>7 i. ( GM /4 )t1 = ,t L h -tr .. :i 'f1 
11 "'3 

. """' - T - '1 
+ ~ > .i..-tY- l- ~ ~ ½ GH { Y, 7 
~ L.J h -i A ,i AJ 

1,-\:,'2. 

+ i- Z r;trf- Z[(~<t>J'.qHJ(~ YA)[(~·H<P,}~~} c:s> 
• \')::4 f"t"0 

. A <YA} 
The first two contributions describe hare the s~lt-interactions 

of the q; · ~d · Y fields, the third tal.'lll desc_ribes the efi,·Y 
interaction. ])i 1 ]) j are the propagators of the bilocal 

fields ~ , Y • They satiety inhomogeneous Bethe-Salpeter 

eq~tions for 11 - or o/'f -scattering _in the ~olour-si1;1glet 

or antisymmetric channels, respectively, 

J)q, ,: (23~/K + (23 .. /(~ (kP1) G; )B ])~_ 
,..._, .· T "' G (29) 

J>y = -(2f)l. '< - (23.:t(- ~H ( K ~) t) ~ ]))' 
Varying the free actions (27), we easily get the Euler-Lagrange 

equations for the "free" bilocal fields 

-4 
/)·[' = (J ~q, 1 

}f" f7A_ C, • y (JO) 

These are homogeneous B.'>-equations for the respective bound 

state vertex functions in ladder approximation. The first equa

tion determines the -~ cf -meson sp~ctrum/6/ and has been solved 

by •t Hooft/1/; the second equation deterinines the diquark 

spectrum. Its explicit form reads r ( . k ) 
• ~M r~ -r , 

rA(p,d = -,<.()qf Mct 1 j'vfZk.! ~2.GM(p~k)rYp•l<,r)x (31)' 
a Ne. (,211) _ •• • 

where r is the total m0111entum of the ii J!air (cf~ Pig. 3~,. 

Eq. (31) is analogous in structure to the equation of the r 1 -

12 
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sector11I. In particular, we have the right sign in front of 

the integral in order to get attraction. There is, however, now 

the important difference that the infrared singularities of the 

quark propagators and of the gluon kernel do not longer cancel 

(except for the special case SU(2c) ) •. The solutions of eq.(31) 

have to be totally antisymmetric if one interchanges the colour, 

flavour and space-time variables of the two quark constituents. 

It .is convenient .to consider the integrated wave function · 

/4_ A(p_,t) ~ r dp~ G11 (p) pA(p,r) CH {p-i) . . (32) 

Inserting it into eq. · (31) we obtain again an equation of the 

•t Hooft type A 

v2 ,t A ( x-) = ({!; t -f!x) /4_ A{x) _ p j t~1JJ. cly, OJ> 
0 

where X: = fJ_ and 

2 ~
2 (&i:!.. 1 t--r_ - - /r-( N 

JI • C 

. . " 
.
/!. ~,c z = »TA: /3.z. NcH r- J .1 / jr Ne 

'fhe solutions of eq. (JJ) have to satisfy the boundary condi-

lvcH J ·= 
Ne 

_ (Ne. -1), 

g_:!. Nc+A .2. 
(1;j- -N- V 

C. (34) 

tions ,e. A(~) .v ~ r ... [(I-)( )Ob J at )(= <) f /(.: 1]. where 

Ti'oa. cd- Ti~.,._' = - f <\. • The system of the eige~unctions of 

eq. (JJ) is· complete and orthogonal. For large k one obtains 

t_A (x:) ~ '{J: S-ik Ti k ~· 
l< 

2. . 2 k 
Vk ~ Jr ' 

(l<":>>1) 
(35) 

This yields together with eq.·(J4) the following mass spectrum 

for the diquarks 

hA 2 ;_ rz ) . ...;; ii!. fvc .. -1 v2. ~z.l ··1 Nc(Nc-1)-2 
1v1 K \.:'. Y+ Y'- . - , , I< + y-_ 

" 1 Ne Ji Ne '<36) 
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Thie spectrum ie very eimilar to tqe single quart spectrum 

defined by the pole of the dreseed quark ~ropagator (22), (2J) 

M.c = 2k+k- = ( htaz - f tv;-1 ) -1- 15 IL/ N/- 1 
• 

· :, Ne 1-" Ne 
(J7) 

'lbtis, tor - Ne :> 2 · the quark and diquark massee tend to infinity 

ae A "7' (J • Thie ie 'the expected result that after removing the 

infrared cut-off coloured quark etatee should not contribute. 

'rhe diquarks are thus confined like the quarks itaeli'. Hotice 

also the exceptional role of Ne: 2 where the diquark spectrum 

coincides with the meson spectrum. 

In ret/6/ we have represented the bilocal propagator.of 

the meeon field in terms of the BS-vertex functions. Por comple

teness, we quote- here also the analogous result, for ~ 
I I -. 

(flavour indices are suppressed; ~: P-/,_ , )( = p-/f_ ) 
r-- ,, ,r ' 

]) (.</,'; r) (" -= -()qf iz.o<r,,i.r T ,)(x'-1()'2 (JS) 
'j "'-/>,'(~ 0 . -

- L JMl(z [ ;_ r: C{IJx)] [ ~- 1~\l~')1 
K I 1- I 

1.. r:A(x) = rAc 1) = - 2~ ( Ne~ 1 t~ .3$. (..!i..:z. Ned ),"!2 ~ 
-<- k.,•r, k,~f, f I Ne A jC Ne (J9-) 

X { 9(x(1-!<J) + l.. ( fu t-~ - v/) i ,.e_A (A). 
2/r .. j ·:\ 1-X _..; k,at,, 

The generating functional (26) may now be calculated _perturba

tively by expanding the integrand in powers of cf> ~d /
1

} · 

The functional integral over these powers. can then be taken by 

means of a Wick theorem using the bilocal pro;agators »¢ 
])1 16 , 13, 141. Pinally~ expanding the .bilocal fields ·in tenur 

of the "free" field solutions obtained from the BS-equation· 

one can rewrite the effective actions (_27 ,28) in the form of 

14 _ 

an infinite-component nonpolynomial field theory for the 

bound states in the i1 - and qf -channele161• 
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M (x,Y) : ~ 

f1 (X,'d) : x---®---9 
/)i ( X,!:i) : ~ 

i 

Gn (X,::f): ~ 
X !/ 

Ba (x,Y): ~ 

Ga"(X,Y): ~ 

!i X 
G_H (X,Y) : 

l X 
T !I (J . 

_J;L (X,!J) 
l 

Pig. 1. Graphical representation of the normal and anomalous 

self-energies and quark Green's functions. 
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--®- = .G. (a) 

M Gn 

-®-- =-G- (b) 

~ Ga 

--0- = 
Gn GM 

T 

+ --®-0--.Ei:t. L1 ( C) 

i 
6a 

--o---··= ~ '(it). 
Ga Gn .1 _ g; 

L 

Fig. 2. Graphical representation of the coupled system of 

equations (16), (19). 

~

p 
-r 

m2 r-p 
=e;:C

p 

r 

r-K r-p 
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