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An Effective Bilocal Lagrengian for i
Two-Dimensional QCD 1

Bilocal path-integral technique is used to investi-
gate two-dimensional QCD. The first end second variations
of the effective bilocal action yield equations for the
quark and meson spectrum. An infinite-component non-pcly=
nomial field theory of colour-singlet bound-state mesons
is obtained.

The investigation has been performed at the
Laboratory of Theoretical Physics, JINR.
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1. Introduction

There is much hope at present that quantum chromodynamics
(QCD) - the Non-Abelian gauge theory of coloured quarks and
gluone - is a good candidate for a realistic theory of hadrons
/1/. It is further expected that the severe infrared eingulari-
ties of QCD confine quarks within the obgervable hadrons.

The hadrong should arise themselves in thls picture in the

form of colour-singlet quark bound-states, An important stiep for
the understanding of these ideas was the investigation of a
two-dimensional version of QCD by 't Hooft /2/. Kecently, a
number of interesting theoretical and phenomenolegical questions
such as Regge behaviour of bound-state scattering amplitudes,
form factor asymptotice, deep inelastic scattering and . .~
annihilation have been studied within this model /3-6/. It
exipts also an interesting relationship between two-dimensionsl
QCD and certain dual string models /7/.

The aim of this paper is to derive an effective Lagrangian
for two-dimensional QCD that containe directly the fields of the
colour-sirglet bound-state mesons. We use the billocal functio-
nal techniques applied in ref. /8-9/ to an Abelian gauge theory
of quarke end gluons. As can be shown the etationarity of the
reppective bilocal action favours planar ladder diagrame.
Pinally, an iufinite P t polynominl field theory of
bound-ptate mesons ie obtained. In Sect.II two-dimengional QCD
is formuleted in terms of bilocal variablug. Sact.I1I contains
e discussion of the quark epectrum. The meson spectrum sns well




as a modified perturbation theory are discussed in Sect., IV,
Pinelly, in Sect, V and V1 the structure c¢f the new effective
action andacurrent matrix element for two~dimensional efo ™ -
annihiletion are investigated.

II. Model and wmethod

Aj Definition of the model
The Lagrangian of two-dimen §Elgonal quantum chromodynamicse
(TDQCD) roads (Au N “" p]

L= q’ G,uva,sC pq *%x(qj"j Ma)(‘iax
G',w,‘xla = C)A AV,O(F - a)’ /\‘/“l‘x/s + g [A/“IAV] c(/(
b\, ‘1."« x G C"A- ‘“{‘2.\’ ’ (('r /‘\/"/“/5 [’-!Jn/S ’ (2)

(1)

where AL are quark and glucn fields, respectively.

The indices «- 1,2, , N¢ denote coiour labels, the index
@= 1,3, , Ny denotes flavour. The local gauge group SU(N)
ie exactly conserved, whereas the global group SU(N:) is .
broken bty the quark mase term ‘Taa Pu Yax (unless u, = ). A
are the matrix representatives of the generators of S (N.) nor=-
malized according to tr AN\ . T S c? («;}Mx)

is a 2-Dirac spinor. CERL
TDQCD becomes simplest in the lightwcone gauge
+
crE(AAD=AT =0
(3)

(,ctrt;,-"ﬁ(;(%x‘\ : ab=:abta b= A, b.+1q b,
In this gauge the pelf-interaction of the gluon field vanishes
and there ars no Fadeev-Popov ghosis. The only dynamical variabls
is n? =(4) /2,10,11/, After eliminating the dependent
variables A, }('('), the seneratmg functional of Greents
functiona may be written as ( T‘ -»r)
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The quark and gluon Green's functions G, D) are given by
the equations | /\r_‘t;«) - jd?y D x-y) f(\]) )
e
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The generating functional (4) tcgether with the propagators
(5-7) just reproduce the Peynman rulem of TDQCD formulated in
ref, /2/.(We nave chosen the normalization =/ . . ;- L ),
B) Introduction of bilocal variables

Our next task is to perform the integration over the quark
variable in eq. (4). Por this purpose it is convenient firat to
re'rlte the four-quark term of eq.(4)

F S gd‘”f;(%“(” ‘«Jq»f-”"" )T T)(k-j.)(tf‘jro(')' i:’; foslp oy
- i 4 yoor
= jb By’ f}(/f\d/ O,h,>(‘1)1u K(\/? ha T {,_‘3(1()%5() J

- _ + - r
15 9a Ka.on hYa (8)
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In the following we shall often abbreviate a triple of discrets
or continuous indices and variables (a6 & A X) by a capital
A (summation over equal cepitael indices includes integrations
over the continuous variable), Takmg into account the decompo-
gition 1N, i A TN “} {4} {N -1§ and denoting by P ?;
the projection operators onto the cclour singlet and (N .4) -

~plet qunrk-anthunrk channele, we may write also
-1

T oy - -
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We pee from eq.(10) that there exist attractive forces in the
ginglet ’-] -channel. Becauses we are mainly interested in the
bound state problem, we concentrate from now on on the singlet

=1

chanrel writing

. . (i 20

F= - L{BLfA (R KP, Dak cha" WG an
W contains the projection of the interaction part into tb.a
non-resonant N \‘\,L"— 1 ~channel. #e write then [v(4, y')

W(1 Lk[,, : g ) and take it outside the functional integral ).
Let us now rctu:m to the task of performing the quark integra-
tiona. For this purpose we first linearize the four-quark term

in the expression '5{&{* by performing a bi.ocal Gauss integ-
ration /8/
*) ,
It is not difficult to include the tcrm W into the
functional integral. The factor exp 4 ~ in 2  will not

be written down explititely in the following.
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The bilocsl fields > AR appearing in eq. (12) are trea-

ted as cormuting (Bose) variables. To have pource terms coupling
directly to the bilocal fields, we include algo the term

(49" P)ap KRA  into the action integral of eg. (4) and
then introduce & new integration variable

DD 7
= " + e .
A 1k T e (13)

Performing the manipulatioas (11)=(13) in eq. (4) the integra-

tion over : can be done by using the standard formula
C(§Lg e geg) R

J—DKI 'D(f e 1 ‘1 ‘1‘1{-1&4 o (
(14)

We obtain, finally, IJH'J)
Zlny" R) ~ N j DX ex |’I‘L”~n(")JC( R IETS)
where ( X,= 1, X)
. A SO . S
W (X) = -R@);(x,k X) - A tr k[ G-X, |

~ + . " 4 . \‘
¢(7.L7',Rlx):exr?—7(;4,7 T)L(Prek PR
2R K X)}
A o 2111) (‘
xGx.ﬁ‘(” ’K1 ( (16)
Gx ia the quark Green's function in an extermal bilocal
rieda X (xy ,



111, Quuork Spectrum

One of the advaﬂtages of the path-integral formulation of
field theory is that one can go beyond usual perturbation theory
by applying the method of stationary phase to the action in-
tegral. To get equations for the quark spectrum we consider the
utationary points of the integrand of eq. (15) in the case of
vanishing external pources /8/

Cleeg - @ a1
Y X Lo S .

¥rom eq. (17), we obtain

MoK (18)
1 .
cq. (18) is just the Schwinger=Dygon equation for the mass
operator M and the dressed gquark propagator Gﬂ in an
approximation where vertex and gluon propagator corrections are
absent. In momentum spasce eq. (18) reads ( 1‘4,;({.') = Nr’p) APPSR

oy a2 N (e A e
{ - "“l\ "K‘?‘r}(jma G(“ﬂ| r\) k= CH(f k) (19)
Clin =) (A=) is an infrared cut-off. Eq. (19) takes

«nto account only planar diagrams, It was studied by 't Hooft
/2/ who showed that the approximation by planar diagrama is

a good one in the limit N, » , ¢1~A; fized. Eq. (19)
admits the solution '/

Mg Yy -'iii< Spape %)

o

N¢ A
(20)

R S o
Io,po=miie -p Mipy .
P [ 2

As we gee the poles of the quark propagator tend to infinity
$f A= . M) s %) leaving ue with the expresaion

Gy =

(;H,;\) ~ \[
’ (22)




This vaniphing of the quark pole in G (p ia an example
of an infrared confinement of quarks- .

IV, Modified perturbation theory and meeon gpectrum

Let us nos formulate a modified perturbation theory that
uses the dressed propagator (21) as a lowest order term. For
thig purpose we shift the integration variable X in eq.(15)

X(xg = M(x-y) + ¢(xy)

(23)
and expand the integrand around M. This yields
200 R~ N'fm' exp {Whe Wl
Z(ayg RIM
« (4, . 1 )
" . (24)

where

b\,}t'm =3 (¢, Dy ) = F(B l2qr 1T '[4-('234)—'(&nm’,){mrilut )

1

e (25)
o571 d
W“} =42 ;{r(giﬂdl) ,
tht n=3 (26)
Here P:Dq,, denotes the propagator of the bilocal field

-\szq = %%-)Q{xrh .

As follows from sg. (25) it satisfies the inhomogeneous
Bethe-Salpster equation for quark-antiquark scettering in
ladder approximation

j)¢ - (0\54')2&( + (2:547&(%’-'“"'—’:'/ @) ?1’D¢' . 27)

t

')In ref. /3,4/ one can find also other realizatione of the
confinement mechaniem using a gluon propagator with a
"regular” cut-cff.



4o une sleo the notution
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where - 4 abbreviates the path-integrul ave.age with
the woigiit factor exp ¢ W 3«. . The bilocal integral in
ec.{21) msy now be evalyated perturbatively by expanding

ot :1\4. and < [v. R[M+§" in powers of ! and
app‘»:,‘in;-_ u Wick theorem; for example
B ‘ - ", =7 ,’h';;""'l
{ . 4 a4
oAy G0y d, Ll g, LT
S P .f.n..{‘/,_j S P (293
e "free fievld" equeticn for the bilocal field
follows from ibe varietional principle
| .
. |’<".; v 3 (‘)d i oo
- VI (30)
R 1

or, expi:c tely, mkmg che Fourier trar-fomm

i1
)2 Lutm\("w riet ) (k) (39)

St o N 8 [
' ‘ Y. . R A; \I
Eq.{31) i2 recognized an ihe homogeneous HS-equalion fur ihe
vertex function of quark-enticuark bound etates in the colour-
pinglet siate in ladder approximation. The arguments i v
dencle & guark momwentum and the total momentum of the querk-
~gntiqusrk peir ss shuwn in fige. 1. The egs. (19) and (31) were
the starting poinl of *t Hoofils investigations cof TDQCD.
To be seli-contsined, we recapitulete shortly ihe properties of
thr relutions of eq, (21). Introducing the integraied wave

Tunetion

b P_‘ﬂ = {S‘C(Pf CM\)) l’(r.") ,,4({\ )

(32)
into eq. (31) yielde the new equaiion ( X P"'n)
il Lo = o s (3 Sykom - Pl
Jiy-
v €33

where
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Hyo = m,z/# ’!:T',.' -
(4
MKZ =(2r.r.)l = é:: N
(34)

and P is the principal value symbol, One obtrins the

following reaulte /2/

(i) H is positive-definite and self-adjoint on the Bpace of
functxona which vanish at £=0[X:1] 1like » '~ *» 7°!
where i /)q et n'& -&,. H hae only a discrete spectrum .
The e;gani’uncticms are complete and orthogonal

T A (0L, (x) = &xx")
fL (0 Loy (0 dx = F (355

(ii) For large k the eigenfunctions and eigenvaluees may Le
approximeted by

—

foora) > 0T Sommkx (o

A T 7L (36)

For completeness, we quote also the normalization and ortho-

gonality relations of the vertex functione [ . They may be

denved in a etandard way from the BS-equations (27), (31).

We get
( C’F' ¥ i |4 9 L’" eI €Y S : P
A (( 3 ‘ ( ‘-‘()l,:.h e —1—"1'.’_) f1 _1_( I RN
"‘2’"% At ' 1 MERTFET
R T A ST
( u\(;?’ Dol & (30T @ lg i,
- (-"f“""‘ P G Sy e s O
THrE 7@ 13!,[7:\«, ¢
(38)

‘)In writing eqs. (37,38) we used the convention that the
argument of [ is now the relative momentum of the
quark-antiquark pair. For resl 47\,( (x) we have also N

Tl = Dlq0f

1



Using the explicit expression of the normalized BS-vertex
functions

L (B

[e(mm - ’% e2 o)) G

2r-i \
. (39)
one may rewrite the bLilocal propagator _D, in the final
form (cf.fig.2)

N L ,Z — 2 (x) ' K]
4(_A‘A,r3 ) L\/S,J-; TR — ¥z Lf J[B LX)
As is shown by eq.{40) the bilocal propagator describes the
propagation of the quark-antiquark bound states of the colour-
~ginglet sector of TDQCD. It cocincides with the lﬁ~ scatte-
ring amplitude of ref. /3/. In bound-state scattering amplitudes

the term '{ ixe 1 X)) in the vertex (39) just compensates
the \ factor of the quark propagator (22) yielding finite
results in the limit 1 > ¢ .

V. infinite-component field theory for bound state megons

It has Leen proposed in ref, /9/ that a field theory in
bilocal variables may be interpreted as an infinite-component
field theory for the bound states of the theory, let us apply
thig idea to TDQCD. Por this purpose, we expand the bilocal
fields in terms of the complete set of vertex functions (39).
The latter may be considered as the "plane-wave solutione” of
the "free field" equations 3":4 7= & . We write (¢ - P ()

Y B YA B 1(x 9]
: < (! A- L
T e _K_‘ } ¢ “—"}_J FJ)_ e (‘ O (41
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where the ? j -mesons are described by hermitian fields
$o(X) IX s ""’\ . Inserting eq. (41) in eg. (25) ant
using eqs. (37 38), one gets the diegonalized contribution
Na 1 57 U{ I’
L\;(lm v 25— ) (-An)‘ {‘(\A' ll-f"f ]{‘(l')
L (42)
In writing eaq. (42), higher order (off mass-shell) terms
O (riMs®) arising by expanding the square-bracket in eq.

(25) as well as non-resonant contributione have been omitted,
Eq. (42) may indeed be interpreted ae the free effective uction
of en infinite-component field theory with meson fields. The
mass spectirum asppearing in the Klein-Gordon operator ( - ;'jK :\]k"
is here given by eq. (34), The self-intersctions of the meaon
fields are described by the non-polynomial interaction part
{cfofigs3)

Z5
¥ ST o4 , N
L'V;m s gy b (sz d'a)
=3
S5 s o™ d 2Ty s ‘
=g __V_l_ [‘] k_;,_“N(—’IT) & ( - r‘)\'r, {(‘"" Ty
we ke b e T
1 -
< e (00
= T (43)
(tu ) :Sydfz' .
\/KH Ka 1 /‘(2").: trlk(ivr)(‘lh{g,, _"._1)'“(,‘,,‘!|,1
: (JF1( 5.+ %1) r:,x> Ta) Lxui‘]\
k-4
=7 T,
Eu=9g vl v, (44)
Aza

Starting from e local field theory of quarke and gluons we
arrived thus at an infinits-component non-polynomial field
theory for the colour-singlet bound states of TDQCD,

13



VI. Currents

As we have seen s characteristic feature of TDQCD ie the
existence of a large series of resonances dominating the scatte~
ring amplitude. The scaling behaviour at small distances should
be explained in contrast to this by the parton-like behaviour
of quarke. Ae the quarks do not contribute in this model to the
spectrum, the question aripes how the composite mesoms can simu-
late in the scaling region the effects of the apymptotic free
quark interaction.

Let us mmwstigate a= an example the two-point function of the
(colour-singlet) electromagnetic current

I\.,_
el : 7, '“"()‘)5‘- (_\ ([b\x(/‘) , (45)
RR]
where C\' is the charge matrix. We have

. Vv

T;.v/v" = \'L‘(LX ¢ <,'~|,‘(U1V{¢.)\

- ("% o )
d'x ¢ v e oGy R WA 6

The matrix element T_- may easily be computed from the two-
~particle quark-antiquark Green's function of the uf field

(the + components of  ju(x) couple to J; : {17}  and have
to be treated slightly different). We obtain
G(x X’ o _1 Q .Z
W) s oS
UL TES é(xjwf(x)lk'qw e

(;(\'lj,;«'\]'J ~ (-;:_r1(x'b‘) &aﬁv(xv]) - C’_H(Kj) P, C_x‘_quj')P,

_/Szfc,{r-()y'didzv (_,\1_»1()('3)' [_G‘_ jj¢(jx m,)Gn(’LU)P
P Gn(u.) Y, an

where L\ wt has been neglected in a flrst order approxima-
tion. If we now remove the infrared cut-off, i.e. A»re ’

14
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the first two terms of eq. (47) do not contribute, whereas the
third term yielde

T~ e T (e e
o ( “F < Tz COe> o+ COAD o)

Here

Q> = T tra ‘A hay (6
r (a9)

is the averaged electric charge of the quark-antiquark paiv
contained in the bound state memon. In obtaining eq. (48) we
have used eqs. (39,40). The first order expreseion (48) ;
coincides with the leading contribution in an 4/N(_ expanaion
investigatsd in ref. /3/. Folloming the argumentation of thege

authors, the high energy limit of (.. (¥) is given by

A

- oA v? 3 - <

o v 2 S g g o]
13 -2 W o

N
2 2 ; 2
o Nerd ot s bl ST
e Yz T 2 :—:_;: AL . (50)

To obtain the second row of eq. (50) the completeness relation
of the functinns  Au, (x) has been ..sed. Taking into
acecunt that T.f™e . .,—A,é‘ I(;: ty Q2 is just the contri-
bution of the free maeslees quark loop, eq. (50) expreemes

thne asymptotic freedca rasult

oo~ T (g=¢, m=0)
T oo 'j ! (51)
In this way, TDQCD gives some hint on the meaning of the concepts
of “current” and “"constituent" quarks /4/. In an a-slogous way
one may get path-integral expressions for the quark and meson
form factors as well as for current elements of deep inelastic
lepton hadron scettering. These quantities were discussed for
leading order in 1/Ne in ref. /3-6/,
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VII., Concluding remarksg

¥e have shown for the case of TDQCD that bilocal path--
-integral techriques are a ureful tool for deriving a new
effect ive Lagrangian for the bound-gtate mesons starting from a
Legrangian with elementary fielde (quarks, gluons). In thig
approach the equations determiniag the quark and boson spectrum
follow immediately by the varietion of the effective bilocal
action, Bound state scattering amplitudes (Green's functions)
may tien be calculated by varying the effective action with
respect to bilocal source terms., All the calculatione have been )
perform=d4 in the light-cone gauge A= & « There are
ulpo considerations of more general gauges /12/ where one found
some inconsistencies which are not yet solved,
it would be very desirable, of course, to carry out a similar
program for four-dimensional QCD in order to obtain an effective
Lagrangian inclvuding only (bilocal or trilecal (for SU(2 ) )
fieldns of "observable" colour-sing.si mesons and baryons.
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Pige1: The quark-antiquark BS-equation for the bound atate
megons.
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Pige2: Decomposition of the bilocsl propagator ~D¢'-

Pige3s Graphical representation of the vertex part

(comp.eq.44).
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