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I. Introduction 

There te much hope at preeent that quantum chromodynamice 
(QCD)- the Non-Abelian gauge theory of coloured quarks and 
gluons - is a good candidate for a realistic theory of hadrons 
/1/. It ie further expected that the eevere inJ'rared Aingulari­
tiee of QCD confine quarks within the observable hadrons. 
Tile hadrons should arise themselves in thie picture in the 
fonn of colour-singlet quark Lound-etetee, An important etep !'or 
the understanding of these ideee •ee the inveetigetion of e 
t•o-dimene!onal version of QCD by •t Hoeft /2/. Recently, e 
number of interesting theoretical and phenomenological questions 
euch ae Rogge beha\'iour of bound-state scattering amplitudes, 
for11 factor es;ymptotice, deep inelaet ic ecettering end • ,_. 
annihilation have been studied •ithin this model /J-6/. lt 
exiete also an interesting relationship bet•een t•o-dimeneionel 
QCD end certain duel etring modele /7/. 

The aim of this paper ie to derive en effective Lagrangian 
for two-dimensional QCD that contains directly the fields of the 
colour-ainglet bound-state mesons. We use the bilocal functio­
nal techniques applied in ref, /8-9/ to an Abelian gauge theory 
of quarks and gluons. Ae can be shomn the stationarity of the 
respective bilocal action favours planar ladder diagrams. 
Finally, an ULfinite-coaponent non-polynomial field theory of 
bound-state meeone ie obtained. In Sect.II two-dimensional QCD 
le fonnul~ted in tenne of bilocel variabl~e. Sect.Ill contains 
e diecueeion of the quark apect:rum, 'l.'be ae5on spectrum ~e well 
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es e modified pe~turbation tbaory are discussed in Sect. IV. 
Finally, in Sect. V and Vl tba stru~ture of the na• effective 
action and a current matrix element for two-dimenBionel e+ '2- -

annihilation ere investigated. 

II. Model and method 

/l.~ '1« • , cl... cf.:,·' , ~ A;-,,,.,~ "/,11s' (2) 

where 'fr A;.. ere quark and gluon fields, r!tapectiYaly. 
'l'he indices « - 1

1 
2, , Ne denote colour labels, tbe index 

t( ~ 1, ::', , l'U( denotes flavour. The local gauge group ) U( Ne) 

is exactly conserved, •hereas the global group <)!)( Nf) is .lo' 

broken by the quark mass term lfa."' ;>1.,. "(•n (unless }'1~ = ""'). ,\ 

ere the matrix representatives of the'ganeratore of .'ilA(IVc) nor-
+ ·t '\In) \i"') ~/ .r n..., ( 

melized according ,o 'f r1 " ·~ a / q<lo: = q.'''"' ) 
is a 2-Dirac epinor. I 1 ,~~ 
TDQCD becomes simplest i.n the light-cone gauge 

In this gauge the self-interaction of the gluon field vaniebes 
and there ere no ~adeev-Popov ghosts. The only dynamical variable 

is <{, =(1~) . /2,10,11/. After ~i111inating tbe dependent 
variables A, 

1
( ('.), the generating functionlll of Green• 11 

functionn may be written as ( 'f~ "''() 
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(1/(l(JLl1/•.1I t '1'('\;;111) I' {I/)' 
\. . \ . 

., ... 1 

r < Ut:d )': (,r'rn \""-1 ),1 r '-11(, 1· 1' 1. 1 1 • 

•1·t 

r-» I 

l > ., T ('()(-) .i){~-:i 1 f' 11 y) 

The quark and gluon Green• s fwictione Li, /) are 
the equations 1· '\,,,·" ~ JL{?J ·o(x-7.'_i(~J ) 

\"..ry ( i:_,"(x,;) t -' ·1 .\,.. (~ 15'1I'J1)l'1ij.tl Ii 
I 

(4) 

given by 

,, 
I -·' 

( 5) 

The generating functional (4) together with the propagators 
(5-1) just reproduce the Peyl!lllan rules of TDQCD formulated in 

ref, 121, (W'e nave chosen the normalization ::: ( · · J - L ) • 

B) Introduction of bilocal variables 
Our next task is to perform the integration over the quark 
variable ln eq, (4), For this purpose it is convenient first to 
rewri~e the four-quark tel'lll of eq.(4) 
r-. ~ ('.1<f./ I- '\'"' . \ \f 1 

(- ·( r •~I 
r, __, :iW·-J\qa .. <~1"-.,sc(1.r1~l<t1•i ! n ~ .jl 'hir'J' \; ·fl:J~J··r.) 

to)~ , r 

- (~r~~fyi:,f,'L{"/ ''.\.)~!·~' .,· K (1~,~,·~·1 '! r J I I • ,.u J~h~, ~~·--L' f..1· I~ "hi ( ·1' 

+- 1.- r 

-11'>1A 1'..r\B,<..-.D'--fDGfc. (8) 
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In the following we shall often abbreviate a triple of discrete 
or continuous indices and variables ( ll, 0( , )(-) by a capital 
A (summation over equal capital indices includes integrations 

over the continuouo variable), Taking into account the decompo-

ai tion 1Ncill iN/·} ~ {-1} •tNZ-13 and denoting by B,,7../--! 
ihe projeciion operaiore onto the colour ainglet an1 ( Ne'- ~) -
-plet quark-an\iquark channels, we may write also 

N1.~.,1'· I 

L y )( ") '/ ~) T 1 N"" - 1 7 A L> ' ( ·x: \ = G ,, = --- - - I } 10) "r' '·· - . {}(~ ,\"!, N , N" "-,'1 r 
I :.J 'h:;.'f ' C. rJ.1] id" C • 

We see from eq.(10) that there exist attractive forces in the 
singlet 1 if -channel. Because we are mainly interested in the 
bound state problem, we concentrate from now on on the singlet 

channel writing 

F = - Lfil Lf; (T;, k. P'i)AB,c,l)clD(f~ ... ~./(9, Oc11> 
l-J contains the projection of the interaction part into the 

non-reson111J1t . \ t~,'- 1 'l -channel. Ne write then •~'11,'1 ')= 
lv( !- ,~ .. ~ c~) and take it outside the functional integral•) 

L&t us now return to the task of performing the quark integra­
tions. For this purpose ..-e first linesri,.e the four-quark term 

. t 
in the expression 'fl by performing a oi:.ocal Gause integ-
ration /8/ 

•) 
It is not difficult to include the tl n11 l-\,' into the 
functional integral. The factor exp '1. ,.J in Z: will not 

be written down expli ti tely in the fol.lowing. 
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. -• T 
( "'-,-, i/ 1."')·= "")' l{RA,Cl>L-1J( '---' I L - "-' A ~ 

(" ~ (.__ • 1 

- 1 • f. r r-
~ Ail,(D Kvc.,EF = CAB,£"•= CAr <.·rlS. c1 2 ) 

The bilocal fields LAB appearing in eq. (12) are trea­
ted as commuting (Bose) variables. To have source terms coupling 
directly to the bilocel fields, we include also the term 
(q<f:P, )AB KrsA into tbe action integral of eq. (4) and 
tben introduce a new integration variable 

X=-P11\-r~ 
(1J) 

Perfol'llling the manipuletlons (11)-(1J) in eq. (4) the integra-
tion over / can be done by using tbe standard formula 

\ .~(fli .. 1(9·~''() -
J D~ 'De( e ~ [•,t..4 i.. I 

. _, 
-< '] L (.' 

( 14) 

We obtain, finally, I J = (,) 

Zl 7.•/,R)~ f\J fDx: t.'"l'!-1Lv.,/x)jc(7.,'.1::>)c15> 

where ( X1 = i~ X ) 

l\J ix)= -,~(·1 1~(,\1--::\)-1·tt-£.,[{c'-·x,J . ~ « -j• 

~ ( .) t- G' 1 . D ..., I/ "'" •) ' 
L?.t.(Rlx}:exri-~ ~.1 "''°ri~(11K,"' ,,f.;,' 

J ( ') .) /:'..- 'x)'l 
_ 1 -1 - (2 '.J' )' I, K, J 1 

l G x, = ' G. - x. ' c 16 > 
G.~ is the quark Green's function in an external bilocel 

field X ( x, 1 > , 

7 



; I I, yuurk ~.ioec trum 

One of the advantages of the path-integral formulation of 
field theory ie that one cen go beyond usual perturbation theory 
by applying the method of stationary phase to the action in­

tegral. ·ro get equations for the quark spectrum we consider the 

utationary points of the integrand of eq. (15) in the case of 

Yaniehing external aources /8/ 

CLc,fLI 7 l" 
')( {,' H 

( 17) 

Prom eq, (17), we obtain 

(18) 

,:q. ( 18) is just the Schwinger-Dyson equation for the mass 

operator M snil the dressed quark propagator C, 11 in an 
upproximation where vertex and gluon propagator corrections are 

absent, In momentum space eq. (18) reade ( l'-1,,d(-'J' l'FrJ X,,, l 

.I. {Ii _. t r rt.. r ) .1 G . 
',\·.r•·'' ..• '~,) -~ )i2-r.i'-t_.l,jk_j-,\ k:'- Hlf»k) (19) 

L-( iv .. j-\) ( \-'>.'.:" l is an infrared cut-off. Eq. (19) takes 

.nto account only planar diagrams. It was studied by •t Hooft 
/~'I who eho•ed that the approximation by planar diagrams is 

a good one in the limit t\J, "°'""" ,
1
zN_ fixed. Eq. (19) 

a<lmi ta t."Je solution - ( l 

(20) 

__ :<[: __ , 
~ r· r -,,,~ f '" - r MI r ) 

(21) 

Ae we see the poles of the quark propagator tend to infinity 
if \ 1 (· '1 fl •' X.) leaving us irith the expression 

(22) 

8 



This vanishing ot the quark pole in GH ( r> 
ot an infrared confinement ot quarks•>. 

IV. llodified perturbation theory and meson spectrum 

is an eJ:ample 

Let us now fo:nuulate a modiried perturbation theory that 
uses the dressed propagator (21) as a lowest order term. Por 
this purpose •e shift the integration variable ;<. in ~q.(15) 

(2)) 

and ezpand the integrand around K, This yielJs 

ZC•t,-/,R~"' NJ])q, exf-' t tvl + lv'.~. J 

< ~ {: 1 1 r, f.'. I M 1 if} 
(24) 

where 

~ ~~ "':f.. (¢, u~'¢o) = JJ 1')(2'1' )~k 1 1[ '1-(2i" ):(~I K f', )~I 1; llU 
')<> (25) 

"141 = ~ ;?-; ~ ir( G_H 4' )" 
Litt '1=> ' (26) 

Here denotes the propagator of the bilocal field 

-,., -1 P f<l{ x) I 
--¢ = --cx_7'f.- x = M 

As follows troa eq. (25) it eatisfiee th€ inh0111ogeneo~e 

Bethe-Salpeter equation for quark-antiquark scattering in 
ladder approximation 

)~ =(;!~·fK .(2i.)"(~11 rk'~-,¥)71V~- <21> 

•>rn ref, /),4/ one can find also other realizations of the 
contine11111nt mechanism ueing a glU<m propagator with a 
"regular" cut-oft. 
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!le une Aleo the notution 

~ '.1 I 

wherP. abbrev; ate,; the path-integ'.t'tl] ave:;.-a.gf! •i th 

the we J gh t factor exp / lv ~~· • i.!"he bi local i •1tegra.l ! n 

eq. (2.1) cr;~y now tJo evalue.tP.d pertl.irbe.tl vely by ei.pand ;n11: 

.,, . \· 1 and -;_~ ('1,•(Y/H• 1/' In pUlldTB of •P and i , .... t 

Bpj>1J irw u ~!ck theorem; for example 
.--- I --- I 

,t .1 IL A , •1 rJ l.!., ~ .~ 'I 1) ~ v ~ -1 . 

·1'i>e 11 fr-ee. fit1Jd" equntic.n for the bilocal fjeld 

follow~ from the var:etiont1l principle 

nr1 r.J;1i:.- t£:Jy, 1.ak1ng .;ho Fourier trar.-fonu 

(29) 

(JO) 

Ii 
I 

t, 1 t fL 1 ... r~ \ '; \r~··')' ;·_"l'"'r·k11 q"•.1.1J1 ,,i"~ ,)D1> 

Hq.( 31} i~ r~col";ni~ed sn the homogsneoue B.S-E;quation .f1JT" 1he 

ve1·tex fun~tion of quark:-ant1q,uar.k bound e:tetee 1n the colour-

8ine,1~1 state in ladder approllimation, The argwaente I 
dcnato a quark momentum and the total momentum of thE querk­

-·ant i qu&rk pair ee eh•;•m in fig. 1. :l'he eqs. (19) end (Jll we,·e 

th:'.'! ets"T"t.ing point of •t Hor;fta inveatigetj::ms cf TDQC!.>. 

'Jlo be self-contained, we re<".apitulete short.ly the protJ'<!rties of 

t.hr· r.clv.tions of eq. (Jl ). lntroducihg the integZ"Sted wave 

function 

11 , P ,,,.1 , >«-<rt c ... (\') 1 Yr.·);~"~' r ,-1 

into eq. ()·1) yields the na. equation ( >: • p /,·-J 

where 
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z /ii-2 Iv,_ 1 i 
.1x~,z -=- 111.,,~ jf- ~ . ~ 

< 

N" ~ r2r r-) = 1'!! j.i__c'_-_! 1'•. 
K \: • I( ~ N~ 

( 34) 
and ·p i e the principal value eymbol, One obtf' i rrn ttie 

following reaulte /2 I 
(i) H ie positive-definite end self-adjoint on the space of 

functions which vanieh at <--=Cr { X= f J like · ·:;, 1 

•here Ji(>,, u:1 i/,\, ~ -""·'. H has only e discrete epectr11Dl 
The e1geili'unctio~e are complete and orthogonal 

E .£.. ( )\) .e. k ( )\') ~ [( K- x ') 

"~ t: ( x.) f,h (x.) dx ~ c1·1~... (35; 

(ii) Por large k the eigenfunctions end eigenvalues may Le 

approximeted by 

( )6) 

Por completeness, we quote also the normalization end ortho-
gonel lty re lat i o..,e of the vertex func ti one '7 

• 'fne y may be 
derived in e etendard way from the IJS-<iquatione (27), ()1 ). 

We get') 

{1 .L~.1:(i,·<i[!~ . . ~~. 
I 

•>rn writing eqs. (37,JB) we used the convention that the 

argument i of r ie now the releti ve momentum of the 
quark-antiquark pair. Por reel i_" (x.) we have aleo 

;:::,-
1

4,-1'")1: = r,,.«1,-Y-v...: • 
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Ueing the explicit expression of the normalized BS-vertex 
functions 

::L I' .1 = _ ) ( rv/-1 )·'~(~2 rv/-1 )·r~ .:.!.;; 
( ~I .\. ... 1. N(; I.I N( ir 7 ,( 

.·. l&(,(.r-x.)) r _l.._ ,r ci1 +VI, -f«')] .(Jd 
21f-1 ~ .II 1-)<. 

one may roNrite the bilocal propagator 
fo['III (cf ,fig,2) 

(39) 
in the final 

·i\ 1A. A
1
·r-) ·=C-<"1f·t.,. r ~ , - ? ~M'L_;_ r;.rxJJ[f-r:r><)1 

4 . ' ' , -v··K -r-2(x.~x)- " ~ (40) '.J 

An is shown by eq,(40) the bilocal propagator describes the 
propagation of the quark-antiquark bound states of the colour­
-singlet sector of 'l'DQCD. It coincides with the ~if- scatte­
ring amplitude of ref, /J/, In bound-state scattering amplitudes 
the te['III i •.:' x. 1 ~)l in the vertex (39) just compensates 
the factor of the quark propagator (22) yielding finite 
results in the llmi t \ -> v 

v. infinite-component field theory for bound state mesons 

It has been proposed in ref. /9/ that a field theory in 
bilocal variables may be interpreted ae en infinite-component 
field theory tor the bound states of tbs theory, Lat us apply 
this idea to 'l'DQCD. For this purpose, we expand the bilocal 
fields in terms of the complet& eat of vertex functiona (39). 
The latter may be coneidered as the "plane-wave solutions" of 
the "free field" equations ll,j: 1 I"= e<- • l'e write ( cji

1 
= i~ f) 

_, [1"(~') •i(~-~>1 
E'.' 
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where the . i '"i -mesons are described by heNitian fielus 
'{·~ (X) 1 X' ~) • Inserting eq. (41) iu eq. (25) and 

using eqs, '(37,JB). ono gets the diagonalized contr;buhon 

. 1 '·' \' ,,{~·.("_ - - '"f~(-1·)/ ('- l'-f.~) '(,,i I). 
' 2 ~~- I r.!..-)Z· L ' (42) 

In writing eq, (42), higher order (oft' mass-shell) tenne 
(.1 ( (Y: M/)') arising by eipandl.ng the square-bracket in eq. 

(25) as well ao non-resonant contr1butione have been omitteu, 

Eq, (42) may indeed be interpreted es the free effective uc ti on 

of en infinite-component field theory with meeon fields, '!'he 
mass spectrum appearing in the Klein-Gordon operator ( - ,· J, ;,,_-· 
is here given by eq, (J4), The self-interaction" of the meson 

fields ere described by the non-polynomial interaction part 

(cf,fig,J) 
0'<J 

)7 ~ 
.\. ..._ _J h 

"10"1 

, ( .i ,, 
tr ( ',H '/-'~) 

-(:j 

( ,._ 
k I 

(44) 

Starting from e local field theory of quarks and gluons '#e 

arrived thus at an infinite-component non-polynomial field 
theory tor the colour-singlet bour.d states ot TDQCD, 
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VI, Current!! 

As we have seen e characterfstic feature of TDQCD is the 
existence of a large eeriee ot resonances dominating the '"catte­
ring amplitude. The scaling behaviour at small dietancee should 
be explained in contrast to this by the parton-like behaviour 
of quark£, Ae the quarks do not contribute in this model to the 
spectrum, the question arises how the composite mesons can simu­
late in the scaling region the effects of the asymptotic free 
quark interaction, 
Let us 1n1estigate a~ an example the two-point fWlction of the 
(colour-singlet) electromagnetic curJ.'ent 

f\,c 

/ L/,1>.()()~,<.c:.:Uh(lpO(()I) 
(45) 

,)( -::1 

is the charge matrix. We have 

, ,,·x 
\ L;\ ('. <' I { ) ' , " ·. ,. "- J v It.'·) , ,I 

The matrix element ~-may easily be computed from the two­
-particle quark-antiquark Green's fWlction ;?f the q. field 
(the + components of J"' ( <) couple to cf, '('f') and have 
to be treated slightly different), 'le obtain c 

G( I,, 1 (_\·'? 
x'J,x':li= -.} iR( •. 1 1SRf•'~·>li.:·1'1' 0 c 

G(x':l·~'1J ~ ~r~··:i>~~(~1)- ~(.<.'':1> I', <i.11t•1'>?, 
1 'l \ ~ 

where 
ti on, 

- yf.<ct\·d~,A~. ~(;:11?,[~(xSl] 1\lid~·-,"")~(1:~'JP, 
.I. ,.. ~ (4 A

0
) ?, (47) 

'f 1 I p 

L...: ,~1 has been neglected in a first order approxima-
lf we now remove the infrared cut-off, i.e. ), ..,e 
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the firBt two teI'!llB of eq. (47) do not contribute, whereas th~ 
third term yieldB 

(48} 
Here 

'('_ lr G.: rd~ ,l~ (>t) 
( (49) 

ia the averaged electric charge of the quark-antiquark pai~ 
contained in the bound state llBPOn. In obtaining eq. (4&) we 
have uBed eqs. (39,40). Tile tiret order expression (48) 
coincideB with the leading contribution in an '1/Nc.. expansion 
investigat~d in ref. /)/. Following the argumentation of these 
authorB, the high energy limit of T:. _ ( 1' "') i B given by 

y_Z 
;1 

(__(-.-1 ''-' 
Iv,_ ? r tr (_~ J lJdcf!<. r2 

'('i?~ -)D 
Tl , .. '--' 

" N 

Ne 
, 

t'<' (X' N 2. ?' , 
y_- c )'_ 

(\~ 
JI -<'- " y2 ~--' (50) 

1. =- 1 

To obtain the second row of eq. (50) the complatenesB relation 
of the functions ,£._ i<. ( ><") hae bHn .. aed. Taking into 
ac"""""'t that /_ ~ = ~< t;:,' t., (X' ie juet the contri-..,,. ... 
bution of the free maBeleBB quark loop, eq. (50) expreBees 
tne aBymptotic freed~~ result 

T__ 
(51) 

In this way, TIJQCD givea eome hint on the meaning of the concepts 
of "current" and "constituent" quarke /4/. In an 8.''llogouB way 
one may get path-integral expreeBione for the quark and meBon 
fol'll factors aa well as for current elements of deep ineleBtic 
lepton hadron scattering. These quautitiea were diacuBeed for 
leading order in 1 /Ne.. in ref. /)-6/. 
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VIl. Cor1cluding remarks 

Ne have shown for the case of TIJQCD that bilocel path­

-integral techr.iquee ere a u.,eful tool for deriving a new 

effectlve Lagrangian for tba bound-state mesons starting from a 
Lagrangian with elementary fields (quarks, gluons), In this 
appr=>ach the equations determin1:1g the quark end boson spectrum 
follow immediately by the variation of the effective bilocel 

act to11, 'Jound state scattering Wllpl i tudea (Green'" functions) 

may t:1en tie calculated by var-ying the effective action 11i th 
respect to bilocel source terme. All the celculatione have been 
perfo:nn~cl in the light-cone gauge A_ ,_ t" , There ere 

also conaideretione of more general gaugee /12/ where one founa 
some inconsjstenciee which ere not yet solved, 

lt would be very desirable, of course, to carry out a eimilar 

program for four-dimensional QCD in order to obtain un affective 
Lagrangian incll•<iing only (bilocel or trilocal (for \ t(( ··:,) 

fie ldo of "observable" colour-a1nl!.~ .. L meaone and baryons. 

Acknowledgements 

lie thank Prof's D,I,Blokhintsev and D,V,Shirkov for 

their interest and valuable comment a. Moreover, d iacuea i one with 
Ur's G,V.lifimov, A.B.Govorkovt E.A.Ivan~v and M.K.Volkov 
ere gratefully ackno;;ledged, 

Pig.1: 

p 

p-r 

The querk-antiquark BS-equation for the bound .itete 

me eons. 
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PX p'"~p 
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D = 
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2: 
I< 

p'-r 
p'-r p-r 

p'-r "'p-r 

p 

p-r 

Pig.21 D11compo11iUon ot the biloc&l propagator .l\i,. 

Pig.Ji Graphical representation ot the vertex part 
V (coap.eq.40. 

k'i., .k'"' 
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