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Branpumupos A A, 2 - 10727
OFf dHBAPAAHTHOH peryRAPHI3SUHK

Onpenened RaBop Tpebopanuil, ofecnevupaKimiEil HNBAPAAHTEOCTE RpO=-
neaypLl peryAspH3CBaHHOr0 MHETErDHPOBAHMA NO BEYTPeHHEM yMIyILCAM
AHATPAMM OTHOCHTeNLHO JOOHX npeobGpascbanufi crmmerprs. EnuacTeexmoit
pPeryiapHaaurokHofi cXemol, yAopneTBopswmel 3THM TpebopaHAsM, OKashipa=
ercsl paamepHas perynapaaauns, [loxasaro, 9TO HEeCMOTPs! Ka MHPAPHABTHOCTH
HHATErpHPOBAHRA TIO HMOYTbCaM, NMpk HATHYHA AHOMANMA BCH pPeTyTAPES alHGH—
HAS CXEMa Ka8K 1Uejoe MoXel DLITh HerHBapHAHTHOH.

Pabora ennonnesa b JlaGopaTopha TeopeTHYeCKOH GuanMKK.

Ipeitpaut OGMe NEAEHEON0 BECTRTYTA lnefmﬁx HCCHCAOBAERIE , 1_1&6:& 1977

Vladimirov A.A. E2 - 10727

On the Inveriant Regularization

A set of constraints is found which renders rsgulari-
zed momentum integration invariant under any symmetry
transformations. Dimensional regularization proves to be
the only scheme satisfying these constraints. It is shown,
however, that even the invariant momentum integration in
the presence of anomalies cannot ensure the Iinvariance of
the regularization scheme as a whole.

The investigation has besn performed at the
Laboretory of Theoretical Physics, JINR.
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‘1. Introduction

An invariant regularization respecting all symmetries of
the Lagrangian ie a usefull and highly desirable tool for
treating theories based on various symmetry groups.'For seve-
ral most important groups the invarient regularizatiorn achemes
have slreedy been constructed. Cne of them, the dimensional
regularization echeme /1/ proved to be suitable for an extre-
mely wide class of field theory models. The gauge invariance of
this scheme wae shown in /2,3,4/ within different approaches.

In this paper the constraints impoéed on the regulariza-
tion pchemeé due to itg invariance are formulated explicitly.
Then the regularization procedure satisfying these constraintis
for the widest possible class of lagrangians 1is constructed,
the anomaloue theories being the only exception. This procedure
appears to be absolutely identical o the standard dimensional
regularization which therefore may be conéidered ag the regu-~
larization scheme invariant by constructiom.

On the basis of the inveriant regularization, one cam
perform the renormalization in the invariant mamnner as well,
for instance,with the help of the 't Hooft method /5/. The
proof cf the invariance of this approasch becomes particularly

eagy in ‘the framework of the background-field formalism /6/.



2, Invariant integration

Symmetry preperties of the Lagrangian in guantum field
theory result in some relatlons for the Green functions known
ag the Ward identities, In paper /7/ & convenient method to
derive thege identities using the generating functional tech-
nigue was suggested. Ignoring the troubles with ultravioclet
divergences and applying the recipes of /7/ formally, we
arrive at the relations which tizke sense for the integrands
of corresponding Green's functions only., To give a sense to the
divergent integralas as wéll, we must regularize them.

The universally invariant regularization may be defined ﬁs
the procedure that leaves all formally derived Ward identities
valid also for regularized Green's functions. Consequently,
the invariantly regularized integration must guérantee the
correctness of all manipulations essential for the derivation
of the Ward identities. Slavnov's papers /7,8/ contain an
elaborate analysis of such manipulations witﬁrgenerating functi-
ongl and allow us to list the required properties of the univer-
sally invariant regularized integration procedure in ddﬁfigu;
ration space: '

1) uniqueness {(two different ways of evaluating &an

integral are to give the same resunlt), o
2} linearity,and
3) possibiiity té integrate by parta neglectiné the gurface terms,
The third condition ig automatically satisfied if all X -space
expregsions are alwgys interpreted as the Pourier-tranaforms of

f) -gpace ones, Therefore, it will be convenient to use

below the ;D -representation only,



We shall treat the momentum integrands associated with
the Feynman diagrams as formal expressions constructed of a set
of gymbols (ﬁ% . 33*“:-- .) posseasing the lorenz=covariant
form and properties (P/'J}«V‘ =4y, 5“/}’ =P2, jf/';ﬂ’")’ Thisg
algebra of symbols may bhe regarded as an extension of the ugual
4-dimengional Lorenz algebra {in particular, /7 nay be unequal
to 4). The three dots refer to the pomsibility of uaing some
other gymboles, for instance, the generaligzationsg of i', J}
and so on. Of course, the wﬁole set of properties of such sym-~
bols must be self-consisient. An example of the appropriate
system of symbols ia presented in paﬁer /4/. The functions with
Beverél nunerical arguments replaced by the symbolic ones are
treated as retaining all their usual properties with reaspect to
these srguments, e.g. e'(PZQ/g?; e"f/’z"'}g?z and so forth.

How let us reformulate the constrainta for the universally

invariant regularized integration in terms of /7 =gapace.,

[P )
f#%/‘ﬂ---/‘J/#%@---ﬂ @)
| fdp/dy%/ﬂ, 9,.../=/</?/J/9/40,7,.../. (3)

These relations prevent the dependence of the result of integ-

ration on the choice of the internsl momentum variables.

fdo S chilo) = S0 [ fih )

The sum in this equality {linearity condition) may be infinite.
It allowe us to tranafer a part of the free Lagrangian to the
interaction one and vice versa, that is necessary for the
uniqueneas of the path-integral representation of the Green

functions, Note that infinite sume can emerge bnly due to the



power series expsnsion, In such a case eq. {4a )means that the
coefficiente at equal powers of the expansion parameter are

equal in both sides.

Expanding the relationship

/dpf/«'ﬁ ) =gt/

in a parameter and using (4a), we obtain

fdp%//ﬁ/%/.“ /‘#’7[%(/9 /, (4b)

i.e.,the momentum integration and the differentiation with
respect te a numerical parameter commute, From thie there
immediately follows an analogous feature of the inverse opera-
tien, integration over parameter:
,rdd//ofﬁ’/;’ =’/;{P’/2{a(7[p”u, / + quantity independent of of. "
(4c)
Among other invariance properties of the regularized integ-
ration the Lorenz-invariance should bg noted, In our symbolic
language it means juat retaining the tensor structure of the

integrand

S fovplp) = Gpor (). -

Pinally, the uniqueness condition is to be formulated:
an arbitrary identity trangformation of the integrand doeg not
change the result of integration.

Thus, & set of constraints on the regularized integration
procedure is found which assures the uniqueness of the repre-
sentation of Green's functions in a path-integral form and the
validity of essential manipulations with genmeraling functionals

in deriving the Ward identities, proving the equivalence theo-
rem, etc.



Wnether the properties (1)-(5) are the necessary conditions
for the universal invariance of integration procedure and fer
what clase of integrand functions s scheme obeying these proper-
ties exiats,these are the open questions. However, for the
integrands associated ﬁith the Feynman diagrama of any local
field theory model, these conditions prove to determine the
regularization scheme uniquely. In the next section this inva-
riént procedure of the regularized momentum integration will

be constructed explicitly.

3, Dimensional regularization

By virtue of (4c) one can use the well-known parametric

representation for propagators :

£z A-1 wr(/z m+c£/
det ot
(p"—m’ns}‘ /"/,{//

The small imeginary quantity (€ E >0} serves here, as

ueual, to cut off the integral om ite upper Iimit because the
symbols Pz and m? may be regarded ae real quantities.
Now we encounter the problem of evaluating the typical

integrals

. i(xp*+2pkp)
fdf&i_'--ﬁﬁe ? : (6)

Let us begin with more simple amuxiliary integral

I/a(,ﬁ’(/ z/afoeé&puzﬁkﬁ/ (1)

with of and /5’ being numerical parameters end K— external
momentum, After the shift /0 —-ﬂ Ak in accordance with

(1) we get



2 .
_ —iAk* _ . (ulp
_[(,o(,/?l(/=e R 77 I{:(/ﬂ/gﬂe
To find ,2]4{/ we may use the relations (1) - (5) orly, so it is
not allowed to apply the dimensiomal analysis for its computa-

tion, as it was done by Wilson /9/.

Therefore, let us consider the integral

. 2 o
Lol
f b p.pyet - ®
b
‘which must be eq.ual to A/a(/j/,./ due to Lorenz-invariance

of the integratlon procedure. We obtaln /4{C()/ o, multipli-~
cating (8} by j/“/ :

nale) =[PP = i T
Conaequently
d t' —_
/G//”& Pv e = “"f/./?‘( A// (93

Using (9) and the properties (1) and (2) we find

L fn? _ ‘_égf 2 )
J’qu w g e (<p +2,5f90/=e dkﬁéff.ﬁ%/f/z/(m

However, this integral may be evaluated in ancther way, namely

differentiating it with respect to B

‘ 2, ; . { -f-.?K/
,ﬂ#’ pe .zp-fﬁk/ﬂ/:__t 9/&&8/’0 ﬁ’p
(11}

i 2 by 100 iy

Compairing (10) with {11} gives



From this equation one can find I(c‘/

IA’/=/V¢:(_§ (13)

and as a. conaequence : 2
| e Lap s iphp) =gy E R
Tt pe) =/ re (14)
where /V ie an arbitrary comstant. It can be shown /10/ that
this arbitrariness of the regularization procedure is nonessen-
tial because it can be absorbed in the redefinition of rencr-
malization constants,

Now let us consider the integrals of the following type:

. 2
/4013“:'“/%6”/0- ' (15)
They vanish for odd [/ according to {(2), For even /° such
an integral is proportional to appropriate symmetric expressions
lcompoaed of i/ﬂ/': s the proporticnality coefficient being
found as before, in the case of Aﬁ(/

It is easmy %o see that our initial integral (6) can be
reduced to the type (15) by the shift p—=p —%k .
Consequently we are able now to perform any relevant momentum
integrations.,

We proceed now to the integrals over the o -parameters,
These integrals may diverge in a neighbourhcod of oA =0
and are to be correctly defined in such cases, The following

chain of mnipulations' may be performed:

2 t.—J—I“ A 2 iw/otecE
Jo P Hls] o [ oo e Jpre

/4.,//"’”’“9‘/"/"’1[5”“ e P -




-k (1% atff io('2+‘t'£ Loffp +is
%Z{.jlo’z.( ’/d;][/o/e Z Fﬂ*-f /:f’// " o /:
bfp) N cetirie) 4
(p*+ig)? +/"A’+_¢//#7[/ﬂ“/e | * 4 )

To treat the momentum integration as well-defined unanmbiguous

recipe, one must demand the purfaceé term to be zero, in other

words

0'4:0 for arbitrery /’ . : {16}

Now let us integrate by parts taking into account (16) the
relation defining Euler's /-' -function,
==l
o

A zet_g g f ) R/
It )=l e ’=;—;Za’rr£ Ere = ——-——g -
2

We see that in this case (16) enables us to coptinue f‘/’,’/ .
enalytically to negative Z « However, the singular parts

of the e -parameter integrals may be reduced to the similar

/:,( e “"{/a“’s/,
o

by standard changes of variables. From this it follows that

form,

_the condition {16} defines ¢ -integrals by means of the

analyt:.c continuation in /l
/dd e ‘“ﬁ*“/ " /’//

From (14) and (17) we conclude that our regularization proce-

(17)

dure, reconstructed on the basis of the constraints (1)- (5)
only, is precisely the dimensiomal regularization. The proof

of self-conasistency of this a;ﬁproach,:..e.,check of the walidity

10



of underlying properties (1) - (3} in the dimensiocmal regula-—
rization scheme, hag been given by Collins /3/. Thus, the
relations (1) ~(5) ma& be regarded as the definition of the
dimensional regularization,its momentum integration procedure
being universally invariant by construction. However, we show
below that neither the dimensicnal nor any other regulariza-

tion a3 a whole cannot be universally invariant,

4. Anonalies

The usual four-dimensjonal integration, though being inva-
riant, produceg ultraviolet divergences. This forces us 1o uge
the invariant (dimensional) integration formulas with M #¥4 .
Therefore, apart from the momentum integration the regulariza-
tion procedure as a whole includes another important .step,
ramely the transition from M =% of the initisl theory %o

h#9 in the regularized one. To ensure the invariance
¢f regularization, all symmétry properties of the Lagrangian
mugst be respected at this gtep., It is the case when the symmetry
properties hold for arbitrary /7  and have mo explicit depen-—
dence on M f11/ . In opposite (anomsloug) case the initial
symmetry relatione do fail when the transformation of the
Legrangian from 7= 9% to H## ¢ is done, and certainly
cannot be restored through the invariant integration.

Thus, the dimensional regularizetion schewme is invariant only
if the anomalies are absent.

I wigh to express my gratitude to A.A.Slavnov,
D.V.Shirkov, 0.I.Zavyalov and I,T,Todorov for numerous helpful

discussions and usefull criticism.
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