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YuupepCanbHoCcTh CHHTYIAPEOCTH ITO KOHCTAHTE CRE3W B KBAHTOROMN
TeOPHA IONs

Hocnenyercs CTPYKTYpA CHETYIAPAOCTH ¢yrxuna Ipusa Mo XKOHCTaHTe
cBsan B Ayne, OcuopHoll mpHeM 34RKMIOUEETCH B HCHOALIOBAHWE NPedCTaB—
norAd $YERUMOHANLHOTO HATErpaina d NPHOGAHXKEHHOTC BLIYKCHAEHHR NOCHea—
HEro MeTOACM Nepepada B (yHKUHOHANLHOM NPOCTPAECTBe. PacoMmoTpen
- KA8CC MepeHOPMRPYEMEIX U CYNepTepeHOopMEpYeMbIX CKAMARSEX Modelmel
# YCTAHopieHC, 9TO CHHCYJIAPHOCTE HMEeT YHUBEPCAMLHLIA XapakTep,
RE3APHCHMC OT Hafluwuf pacxcsamocred, Jlonyvenrble Brpaxesus OPeRcte—
BHMBl B BHOE CHOKTPAALHOrQ HETErpa’a NO KOECTEHTe CBAdA. CHexTpanb-
Hes ¢yHxuag plg - g2 " expl-Alg).

Pat6ora esitondena b JlaBoparopun TeoperHIeckon ¢usaxy OWAH,

Hpenperr OSeeamNeHNOro AUCTATYTA ARCPRAMX KCcnenosamal, AySaa 1977

Dorfel B.D., Kezakov D.I., SBairkev D.V. EZ . 14720
The Universality of Coupling Constant
Singularity in QFT

The structure of the Green funection singularity near
the origin of the coupling constant plane Is studied.
The method used exploits the functional integral represen-
tation and the procedure of the steepest descent method
in the funeticnsl space. The class of renormelizable and
superrenormnalizable scalar field modeles is considered,
and the universality of the singularity is estsblished
independently of the existence of divergences.

The obtaipned expressions are represented via the
spectral integral over the coupling constant. The
spectral functicn is of the form pigl~{-gF® expl-A/g).

The investigation has been performed at the
Laborsatory of Theoretical Physics, JINR.
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1. Introduction

Recent gtudy of solutiops of classical Huclidean field
equations shed new light on the structure of the quantun-field
amplitudeé near the point' g=0 ; 3 being the conp;ing.
congtant. The methéd- used exploits. the funetionsl integral
re.presen‘tatioﬁ and the procedure of the steepest é.escent
method in the functional space. The saddle-point corresponds
te clagaical solutions of the "instan_ton"' type and the integ-
ration reduces to the Gaussian guadrature in the vicinity of

[y

instanton solution.

/1/, starting from the func-

Uging this way L.N.Lipatov
tionel integral representation for k—'th order perturbation

term of the expa.néion

,3) =-; ngk(“')

has been able to evaluate the asymptotic (for I< large) '
expregaion of G’k(“-) " eoefficients, The calculations

were performed for /1 -prong vertex in the scalar model

i 3 (P(.‘D) | (1}

considered in the (E\zclidean) space of D= ?_h—/(n-z) dimensions.
His result is of the form ' -

Gg-aTeg sk

Q, b being some numbers depending on n .

K(niz-1) + (e DV/2
(2

1



The uge of the steepest descent method for approximate
calculation of functional integrals was propoged a decade

ago by Langer /2/

+« In thig paper the structure of singularity
at the origin (3 = U) was studied in a number of gquantum
statistical problems. Here, the functional integral was
congidered as s whole without its series expansion.

The expressions obtained there obey a singularity at
the eripgin of complex (9 -plané and a cut along th.e.real
negative semiaxis. Due to this they can be expressed via
the spectral Cauchy integral, It is juat' the jump across the
cut that can be evaiuafed by the steepest descent method.

/37

Following the Longer proéedure E.B. Bogomolny succeeded
in finding the expression for G—(g) a8 a whole without
uging the power series over the coupling constant, The

final expression

{Q
G(g) = :lirS fiip‘&;'ﬂ, A (%):Eﬂdéxp(c/ﬂ )

has the following properties:
(1) Its formel expansion gives the asymptotic series {(2); .
(2) Is real for real positive Q 5

{3) For real negative g it has a cut with imaginary jump
Glgzried= R(gy=imh(g> | ¢<0.
The function 4\ (S) , cannct be expanded in powers of 3

and "leaves no footprinta® in the usual perturbvation

gerien;



{4) Corresponds /44 4o the formal Borel summation of seri-
es (2). . |
 The result (3) obteined for logarithmic massless models
(-1) with D = 2n /f(n-2y is very close to the Langer
formulas for the gquanium—statistical models.
We show below that it is valid for models (1) with
,D\( _2 h,/(fz—z) as well and discuss some consequences of such

a univereality.

2, Evalustion of Functional Integral by Saddle-Point
Method

The class of models (1) with
D < 2n/(n-2)
for integers . A and D congists of three models cP(z,s 4)
6 o ’
and CP(Z,;) + We 1limit our gnalysis to even values _,ﬂ=2N e
Conaider the functional integral

wherer (9H= Sé‘cp exP) & CIBoLx%“__;,
‘ Z N

L= ;0. 9y - @N),q)

and ... stande for the possible product of Vv field func-
tions, After Wick rotation, we get the Euclidean analog of

the inmitial theory with

Gu(g)*ggtp ex}). —SH(x)atbx_

(4)



Bere the Hawmiltonian
: -2 . N
Hoo= $@9 - To'+ L9
ig a positively defined for g > 0 and has the only stationary
point = coust=0 . Hence, the use of the steépest descent’
method for poaitive j gives noting more that the usual
- perturbation expreasion.

Pollowing Langer we shall consider the Eq.(4)} as a basis
for analytical continuation on complex 3 values till the
negative real semiaxis, For rea_l 3< {0 the Hamiltonian H
becomes unbounded from below and at |/ g/—’ {0 the corresponding
quamtumrechanical  problem has only gquasietationary levels
(see a more detaild discussion of this matter on pages 116-117
of paper 2/ as well s in /3/). Due to this the analytical
contiruation of expression (4) can be presented as a function
obe‘ying a cut along the negatiw-re real semiaxis with pure
imaginary jump.

Hence

I,m Z-g ()

Ay =+ Glgeier-Glgro]=ImGg
The functional integral

_ 0, B ¢
Gop =g (AR =Y L L ¢ B 669
( ¥=- g} should be evalusted by the saddle—po’int
method. Changing the integration variable
. B
RS =.$(2-'N'D-|/Ul'ﬂm“- xS

we get

Y
G’(\p = E‘;‘!‘,—"’_’;‘)SE"PexP-[—A(*P)/ﬁ ”ﬁ:( 2t (8)



where .
= T\ +H‘|IP‘—" c:L:x_.
Atwy = £{1aw R

The saddle-point solution corresponding to EA=0 is defined
as & gsolution of the BEuler equation
Aﬁ;“ m’"t,‘!:" - ,\}\)-2»-4.
‘ {10)
with finite action (9).
It can be shown using the method of paper /5/ that for
logarithmic theories [ D = f_ﬁi) such solutions exist only

for m=0 . It wag obtained in paper /17 and has the form

A R o
Poos AT h (e "‘)) Y, 6 - prangrecy ULg
On the contrary in the puperrenormalizable case { D < ZN/N-L)
such solutions are poesible only for m# 0 |, They were obta-
ined nmumerically in papers /6’7/. '
4t the same time in the nonrenormalizable case (D> ZN/N—J.)
there sre no solutions with finite A.
To calculate integral (8) by the saddle-point method
firet of all we have to find the action A (W) corresponding
to the claseical agolution ‘1?; . Subatituting %= ’!,F’ in (2)
and taking into account eq.{1C), we have
Ak = 2 \ak [@F B >0 )
If equation (70) hae several different solutions ¥
one has to sum the contributions from‘ell of them., In the -
limit of small g we ghould be interested in the solution
(or solutions) with minimal value of A(Y) ,



Congider now the integral over emall fluctuations around the
stationary solution. For this purpose put

Y= Py

f
and expand the Hamiltonisn 1 over ¥ . Keeping only

quadratic terms we have

e
Hey = HOPY+ 3 Eﬁi”u”,
where
~ ZN~Z

CHURY = ~ b m - (2N W

N ) ' (139

For evalﬁatiqn of thé integral over 'l,bl it is necessary
to solve the eigenvalue (e.v.) problem for the Hamiltonian
{(13) and to expand "%Vr over the eigenfunctions

3l = PR SO .
Thenn the problem reduces to the ordirary integrations over
C, 72/, '

There exist {see /1 '8’7/) only one negative e.v. £, <
and one or two zero e.v. The first leads to the rotation . of
the integration contour over (, on 90° in integral (8}
which becomegpure imaginary., The appearance of zero e,v, is
connected with additional invariance of action., In the CPIC{bB
theory with m #{[] we have only translational invariance and
consequently one(D-fold degenerated)zerc e.v.and in the (ﬂ:"'lnd ‘P{; '
theories with m= 0 there exipts additional dilatational
invariance and one more zero e.v.. This leads to the existence
of free parameters in the solution of equation (10} (see,u-for
example, A and & in (11)). Integration over these pars-

meters leads to the additional dependence on the coupling



constant of the type

i I VL

for tranalational and dilatational invariance, respectively..
These cal'culatioris are analogous to those in the
original paper by Lipatov'“/ {For ﬁnother vérsion of thig cal-

/ 8.9/)

culation szee paper We write only the flna.l expresgion
(A reader inferested in detalls ig refered to papers /1 ’8’5
4 y-4
Jen Gu() = G exp ['A/ﬁ’{_‘l'hﬁj /i (14)
where .;L=‘])+v +:L_ féf 1ogarithxhic theories and A=D+V
for superrenormalizable model, Cy is the independent of
b’ functioﬁ of other parameters. . _
Substituting expession (14) into eq. {5}, according
to (6,7) we have .
0
S c,t_g_szcﬂ__i‘@_l

T2 @ penwm G

Gy (g)-

3. Dlscussion

1) Pormula (15) just represents the desired result, For N=2
it coincides with eq.(3), Being expanded in powers of 3
it leads to the asymptotic series "

Cu(N 0 - -1

GCg‘) Qe ZLgBA Lkw -5)]) bcw—i)l (16)

obtained for the logarithmic gealar theorles in papers

and for (?ﬂ) ‘model in papar /8,.

71,8/



ii} By changing the integration variable, formulas :(15)
can be reduced to the form close to eq. {7} from paper/4/
obtained there by Borel summation of the series (16).
Thug, treating of the functional integral as a whole
validates the Bérei sumation of apymptotic peries of
perturbation thedry. This gives additional arguments
(to those of refs{1o’1$/) in favour of thie summation.
0f course, wﬁile examining formulas of the type (15), .
one should take into accounf that théy are correct only
for g << i and give mainly qualitative information
about the gtructure of singularity at the origin. They
cannot.be gource of the quanfitative informaticn about
the Green fﬁnctiona, for Q'v i , (see the discﬁsaiqn of
this question in /%/).

iii) There is & view point (gee, for exampie /12/  thet a
functional integral par definition 1s only a compéct'
from of perturbation series. ThelLanger procedure of ap—
proximate evaluation of the functional integral by the
saddle-point method, as we have verified, gives something
more than the divergent perturbation series, It gives the
sur of this ggries, i.e,)containa the way of summetiorn.

iv) A charscteristic feature of formula (15} is ita univer-
sality, The cut along the negative axis exists for all
(rencrmalizable and sup;rrenormalizable) nénlinear scalar
interactions of the type (1) for _f[;Jng .

t) The physically ;mportant consequence of the mentioned
uni%ersaiity congiste in the independence of nonanalyticity
at the origin of the character and the venyfact of exis-

tence of UV divergences in perturbation theory.

10



This i‘é.ct, in its tum,alldws one to hope that
for pi‘operly fomulafed nonrenormalizable models it is
poasbile to carry out the analysis by the funciional saadleu
—point zethod, and to get the foxrmula analogous to (15).

The guthors express their gratitude to E.B.Bogomolny,
A.d.Vladimirov, O.I.Zavislov, L.N.Lipatov snd V.G.Makhankor

for useful discussions.
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