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Ee1u1ea B.E., Bme1.u10HK0 E. E2 - 10668 
CTp1J6n11:meRHhle 4-'!acr»<J:awe ypaaaea11:si: nns:i 11 -si:aepHoro paccesi:HH.H 

Ha ocaoae Meroaa MHOl"OMepaoro cenapa6e1lbHOro pa311omeHHS1 nocy'!elihl 
pa311H'lHh1e aapHaHThI Harerpa11bab1X ypaaHemi:A nnsi: aMnJJHTYA ynpyroro If 

'aey11pyroro pacce.11a11:.11 B C»creMe '!eTh1pex ren (11+ 3N) , B Kaqecrae axoa­
HhrX aaH!!hlX llCil01Ib3YlOTC.II t -MarpllUhl, Oill!:Chl:SSlOWlle paccesnr11e '18CTHU Ha 
s:inepHhIX noac11creMaX c ¢11ui;c11poaaaHWM1J ueHrpaM11. 3aMeaa raM1J1lhrotrnaHoa 
.11.r:iepHhIX IlO.QCHCTeM (xnacrepoa) oneparopaM11 KOHe'IHOro paara np11aoa.11.l' K 
nomi:memuo p.a3MepaoCl'll llCXOl::tHWX qeTblpeX'ISCTH'!HblX ypaaHeH11A. np11Me1HJ.ll 
4>aaneeacKylO rexmi:KY, MO>KHO nonyq;i:Tb npocrylO clfcreMy ¢penronbMOBbIX 
ypaaaealfil:, xoropb1e eAlfHbIM o6pa30M onlfcb1Bal0r ynpyroe If aeynpyroe pac­
cesraae rr -Me3oaoa Ha ner'!al'hu11x si.r:ipax. B cey'iae ynpyroro paccesra11.11 no-
11y'le11u npocrhle O.QHOMep1r1>1e ypaaireHlf.11, pemea11.11 KOTOPhIX a 06nacr11: a1>1co­
KHX :s>Hepr11A 11 -Me3oaoa .o,alOrc.11 peuea11eM MO.r:ienn paccesnrnsi: aa c11:creMe 
¢11KCHP088KHbIX ueHrpoa. 

Pa6ora ab1nonae1ra a na6oparop1111 reoper11qecKoA ifi113HKH 0115111. 

Coo6ll{eH&e 061oeJJ,aHeHHOrO HHCTHTYT8 uepawx BCCJJe.D.OB8.RBi. Jl:y6ea 1977 

Belyaev V.B., Wrzecionko J, E2 - 10668 
Approximate Few- Body Eq_uations for Pion-Nucleus 
Scattering 

Using m~ny-dimensional separable expansions, several 
kinds of integral eq_uations for the elastic (rr+ 3He->rr+ 3 He) 
and inelastic (rr+ 3He ... rr+N+d) amplitudes have been 
obtaibed, As an unput, these eq_uations include the matri­
ces, which describe the scattering of pions on the nucle­
ar subsystem with fixed scatterers. For inelastic proces­
ses the Faddeev-type eq_uations have been obtained. 

The investigation has been performed at the 
Laboratory of Theoretical Ptysics, JINR. 
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I. Introduction 

Two aspects ot the problem neoessar117 arise, when one 

considers the pion-nucleus interaction. The first concerns the 

nucleon degree of :freedom. Here we are dealing with the many­

body system, description of which is difficult by itselt'. 

Nevertheless, at least for few-body systems, we have refined 

mathematical :torulia•, which allows one, in principle, to solve 

the corresponding, dynamical equations/I/. The second aspect is 

related to mesonic degree of :freedom in nuclei. We mean the 

following processes: the excitation of nucleon isobars, 

reactions of one and double exchange of piona, pion oapture by 

nuc1ei, aeeic current•, 1f -condensation and othera. It is obvious 

that studying of these eft'ects is now veT7 important. However, 

the extraction-:froa experiment of even rough inforaation about 

the mentioned ef't'ects, (as has been pointed out in literature) 

is coaplicated by uncontrolled aodel assumptions on the 

mechanism of the corresponding processes. Indeed, to describe thw 

scattering of pions on nuclei tor A? 4, .the exact Mny-body 

d7namica1 equation8 are not still tormu1ated eTen. Therefore it 

is difficult to say, in which sense the aodel solution (ror 

example, given by.optica1121, or Glauber"31 theory) could 

approxillate the exact one. 

Nevertheless, there is a scheme/41, in which the dynamics 

at the aarcy-partiele eyatea ia taken into account in a definite 

sense. We aean the theory of acatt~ring particles on n fixed 
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centers. It has been success~ully applied/SI to scattering of 

pione on lightest nuclei. An attractive feature of this approach 

is a consistent treatment of the multiparticle character of 

scattering pione on nucleons in nuclei. Moreover, this theory 

permits one to find a solution for the separable pion-nucleon 

interactions in explicit analytical form. 

It is clear that the model of scattering on the system of 

:fixed scatterers should be valid in the high energy region and 

small momentum transfer, since one could neglect the kinetic 

energy of the scatterers. For low and medium energy region the 

applicabilit~ of the model is ouestionable. Therefore, in this 

region it is desirable to develop a scheme, 'lilich contains the 

above advantages of the fixed center model, and also takes into 

account the motion of nucleon~ in necleua in a consistent Wll!'· 

Such a possibility appears if one uses the method of multidi­

mensional separable expansion which has been applied/Bl in the 

three-body bound state problem. 

Below we shall derive one-dimensional integral equations ~or 

the pion-nucleus elastic scattering amplitudes. Inhomogeneous 

terms of these equations coincide with t-matrix for the ~ixed­

center model. 

Using the Faddeev technique, in the ~ramework of the approach, 

developed in this paper, it is also possible to include inelaetio 

processes of the type 11" + /.-l~ -> 11-t N tel, 
In section II we shall present physical arguments in ~avour 

of the developed method. We shall give also the formal scheme 

for deriving equations ~or the amplitudes which describe elastic 

scattering pions by the system of 3 bounded nucleons. In section 

III this scheme is extended to describe in a unique way the elas­

tic and inelastic proceeeee o~ pion-nucleus interaction. 
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II 

For definiteness we restrict our consideration to the 4-body 

system llt 3N • Ite Ha111lton1an can be written in the form: 

(1.1) 

V.'f where iv is the nucleon-nucleon potential, is the 

pion-nucleon potential, h.o is the kinetic energy ot the 

relatiTe motion of pion and center of mass ot nucleus, h.c... is 

the kinetic energy of nucleons. 

In the center of mass 4-body system. the scattering r.ave 

:function of pione on the 3-nucleon bound state, fulfils the 

boundary condition: 

(1.2) 

_,, _,, ~ 

Here ''t..12. > "l.~ J _s> are the Jacoby coordinates of particles,. 

*-=V2-r.-r= ' rrr- pion-nucleus reduced me.es, E is the 

total energy of the system,"T' is the elastic scattering amplitude, 
_., -'> ( _,, _,, 

.,,(._ 't1.i..., 2.~ ll /:E J. 1.tl...>i!:i)is the ground state wave f'unction 

of the 3N-system. 

Dua to (1.3) the following condition takes place! 

1 I '" ( _,, .,, ._.,) \.,_ ..,, ..,, M j .._ i,~, i,, S' M:,, .tt, ,;: ' (1.4) 

i.e., \!'. is square-integrable with respect to nucleon variable•. 

Under these circumenatancea, it is possible to approximate 

the nuclear part ( i.e .,h.,c... + V N ) o'f the Hami.lton1an (1.1) by the 
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finite rank operator. For example: 

( 1.5) 

...,, ~ 

where <1.12..Ji.3 JLf / is the auxiliary function with finite 

norm. If I lf )> i'.a the normalized eigenstate o~ the nuclear 

Hamiltonian, then <._ lf'} Iv._+ lirv /'-/';>= .E. is tho binding energy 

of the 3-nucleon system. The o'Verlap integral <. Lf/ Y:' '/ is 

unknown function which depends only on variable j>~ . Approxim­

ation (1.5) permits one to find simple integral equation ~or 

the elastic scattering amplitude. 

In a more general case, if the Considered system consists of 

a few subsystems (clusters) one can replace the parts of the 

total Hamiltonian, corresponding: to these clusters, by finite 

rank operators. Such a procedure, permits one to reduce 

significantly the dimension of integral equations. 

To use a procedure of the type (1.5), wo shall write tha 

equation for the 4-body ( 1f t 3 N ) amplitude, separating the 

Hamiltonian of the bounded 3N subsystem. 

Let us introduce the following set of Green functions: 

. -1 -1 
G(E)=(H-6') ; Gc.(E)=(ho+h.c.+V.,-E) j 

-i I ··< -1 
G, (E )= ( h.;-E) ; G-,JE) =I,,,, >h.c -£); G-,.«n~(h,,,. v,. -E) . (1.s> 

The 4-body transition operator can be defined as usually: 

T = Vrr - v1]'" G(E)Vrr (1.7) 

We introduce an auxiliary operator 

(l.8) 
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For the total Green function, one can find the equation: 

(1. 9) 

Substituting (1.9) into (1.7) and using (l.B), we derive the 

equation for the transition operator: 

T = T 0 + T 0 G-, (E)H<- G-"- (E)T == 
(l.10) 

It is easily seen, that eq. {1.8) determines the scattering 

amplitudes of pions on 3 fixed centers (nucleons). In the 

momentum representation, it has the form: 
-> '{ ~ :-'> _,,, t -h -"'1 4 ·~ ~ _., 

<KJ'f" 't121t3)jK,>:::: (K,K 1'1.12,t,)<_k:/if,-/K 1,?-
_,, _,,, ,r I.,,,, . 

( J..Kij ( J) J>t1 -'l ·"") (.I< Vlf I<.. / ...:.11 <;>-? __,, _,,1 (1.11) 
- .l(Zirl' y(k,k 't,, 't,) .~ - E . <:.K /'["{i,,., 2,,)/ 1< / ' 

Zf-r 
where .....,. ... ....., ..., s:!i ~ ..... , C\ """> -+,) _.,. c. ....,. -!> I ~. 
<K,i";2 ,i~jT 0 /K 1J't{1.it~)-= V\.'t1f-t1z.)o{'l3-~3 '(Kl<t:° ('2,z.,1:l) k) • 

~"' -'>+ 
~.,, - - • ~I ~ ( t Z )J r.' "'' + ( 2 • ) f(K,K',i,.,i,)= expLq1<-K) i'+~ t-«XpLc(K-kJ-±2+ ':j ]t (l.12) 

+ expLc<iZ-~·)~t:J. 
It is knolfil, that the above equation can be eaeily integrated 

for the separable 'jj -nucleon interaction. 

Bearing in mind for the elastic scattering of pione on the 

bound state of the 3 particles, for the nuclear part of the 

Baailtonian we assume the following approximation: 

(1.13) 

Expansion (1~13) of the nuclear lla•iltonian implies a dift'erent 

variants o'1" replacement of He. by finite rank operator H:' 
Each variant corresponds to a definite choice of matrices ~v 

and "state vectors" /1r/ . We aseUDle that the functions 

7 



<. :;:,. ,i:, J Xr 7 =Jr ( ~ .• , i"';,) 
functions with finite norm, and 

~orm an ortonormal set of ..,, _,, 
1.1.. ('t12. ~"t 3 ) corresponds to 

the ground state of 3-nucleon system. 

HenceJ 

where c_ is the binding energy. For He.. given by (1.13) the 

Green function Ge. ( G) has the form: 
~~I _,,, 14>' ...,, _,,,, )3 ('\ ->, ~1\rf"(-'> ~I f"' ->;. -\-1) <.1<,t,,

1 
i,1G-0 ( i:) 1<.,i,~, i_. > =(Z..r o (1<.-K.JL" ~,;_ ·~,,_)o(t3-'t3 -

(1.14) 

Hence, in this approximation eq. (l.10) in mixed representation 

can be written: . 

<K'. l'.;,.:t;1TJiZ'. 2;~,t~ > == sc~~,_-f.~Jsca:-2'3J(KJY:-"(i'.:},)ik' > + 
,~.. . (1.16) 

·""(~K. cl~'' J...,"J. . .J)' """' -:;- .... " 0,, .... ~-'> ,~, ... , -'71 

E;}(l:r)' t,,_ .. i,, )"(t,,, 2,)~v (K'.~£).Av(i,,_/3)\K,t,.h)T /(, t,,, t3 '/• 

r" 4> G --'? -'>)I..,'" x<.k.J"C ('l.1i. 123 k I I' • 

we derive the system of the one-dimensional integral equations 

f'rom_ eq. (1.16): . J-4>•1 
<K1-T:/'. I K'> == <il1'£'fvl k'> + j12~J~ ~ <.K'1cr;11 Ji<".>' 

(1.18) 

x r,\.-(1<.':E)<.~"J€'"a-vlK'> · 
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If we keep in eq. (l.13} only the first term, the equation for 

the elastic scattering a.mplitud of piona on the bound state, is 

as f'ollows: 4 ...,,,. 

<.K'ti"idk'>"<...itrt:/K'> =<.Kl<f"\k'> +-

14',, ':-"11/£/ ~.> 

~ AK ""'<f•lk"'> <.,K K .. 

+e. •2.rr)" <.i< I / ( K"' -)( k"' = · ) ' ---t:::. - -t=+L zr.- z;,, (1.19) 

is the scattering amplitude of pions on 

three fixed centers averaged over the wave function of the 

ground s~ate of the 3-nucleon system. 

It is known that in the traditional theory based on the 

optical potential, the kernel of the Lippman-Schwi~er equation 

for elastic scattering of pions on nuclei, 1s given b.T the two bod7 

t-matrices, averaged over the ground-state wave :!Unction of nuclei. 

The higher order terms in the Watson expansion for the optical 

potential are always, neglected. On the oth~r hand,in eq. (1.19) 

inhomogeneous term and the kernel are given by the 4-body 

scattering matrix pione on fixed nucleons. It means that all 

reecattering effects are automatically included into the kernel. 

This also means that equation (1.19) represents the real 

extention beyond the optical model approach. 

III 

We consider now the inelastic processes of the type: 

ii+ H~ (T)~ /\/ + o\, +11". 

Bearing in minde the tbree cluster character of the final state 

the total Ba11ilton1&n (1.1) of the system can be d11'1ded in the 

:!'allowing way: H = H, ~ >-lot, + V".<. ;- V"~ + V-~ 
(2.1) 
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where i~c. ie the kinetic energy of the relative motion in the 

system N+ci.+'11 h 4 is the kinetic energy of the relative 

motion of nucleons in the deuteron, V5r N, is the interaction 

potential of the pion with i-th nucleon, 

nucleon-nucleon potential. 

is the 

Let us introduce the Green f'unctions: 

Follo.,.·ing 

and fv\: f> 

-L 
~,(E) =c (f-lo - E), 

-L 
~ ( E) :c ( f-1- Hr E.) . 

Faddeevf11, one can introduce the operators 

( !X,\f = 1,2,3): 

M ~ !' ~ -v-°' ~"' r - v"' ~ c E) ur , 

M: I'= 1.\ J~p - u°' ~co: l 1Jr . 

(2.2) 

(2 .3} 

It can be easily shown that they satisfy the following equations: 

M«r" t"'S'r - t.. d" (EJft"' fVl.<.p, 

M:J' ~ t: J"j'- t: d,(E)'~"'M,~f> 
(2.4) 

where the "channel" t-matrices t«. and C.~ are given by the 

solution of the Lippman-Schwinger equations: 

t" = V"._ - °lt ~d (E) t,;. j 

t; '= u._ - ()" ~o(E) t: j 

The second eq. (2.5) for « =2,3 gives t-:metrices for 

scattering on two fixed centers. 

(2.5) 

The operators Mo<p and M;y. define the four-body transi­

t ion operat ore T and T 
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(2.6) 

It is easy to see that the following equation holds 

(2.7) 

The last equation is a generalization of eq. (1.10) in which 
~ 

breake up channel ia included explicitly since the operator i-

ie the trtree-cluster amplitude, While T 0 in eq. (1.10) is the 

two-body amplitude. The eq. (2.?) has non-'fredholmian kernel, 

because it contains disconnected parts produced by the inhomo­

geneous term 'T .Applying Faddeev procedure, one can obtain the 

system of Fredholm·equations. To this end we introduce a new 

operator VY~!"' (by formula) 

(2.8) 

Then 

(2.9) 

Inserting (2.9) into (2.7) and introducing 

\L..(::. t;+-/:~~c(E)Hd~d(E)('JL+T:z.)) TL;-~::.\ 
1, ~ T", T''~,(•)·Ho;jct(E)(~,~I, c2.10) 

T, ~ TF-> \p ~ 0 (E\Hc19'1lE)(1,",_), 
we derive finally the desirable system of equations: 

T,,,_ "- t._-t t._ gc(E)H"~"(E)T, f to(q,(E)H;qd(E)?_ TL): 
Q ~ )!;· 1'F 

T~ =: T,, -i IF ~,lE)Ho1J(E\(T1 t ~ T,"), c2.11) 

x) It is easy to see that in the lower order of iteration for~}\ 

( \A}
00

:::: f 0 
.
1 -x.. ::..f )the amplitude TF' does not contain 

~p lt.,;iJ,lElt°;~1p 
the disconnecled pa/ts. That means, kernel of the second 

eq. (2.11) ie fredholmian. 
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Formulae (2.11) ere the exact four-body equations presented in 

the form suitable for applying the approximations of the (1.3) 

type .. 

' I' From the definition of v1..~? we see that it is small 

when all three clusters do not approach to each other closely. 

In this case, we put: 

""' ·- l' ~ f''-'I.~ ,.,_ c"' c,"f' (2.12) 

and the equations are simplified considerably. Instead of (2.11), 

we have an analog of Faddeev equations but ~or :four-particle 

amplitud;es TL"'- : 

~ ~" + t" ~,\E)Hd~olE)~,,l~p 
(2.13) 

T = -> T~ x 

Now we would like to show that eq. (2.13) within the approxim-

at ion: 

(2 .14) 

(compare with (1.13)) is reduced to the system of two-dimensional 

integral equations. 

Let us introduce the mixed Jakob'ian variables 

= (->11 f,, -- "'' p:, ~" '~"ir) ; 9:' f~ I 
Co (111,.p-~-2,,1p~~j/( I' ii' ,fl" 

,_ /(2'111."t !JHA ) J:I.. I 

~~ = ( ~:' r>- 11l r., ~0 ,,:, _, , 1; = r; 
11' = ~-Le P" ' ['A' t f' = c , 

In this represe_ntation, for the Green :function ~,;( {E) 

approximation (2.14) we have -~ ," - \ _, --. 
< c.~:.n ~, l£11rz". 'f:'Y> ~ (t7tJ • ,fo<> k; Jc (q:-Fll c ('1'-' J· 
'(k·\~ - E:J-1 - 2 X4l-Y'l r;:.:(k,,i.:)Xy('1'"l] 

J..M"- {f'·'- /"'y / ' ) 

12 
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the form: 

<i<2, 9.: ,Y' I td. I "k'~, 1~: r') = (!)f)1'S!f-~'J<i<:r>/l,_ l)<ll [,_' P>. (2.18) 

It is easy to show that for matrix elements Of the operators (~ 

there takes place the equation 

<k:,r,li~(9"J/k~r") = cl(i?'-i")<·/;:1T,'C:i'J((> t 

+ i. "' I ci 1,~· c1 :;-' "< k: fer: p0'J 1 i<~') x1.cv'J /' ."v (I<~, q") , 
(<Ir)' F /' I 

, Xv (f"I < k~· .Y" l ~ ( 1•) I!<'~,-¥') <
2

•
19

) 

similar to (l.16). Here 

scattering on two-fixed centers/41. 

Let us denote. ( , . ~ 
<!<: l<t:'.rv 1k:' > =. JdiY'·x; .. J¥!<Crr:rr'J/i<;>Xv(1°'! 

<~ l'C.;tY lk~/-= fdr'dv''.}Cii'kk:?1'7..J1<]//Zi)::tA~f2 · 20 l 

Then ~om (2.19) there follow the one-dimensional integral 
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With the help of (2.20) the equations (2.13) for 1{~ can be 

written in momentum representation explicitly. Using abbrevi-

at ion 

<J,',, ;1: 1 T .. ~ 1 i<~ i~ > = J;1,;'c!Y''}o;'!<k~ 1~ ,-,-;T," IC.?;', 1''.>Xy1;;;(2 .22J 

f'rom (2.13), it is easy to write the system of Faddeev-type 

equation for the amplitudes ·-f/'~ : 
< c '9: I ~: I k'~ 0'~ > :: (~JrJ' J r~>-'1~'J<k: l~V'v IC> -

_ .i.,2_ \<1IZ:<k:11~,""i\;~'> r.-:ck~',1x)x 
(~Jl) I) A '/ (\_, "( -~I o( -) 1 

[, <o ~ ;"· b" q' c r'"+cf' ~:11 f IC\~/:/~+ h00~; c1~ k«cl!' 1"> 
x L !' "' + !' !"-' J' ~- I' I ) v I I I -

pt"-

- - !J.111-
- '111;ii--t1·'l1-l ) 

b: =. 11lJ1 ("31tt-+·'lt.lJ1~1 l 

(titt}l"""t!\'lt.} (~·l>t+ lt«,;rJ 

1. :}1« T ·1« :f" , 

b 1 :: - 3('1<t+ 'lltJr) I 

bi _ !,_ t1>c,,-+01i<\ 
. ' - 3 (~«,,-+.Z1") 

C .._ 2 ' 1_· ~:: C,= C,_=- , 

(2.23) 

The physical amplitudes for the breake up and elastic scattering 

can be found by integrating the amplitudes (2.22) with appro~ 

priate·asym.ptotic initial and final w&Ye functions. 

In conclusion we should like to note that the "relatiYistic 

eft'ects" in pion motion for equations (l.19) and (1.20) can 
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easily be taken into account passing :from the I,ippmen-Schwinger 
f 71 \8\ 

to Logunov-Tavkhelidze or Kadyshevsky equations. The developed 

~ormalism can be applied to the processes involving hyperons 
- ' .I (:for instance, K' 1- I-le ->c,,,.+!\(Z.)tij) and the process o:f deuteron 

knocking out from nuclei by high energy pions. 
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