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The multidimensional formalism has been developed
and applied to an analysis of the Mante-Carlo events
of the reaction K p-X°A. It is shown that a similar
fit of the available data could yield the likelihood
ratic of the 97 and 2™ hypotheses less than 10-%- 10~2%
providing the pseudotensor hypothesis is valid.
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1. The questlon of the X°-meson spln is
still far from its final solution, ]/X%’O
or 27/Y In particular, both these spin
parity assignments equally well agree with
world Dalitz plot data’!?’ Moreover, the
Adair analyses of X° production and decay
correlations, due to insufficient statls—
tics, glve no definite answer as well
In ref /4/ we have stressed a 51gn1f1cance
of multidimensional analysis for a more
reliable separation of the X° spin alter-
natives as compared to the standard Adair
analysis. The general formalism was developed
incorporating, however, the simplest non-
relativistic description of X° 3-particle
decays.. In the present paper we set out
analogous results obtained with the help of
relat1V1st1c decay matrix elements discus-
sed in ref.’?/.These results have been alrea-
dy applied to a multidimensional analysis .
of Monte-Carlo events of the reaction K~ LB

X%Jm.ref V The estlmates.of the likeli- .
hood ratios P(0"/Z)of. the 0~ and 2~ hypotheses
have been obtained for real events at 2.18
and 1.75 GeV/c/5%/ . Here we analyze also the
recent data at 4.16 GeV/c’? / reported at the
Tbilisi Conference. It is shown that the
available data on the reaction K7 p- X°A
could yield P©O7/27)<10°-102 providing the 2~
assignment is valid.



2. Below we discuss the reaction K p-X°A.
The generalization of the formalism to any
reaction is straightforward. In principle,
the method applied consists of a combination
of a convenient decay description in terms
of cartesian tensors’/® with the well-known
multipole analysis. This results in an
essential simplification of usual tiresome
calculations (see, e.g., ref.’% ).

The differential cross section of the
reaction K p-X°A /X°s1,..,¢ , A-prs~/
can be expressed through the joint spin
density matrix elements in the production
/p 1,/ and spin density matrlx elements
in"the X° and A decays /r! and r2 /
determined in the coordifate systems Xy, z
and  x,y, Zy in the X°and A rest frames,
respectively:

do=3r! 2 po [(Rdxd (X0 L. £)d, (A;prr™), (1)
m m nn mm

where x=cosd, . and dgh l...f) are usual
Lorentz invariant decay phase space elements.
With the aid of vectors in the X° and A
decays, the coordinate systems & 9 &,
and &nL, <can be fixed. Let us denote the
Euler angles of the rotations x yz-¢ 9 ¢
by @ =#6,¢,,i=1,2. Note that q‘;'. , 0. are
the { azimuthal and polar angles in the

X,¥;2, system and »-¢; is the z, azimuthal
angle in the ¢,7,{, system. The phase
space elements in the decays a-12 anda-123
can then be written in the form

dz(a;12) =(k/4m a)dq&dcosﬁ
(2)
d3(a;123)=(kq/8m a)dm23dm58d¢dcosﬂdt/f, :



where E=pf * is the momentum of particle 1

in the a -rest frame, q=pg 3 jis the momentum
of particle 2 in the c.m.s. of particles
2,3; myq is the effective mass of particles
2,3, and .6 is the angle between the vectors
kK and 4. The decay spin density matrix ,
elements are determined through the X° and

A decay amplitudes ﬁh]mﬂ) PApprpl AT |J,m >

rn':_'m_ [)%i A[] (mli)A[’\,](mi): . (3)

i 1

where [A] are the-helicities of decay
particles. Under the rotationx;y.z -¢& 7.4,
the decay amplitudes are transformed with
the aid of the D -functions according to
the law /107 :
"i*" o

AL )-zAHmD L@y (4)
where p, are now the J. projections on the
¢, axis, J, =20 and J ,=1/2. Using this
transformatlon, the @ éependence of the
dlstrlbutlon (1) can exp11c1t1y be calcu-
lated’!

TyM,s \
do=% (21, +1)(2L2+1)t1 M (x)'[‘ Tl N X |
Ny Ny | (5)
‘1 . =7 . _ : )
xDMlNl(D.l) DM2N2(Q2)dxdE(Xo, 15..__?)(12(,,\,‘,,r ).

In this calculation, the products of the .

D -functions have been simplified with

the help of the well-known coupling rule.
The production.and decay multipole para-
meters thus arising .~.are expressed through
the spin density matrix elements by means
of the Clebsch-Gordan coefficients



Ly Mys m om.,
2 m2.. . .
o T mam im0 L my).  (6)
S L "L N :

IﬁNi (] Liui(Ji#i i i]L #i) (7)
Hermiticity of the p- and r -matrices im-
plies the relations:

N.
Cra D Tt TG0 T (8)

1

Additional symmetry relations between the
multipole parameters, following from pa-
rity conservation, depend on coordinate
systems. We choose the z,-axis along the
beam momentum K in the overall c.m.s. and
z,=~2z,. Such a choice is convenient for
the Adair analysis. We direct the y. -axes
along the normal to the production plane
y,=Y,=KxP and fix the x,-axes so that
both coordinate systems should be right-
hand. Parity conservation in the produc-
tion process then yields the relation

RE A =(_1)L1+M b gMy ToMy , (9)
I“'I-Ml LIM]
which also holds in any systems with z-axes
lying in the production plane. In a two-
particle decay a» 12/Aspr~, X° s yy / we
direct the ¢ -axis along the momentum §{¥.
The other axes are not important since {he
decay amplitudes cannot depend on the rota-
tion around the ¢ -axis (assuming the fi-
nal spins are not measured). Therefore all
the nondiagonal r -matrix elements vanish,
implying Tyn=0 1f N£0, so that we can put
$,=0. In the three-particle decays X°.jrx
and X°->yr*»r~ we choose the ¢ -axis along
the normal n to the decay plane and the



¢ -axis along the 7 -meson (photon) momen-
tum K in the X° rest frame. The 7 -axis is
fixed by the requirement that the coordi-
nate system is right-tand. Parity conser-
vation in the X° decays gives particularly
simple relations in these cocordinate sys-
tems, i.e.,

' .0 forodd L., orN, . (10)

LNy

In the A-prs~ decay, parity is not conserved

thus making possible an asymmetric A de-

cay. The A asymmetry parameter ap =0.646

is related to the mnormalized multipole

parameters/ﬁ%-&/by the relation a, =3 T0
Symmetry relations (8)-~(10) allow one

to rewrite the distribution (5) in a more

convenient form/4/

do= 3 (2L+1){t (x)[T d 042 3 ReB di}@)h
1,=0,2,4 N=2.,. NoN 1

+2 IOM(x)[T coquS dL (0 )+
M:l

Ri (ReB cosM¢ d (6a y— lmBI I\?qub dMN(B N+

£2V3 z (x)co'af? [T squbl MJG )+

a
Aoy, L

. L+ L—
+ X (EeBLNsmMgb 'ld MN(BI) + ImB, \cosM ¢, d, (0, )}]-

N=2 .

: 11 .
—\/6GAM-0 i lmISLM(x)smGZ[TLGsin(MqSl+c;52)dp:0(6] Y+

S (ReB, _si Lt
+N=2,...L( e LNsm(Mq51+q52)dMN(61 )+



L-
+ ]mBLNCOS(MQSl +q52) dMN(f?I NidxdQ éiE(X°; 1...¢), (11)

Lt L Ny
where dMN—dMN tdy_n and By n=Tone . Here
and from now on we put TLN:xTLN It is seen
that the distribution (11) contains 30
multlpole parameters, i.e., 9 parapeters
LM,L =024, M=01,...L 06 parameterslthML;24M=1 .L,
and 15 parameters hn&w L=0,24, M=0, +1,... +L*
These parameters are 1ndependent in the sense
of the symmetry relations, but, being bi-
linear products .of 10 complex amplitudes,
they depend on 18 real parameters only (the
common phase and the overall normalization
factor are not included). In the collinear
case /|x!=1/ only two independent ampli-
tudes survive, so that out of 29 normalized
/9% 1/ multipole parameters only 4 ones
call be different from zero. They can be

expressed through two parameters, e.g.,p,
and the phase ¢ of the two amplitudes:
0 __ 1,7 - 1L
oo = > \/7_(1+p00)’ t40—3—\/$-(5»000 ~2),
10 11 (12)
\/ \/P (I=pg, sine, =V = 3 21

*Integration over the A decay angles
in eq. (11) gives the distribution in the 00
reaction =" p » X°n containing 9 elementst
only. Integration over the X° Dalitz plot
variables and over the angle ¥ yields the
result of Berman and Jacobb/!(see their
eq. (27) and multiply R =T by the lost
factor 1/2). 00



Note that in the case of zero X°-meson
spin there is only one nontrivial multi-
pole parameter, proportional to the A po-
larization P, along the normal to_the pro-
duction plane (y-axis),i.e.,lmt' =vZmp' = _ép[\.

Until now we have not specified the
decay multipole parameters Ty, defined
in eqs. (3) and (7) through the decay
amplitudesAﬁnc)-The X° decay amplitudes
have been detérmined in ref.’/2/ in the
tensor formalism allowing one to form the
simplest amplitudes satisfying the require-
ment of the lorentz invariance. These two
descriptions are connected by the relations,
well-known for the vector amplitudes:
AGD =(F A —-iA)/vZ , AO=Ag. In the spin-2
case we have the relations

A(12)- -Z]L(AII—A22) iii_(Al‘z +Az1)
o , (13)
(‘1)’+§'(A13+A31)_ 7(A23+A32)

11"A22L

A@=V 2 (2h55 -A
which automatically pick out a symmetric
and zero trace part of the matrixiA;iRelow,
with the help of these relations, we express
the quantities T, through the X° decay para-
meters determined in ref.’?’. We have perfor-
med similar calculations in ref.’% using,
however, the simplest nonrelativistic am-
plitudes for the three-particle X° decays.
Compare also with ref./!2/yhere different
normalization factors for the multipole
parameters have been used.



The X°» yy decay. The decay amplitude is
unambiguously determined by the require-
ment of the Bose-symmetry and by the trans-
versality of y-quanta, i.e.,

Aij =fi[3(1)2(2) ]j_, (14

where € 1® are the y polarization vectors

and k=(0,0,1). It is seen that only Azz#40, i.e.,
only r 40 so that, according to (7}, we
have

Too=T0" Too=" Ty "“/‘-;'00' (15)

The X°spa» decay. The decay amplitude is
given by

Aij=w01?i kj + wzqiqj+w4£ia.m36, (16)
where the quantities ﬁ;dependlng onm nd
cos25, have been determined in ref. ﬁﬁ?ln
the chosen coordinate system &;7,¢;. we

have k=(1,0,0) and {=(cos$, sind, 0). Using again

eqs. (13), we obtain the following expres-
sions for the decay multipole parameters:

2 2 2 2
Tog =3[ w ol +1w, "+ L |w 1%c0s 8(3ecos 8 +
+Rew3w2(3cosz6—l)+2Rew’;(w0+w2)00528]
5" 2 2 2 2
Tyy z—;_\/%_ [fwcj +}w2[ +?lz—|w4] cos 3(3—c0823.)+

+2Re WiWy (3 cos 28—2) +2Rewz( WotW, ) cos 26]

10



1 2 2
T,, =-..-\/§-l-{lwol +Rew(w,+w_cos 6)+[RewI(WO+W2)+
+|w4[2 cos28]ei8 cosB+[Rew°;(w0 +w4¢:0828)+ lwzf le 2id }

Ty =2V EUngP iyl + L 1w, 1i2c0s’s)cod 5

+?2’—Re w3w2(1+2 coszé) +2Re w‘:(wo-rwz)coszﬁl an
1

_1,5
T42 2\/ 3T22

el

4id ;
LW =—-_(|w0|2+thlze Crlw {2e2'8 cos?s
12 4
+2e2i6 Rew* w +2ei‘S Rew*w cosd +
¢ 2 0 s

+2e 3id Rew’;w4 cosd ).

The X°-ys*'n"decay. It is well-known that
the pions in this decay are mainly produced
in the p-wave p°-state. Therefore the
decay amplitude is given by

Aij =G lkel; 4+ Gylkql e, +Gylkel K, (18)

where the quantities G,,depending on the di-
pion mass, have been determined in ref.’?
Summing over the y helicities/Ie}" e} -

=3 —kiﬁ./ in the r-matrix ef%ments, we
obtain the following formulae for the para-

t T .in the system:
meters T, . in fﬁnil y

1



1 2 1 2 2.
Too = (716 +26,[" + 216, +6,1°+ 216, sin B+

2 2
+fGl+GBI cos” 8

| _ 2 |
Tyo = ~VlH626 1+ 116,46,"- 116, )sin®s -

-116,4q, ]2cosz.5]

1,1
Ty~ V5 RE(G, +6.126, 476,36, ) +
: (19)
2 . . 2
+BIGZ—G3I —-4Re63 (G1+2(%2)]sm6 -
2ié ‘ '
—e Re(Gl+Gs) (5G1+7G2)f

2 1 2 2, .
T:m:‘/_;}"[(_%i(;l +2G, £ —§-|Gl :+Gzl +-112-—[Gl | )sm%-
-—}E-IG1+63]2 cos26]
T, =L 312G +G.[ cos® 2 3 sin 2
42 =5 \/7 1+ Ggl cos 8+2(]G |"-| Gy sin’3 +
+(e¥® _DReGF (G, +G,)]

5 2 2i8
T44=~11/—2—[ReG;(GI+Gscos 8)+e ReGr (G, +G3)].

3. Let us now discuss briefly the cosd; -
distribution, which is currently used in
the Adair analysis (see also ref.’3 ). The

12



desired distribution is obtained by integ-
rating over the phase space, except cosd,
in eq. (11):

W(cos&)=—-[1+ czdzdoo(el)+—8—c4d4dgo(9 N 2oy

The coefficients dj and ¢, are given by

dL=;\/l_jTL0dE(X°;1... B T, dfXes. ),
‘ (21)

"v fel (x)dx/ f:"“ (x) dx,

with the upper (lower) sign corresponding
to L=24) .In the X°s yy decay, we have
dy=d4=1. The multipole parameters T,, given
in eqs. (17) and (19), allow us to calcu-
late the coefficients drLin the distributions
of the normal to the X°-w7s  and X°systs ™
decay planes, respectively. In order to get
the coefficients dy for another decay
analyzer ( ¢ -axis), e.g. k or q, the para-
meters T, should be calculated in a coor-
dinate system with ¢ -axis along the new
analyzer (the £~ and g4 -directions are
inessential). Note that the Dalitz plot
density Too =Spf is, of course, the same
in any coordlnate system. The d; values
obtained in such calculatlons can be found
in Table 2 of ref.

It should be p01nted out that in the col-
linear production process Kp -X°A/rp-X°n/,
or at threshold of this reaction, we have
Pgy =0 so that the coefficient ¢, should
be positive for an arbitrary p,, value
/cg 21/2/ contrary to the coef€1c1ent Cq
vanishing if pye=2/5. Moreover, e.g., in the
annihilation pp »p°X° at rest, c,=0 for

13



an arbitrary production angle/I&L”-There—
fore spin alignment effects in the distri-
bution (20) can be often enhanced with the
help of the decay analyzers corresponding
to extreme values of the coefficientdy,i.e.,
of the quantity Tyy. We have shown in ref./12/
that Ty achieves extreme values provided
the decay analyzer ¥ coincides either with
the normal to the decay plane or lies in
this plane, i.e., V=% or ¥=¥,.In our
standard coordinate system: vo_(ama sina, 0).
The angle « and the extreme T,, values are
given by

2iq
¢T T =Ty, /iT,, | . (22)
1 = . .
o -5 Ty tVET, ) if 4T, <y =2 1 o 17
T t-: 220 22 0 (23)
20 _
T,, if £, 2\/-3—|T22i,'v’=n.

The upper (lower) sign in eqs. (22), (23)
corresponds to the maximal (minimal) T??
value. For the X°4qnﬂ decay, we have’

¥min 8 and V™*Lv/dPi" =077 and d, " =0.86/.
The X°-yz*»~ decay turns out to be more
complicated. We only note that extreme dy
values /~—0.95, ~0.59/ are close to the coef-
ficients dy corresponding to the analyzers
k and #/3/, see Fig. 2 of ref.’

It should be stressed that nelther the
"best analyzers' nor even all natural X°
decay analyzers/'*have been used in expe-
rimental Adair analyses (see Table 1 of
ref.’3 ),

14



4. We have shown in ref.’/!” that there is
a good chance to increase the confidence
level of arguments in favour of or against
the pseudotensor X®° assignment with the help
of available experimental data only. For
this purpose a likelihood fit of the multi-
dimensional X° production and decay corre-
lations should be done., In some way, such
a fit corresponds to the use of the best
decay analyzers in the one-dimensional Adair
analyses. There is also a possibility to
use the method of moments to look for non-
zero multipole parameters’/#!5/. We recall
that out of 29 normalized parameters 4?%%
in the reactionX7p » X°A, only that,
describing the transverse A polarization,
can survive if the 0 assignment is valid.
Note, however, that in such an analysis
the X° spin can remain unnoticeable since
spin alignment effects can be spread among
many moments, while in the likelihood fit
these effects are accumulated in the likeli-
hood ratio.

A multidimensional fit of the reaction
K7p » X° + A  has been recently performed

> NT
at 4.16 Ge:V/c/7 .The authors claim that they
unambiguously excluded the 27 assignment,
thus definitely establishing the X° pseudo-
scalarity. However, there are several
shortcomings in their analysis which make
the conclusion less significant. First, the
" decay amplitude with £ =f_ =2 required
to describe satlsfactorlly world X° snan
Dalitz plot data (see ref. ), has not
been taken into account. Second, an essen-
tially larger number of parameters in the 27
fit, as compared to the 0™ one, makes

15



a comparison of the fits difficult. It 1is

convenient for such a comparison to integrate

the distribution (11) over the A decay

angles and over the azimuthal angle ¢ in

the X% pmr - decay (sece eq. (24)) and to fit

only two parameters py, and p,, - At last the

multidimensional fit has not been perfor-

med for the events satisfying the Adair

cut, i.e., for the events with the X° perpen-

dlcular momentum prat least less than

100 MeV/c 73/ To neglect the X° production am-

plitudes with J =+2is incorrect 1in their fit

of the events with x>0.99 (p, <153 MeV/c).
Below we set forth in more detail than

in ref.”" a method to estimate the likeli-

hood ratio P(0727) based on a multidimensio-

nal analysis of Monte-Carlo events. At

first we have generated collinear events

{(x=1) of the reaction K'p- X°A ac-

ﬂ'ﬂ
cording to the density (11) 1ntegrated
over the A decay angles, i.e., we have put

T + 3 L™ ateye 3 ReB, d 01,
L

27 00 L5, Lo Lo 00 17 Nag (24)
with the decay parameters given in Table 2,
FIT 7 of ref. ?/.The density W, was appro-
ximated by the Dalltz plot distribution
obtained in ref.? see Table 2, FIT 3
herein. The Pgo dependence of bgP(O‘/Z‘)

is shown in Fig la for N=100 collinear
events@22=0) Note that logP and its disper-
sion o2 are proportional to the number of
events N. Thus we see that in an analogous
4-dimensional (m,, .cosd,cos6,¢) fit of 66
real events at 2.18 GeV/c (x> 09) the
0°/2~ 1likelihood ratio can be expected

16
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Fig. 1. The log of the 07/27 likelihood
ratio vs £y, and pyy X°~ meson spin density
matrix elements for N=100 events of the
reaction.K—pw>ijmA generated according
to the density (24): (a) p22=0', {(b) The
upper bound (full line) corresponds to
1 max
Poo =73 P00
The dashed curve shows logP for the events
generated with a given,  and p = max

3 Poo
but fitted with fixed p,y=0. The error bars

are shown in several characteristic points.

max
=1-2 .
and the lower one to P o0 Pog
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less than 10~ *prov1ded that p,,=0 (the
fitted value is’®p 29 = 0.05%0. 12) Note

that the upper llmlt logP(0™/2 )==34+ 1.3

is achieved at pyy=1/3. This upper estimate

can be compared with the value 4.2+2.2 expec~
ted for N=66 events (in the fit with fixed

o =0 J)1f the 0" hypothesis is valid. In
order to demonstrate the usefulness of the
multidimensional fit, we have analyzed
the one-dimensional Adair distribution of
the normal n to the X®snwr decay plane for
N-66 events generated with py= 0 and py,=1/3
and got logP(0 /27)=-1.8t0.9 (compare to
the value -3.4:1.3 obtained in the 4-dimen-
sional analysis).

The Monte-Carlc calculations have been
also performed for noncollinear events
(P22 #0 is allowed) with the density W, -
given again by eq. (24). This formula now
follows from the distribution (11) after
integration over the A decay angles and
over the azimuthal angle ¢ in the X°-osprrm
decay as well. The p,, dependence of the
upper and lower logP bounds (corresponding
to Poo*‘lg'Prﬁo“ and pmitl-2p,, , Tespectively)
is shown 1in Fig. 1b for N=100 events. As
indicated in this figure, an analogous
4-dimensional (m__, cosd, cosf, ¢ ) fit of
58 real events at 1.75 GeV/c (x> 06) can
yield P (0 /2" )~10"" prov1ded Pss =03 (the
fitted value is/% a034+013)

* Taking into account the A decay infor-
mation, this upper estimate is about 10
times smaller in the best case if in (12)
[sinel= 1.

18



The dashed curve in Fig. 1b shows the
logP for the events generated according
to the density (24) with a given p,, and

max
Poo =3 Pay but fitted with fixed p,,=0.

This curve indicates that the value logP=26
obtained under the collinear assumption

(x =1, i.e., Jz # t2)for N=110 events witbﬁ

x> 0.99 (pgr < 153 MeV/c) at 4.16 GeV/c

can be still explained by the 2~ hypothesis.

For this purpose pjy 2015 is required which

is consistent with the upper p,, estimate
~0.23 in this pq -interval (see Fig. 4 in

ref. 3/ ). The likelihood fit of 56 more

collinear events with x > 0.995(p <108 MeV/c)
has not been performed in ref.’/7/. However,

the lack of anisotropies in the Adair dlstrl—

butions for these events’/”/ indicates that
PO7/27) is~1or 102 - 103 provided that

p gp=1/5 0T 0, respectively. The fact that

the fitted value p92=021 + 0.07 is one stan-

dard deviation higher than the upper gqs
estimate in the intervalp,<108 MeV/c /3/
can be interpreted as an argument against
the 27 assignment (see ref.

We have also analyzed the decay X:4Y317
and obtdaind the estimate P(O”/27)< 10 for
available experimental data. A relatively
high value of this estimate is caused by an
essential background in this decay channel’?’

Therefore, if the 27 hypothesis is wvalid,
the multidimensional fit of available data
on the reaction K'p - X°A could yield
the 07/27 1likelihood ratio less than
107%- 10~2 depending on the interpretation
of the 4.16 GeV/c data. It seems to us that
such an analysis can throw light on the X°-
meson spin problem.
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Note added in- proof

After the present work was completed
Dr. lolmgreen was so kind as to send us the
revised version of ref.’?’ (CERN/EP/PHYS
77-11). The authors performed the 1likeli-
hood fit in the interval x>0.995 ( Pp <
< 108 MeV/c) and obtained InP= 5(logP'=22)
for 90 weighted events (~ 79 real events)
assuming J,#+2.The dashed curve in Fig. 1b
indicates that this logP value can be
still explained by the 27 hypothesis if
pez 20.15. In fact, the pyp value deduced
from their P-E ratios is 0.19+0.06 as com-
pared with the upper estimate ~0,14 in this
Pr -interval’® . In our opinion it would be
very desirable to look for the anlsotroples
in more collincar events, say with py < .
< 80 MeV/c. he expect the p,, value and the
number of events in this interval te be ~2
times less than in the interval pp<l08 MeV/cﬁ/
Note that the authors claim to find the
£, =l =2 decay amplitude to be negligible
1% X°958) were 2 .1t looks somewhat surpri-
sing because this amplitude turns out to
be necessary to describe the world X °-syar
Dalitz plot data’®.This amplitude may in-
fluence considerably the fits of the non-
collinear events_(see Table 2 in the revised
version of ref.’” ). ; '
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