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Eap5awoB E,M., HecTepeHKO B.B. E2 · 10385 
PenHTHBHCTCKBH crpyHa c MaccaMu Ha xoauax 

PaccMarpusaeTCH Knaccu~ecxaR u KBBHTOBBH reopuH penHrnsucrcKoH 
crpyHhT c roqe'tfHbiMH MaccaMu na KOHUax. HaAaeHbi peweHHSI .OHHBMH'tecxux 
ypasHeHuH AliH onpeaeneHHoro Knacca llBH*eHnH, xoraa napaMeTp apeMeHHoH 
:3BOliiDUHH r ~onopuKoHanen co6crseHHOMY speMeHu KOHUOB crpyHbi. Pewe
nue llHHeHHofi xpaesofi aa.ua'4u s 3TOM cny<tfae aaeTcsr ps:tnaMH IPyphe. Orpa
HH':IeHiHI H8 8MfillHTYJlbl ¢ypb9 1 C119.llYIOWR9 H3 ycllOBHfi OpTOr'OH8llbHOiJ: K8-

llH5pOBKH, cywecrseHHo OTllH'4BIDTCH or ycnosufi Bupaaopo .llllSI cso6oaHoA 
crpyHhl. HaHaeHbl M8CC8 1 HMfiyllbC H yrnoaoA MOMeHT CHCI'9Mbl. 

Pa5oTa Bb!OORHeHa B na5opaTOpHH TeopeTH'leCKOH cpu3HKH OH.HH. 

DpenpBHT 06.,e,IUIHeaaoro BHCTBTYT& ao~~epawx accneo~~oaaaai. ~y6aa 1977 

Barbashov B.M., Nesterenko V.V. E2 · 10385 
Relativistic String with Massive Ends 

The classical and quantum theory is discussed for the 
relativistic string with point masses at its ends. The dy
namical equations are solved for the class of motions when 
the time evolution parameter r is proportional to proper 
times of the string ends. The solution to the linear boun
dary value problem is given by the Fourier series. Con
straints on the Fourier amplitudes resulting from the ortho
gonal gauge differ essentially from the Virasoro conditions 
for the free string. The string mass, momentum and angular 
momentum are found. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Preprlnt of the Joint Institute for Nuclear Research. Dubna 1977 
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Introduction 

The study of the relativistic string is important for 
elementary particle physics for two reasons. First, quantiza
tion of the free string gives the mass spectrum of the reaeo
nance states in dual modele that allows this object to be con
sidered as a dynamical basis of the dual-reaeonance approach/11. 
Second, the relativistic string can bind quarks inside had
rone/2,31. For this purpose the relativistic string should be 
considered with masses at the ends. This essentially compli
cates the mathematical problem compared to the massless string 
due to the nonlinear boundary conditions. Only the simplest 
classical motione/4/ have been investigated for the massive 
string. In the case of two-dimensional space-time the most 
successful study has been made by authors of ref./21. A rela
tivistic string with continuous mass distribution has been 
proposed in ref./5/. 

In this paper we consider the relativistic string with 
point masses attached to its ends in such a parametrization 
when the time evolution variable~ is proportional to the 
proper times of massive string ends. This gives a possibility 
to lineari£e the boundary dond]tions and the boundary value 
problem can be solved by using the Fourier series. The para
metrization under consideration allows one to describe only 
a certain class of motions of this system • We find constraints 
on the Fourier amplitudes which follow from the orthogonal 
gauge. These constraints do not coincide with the well known 
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Viraeoro conditione for the free string. Also the mass, momen
tum, and angular momentum of the system are obtained, 

2. Lagrangian, Equations of Motion and Boundary Conditione 

The action for the relativistic string with point masses 
attached to the ends is taken as follows 

<r. ~(1:') <r,_ 

5 =-r JdrJcloJ<i:J>~-xtJ2' -}m~· f..j(dxi4c<rJ,cr~(Jr <1 > 
" 6 "'"J ~-=' r, \ dr J , 1 l"· o-2 

where r i.s the constant of ( -dimensions, m,, m, are 
• 0 I the masses of endpoints • .X = 0:1: (6Cf) or .X .:: 
}J './' ' • 7 II I 

= 8.1~(o:nj86 J d.X/6t'(TJ/CJjCJ<T =X~ (q.(T), 9:)"-t-X/~CT:J ,T)f1.C'l'). 

The functions 6
1

C:r), (i=1,2.) describe the motions of ends 
of the string in coordinates 6 ' r 

The equations of motion end subsidiary conditione are the 
same as tn the free case 

... II 

:r (6 7'1- .x c6 r) ==0 
11 ol jl > , (2) 

• .2 I 2 • I 
..X +.X =0, ..XX=O ( 3) 

but the boundary conditione are nonlinear 

)J d._. (Xt -t.XN6 X +X 6. 6=6 (t() 
J'1,j,..t v.·!c ... · , " ' ' u . X 1-6•) 

(4) 

JJ fL ~X" -r.Xyo = -:r -X 6 6 = 6. (1} 
• I '.IV I 

,j' l ci•~ " • 2 • 2 I II II I 2 , 

l .r (1-6 Ji,=mi/r· t'=t,2 

and are the main problem to be solved here. 

The vector X (6,7:) obeys the D1 Alambert equation (2) 
jl 

with the general solution 

~rv(6,t) =lf111 (1r~t)+~v(6-T) =ifi·ix) +~yC'j!>)., (5) 

4 

It 

t 

where d.= 6 ..... cr ' J3 = 6 - '[ • Substituting {5) 
into (J) and (4) gives the constraints on ~ and ~ 

'2. l.t 
~ (a) = lft (j3) (6} 

and the boundary conditione 

jl !!_ ( 1/t1~(a)d. + 7{1;" • -~= lf,;((J)ci- q;;v(f3)fl, 
1 drr 2 ~; (o..)lp:A (fi>d. fo 

ot =CXt(T) =6prJ-t7' j3 •j31(TJ=6/T)-7 :~ 

}A '::.... 11/(a.}d +1JI2l1Cfo)/3 i • • ...J ~~ . • I ' 

tdf "V 2ljl1;(a)lJI:~(f3)Cift )=-lf't,(cx~ +lf{v(j3)J3, 

(7) 

oc. -=ex f'l'J =6 (<tJ+T 12. = /). {7)=6 ('l'>-7. 1 2 , /" 1"'2 2 

The prime over lp_. > ( i = 1, 2) 
' 

denotes the differentiati-
on with respect to argument • 

From eqe, (5),(6) and (7) it follows that the parameters 
GIL and j3 can be changed by new variables such that 

a=t(a), j=/,<~). {8) 

The boundary conditions (7) can be integrated over x 
• I 

}1, X111-+ Xv61 = ¥,
11
(a

1
) -lp

211
(/3J.) +C,,:: C111 (~1 .[3~,), 

v±~u-o~i 

p.2 
(9) 

Xtt -t-X/16.& :::. -lf,II(<X2) + 'f2v(f32.)- C2Ji :-l;2.11(a..._,j32). 
i 2u- O,lJ 

These equations being squared give 

2 2 . 
l;.(a..,j3.)==1J,. t=J,2. (10) 

-c " ' r • . 

Next, we prove that 6-f. (ll') = 0 • For this purpose we 
project eondi tiona (9) onto x

11 
<q.crJ, lf) and because of 
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X (6 (71 1 7) =C. (oL. A.) we obtain 
II i 1 &1 t. •/"t. 

.J:ti!Ji - • rl I a t 
ji._ , • ·- .. ti t .. ,coc.""fi·>·Ci(oc_.,fh>= 2 6rt.J« ... /3i.)= 0., 

'· . .. t=J,!. 
The latter equality follows from (10). 'l'hua we arrive at the 
equality (S i = 0, ( i = 1, 2.) and the string ends can be defined 
b!f setting 6 en =0, 6z(rJ= t . The boundary con-

I • 
ditions (4) are now simplified but still nonlinear in X,.zt 

d +X .\ I 
)1( dr\j ;tj =I II ., 6=0, 

.rJfx) I L D Pz dntfi: =-:r,, o=~. 
(11) 

Next, let us change the variables (8) so that in the new vari
ables 6 ., ~ the string ends be agein described by equa
tions a-. = 0 and 62 = e . 'l'hls condition is ful
filled by the following change 

6 = ; [/co t-T) -/cr--6)], r= -fcf{o+l) +1((-6)]' 

where /<Y..-lJ-/ctt-f)=2l and, consequently, J'en is 
a perio,lic function with period 2l l'ro== l'cr+f lJ • 

If one introduces the new Lorentz vector X., ca-. 'if):T C6<6) nTJ) 
• f -..... J 

then .I1 (('~·· 'i)., ( r'=L,2} may be expressed in te:naa of .x
11 

as follows: 
• ! . a - t,,z 

X, co, 'C) = [ iJ?' X, (0/i'J] (f), 

• t iJ L. - II f/1:: ,, I'll x-,Cr:.,TJ=[ - x,c'-,t)J < +rJ. (12> /) ar 
The function .f(T) is to be chosen so that the n- parame-

ter ~ be proportional to the proper ti-s of the string ends 

[ a ... - ,...:19. 
at x 'IC6; ,'fJJ = c~ . 

--\ • t=L.~. 
m. 

<& 

6 

(13) 

.!'Ill~ 
'~ 

l 
I 

., 

.1.

,· .. ·· . ·~: ~ 

., . 
. ~ 

.. 

" 

The masses are introduced here to make arbitrary constants ~. .. 
dimensionless. Equations (12) and (13) gi.ve 

111. 2 J. 1'2 2 2 
('i) = Et x, (0,7) ') {l!+l) = ~~.XJI {f,7) . ( 14) 

Equations (14) Jefine function /tc> 2in a consistent way 

provided that the following conditions 

1 2. 2 2. 

(m · · - (m ) · o c:J -Xy{0,7T-t)= ~ X 11 (t,7), 

• 2. • 2. /) 
.X (6. 7) = 1 (6. '(T-2! 1 d =0. !/ 

II t' II t' /, t' ' 
• 2 

hold for X
11 

(6, 7) at the string ends. 
Thus, only this class of motions of the massive string 

enables one to introduce the time evolution parameter ~ pro
portional to the prOPer times of the string ends. In this case, 

Eqe. (11)under the condition (1J) become linear 
.. I 

x, w. TJ = ~( .x, a;, r J, 
·• t I .r ( 7)== -ox dr) 

II ' Y2. J/ ' ' (15) 

where 

0 = f.i_ = Ci..{: , i = I, 2. r. 2 ' "'•Ji, m, 
Note that the linear boundary conditions (15) can be de-

rived directly if the action for massive end points is taken 
in the form proposed by Pock/6/ 

'Tl 

S=- a/jiwck'. 
m 2 1-l, 

l16) 

For the ~tion (16) 

S =-mi!IriP ( 1J) on '1i i' I. • 

to be equivalent to the conventional one 
].t is necessary to impose condi tiona 

.). Solution to the Boundary Value Problem 

To find solutions to eqs.(2) obeying the boundary conditi
ons (15) W£ aprly the separation of variables 
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.x C6,r) =cpctJliti>J. 
/' 7' 

Substituting this ~ into (2) and (15) gives the following 
boundary value problem for function ttC6) 

II 2 
U(6J +w U(6J=O, 

W 
2
lHO) = -t}/}(0)~ 

co~vtiJ = Cf
2 
ia !) . 

~ (17) 
C =C= c 

1 2 
Further we put m( = m2. = m and , hence 
'if = Cf,

2 
= ~ , as well. 

Solutions to the problem (17) are of the form 

LtC6)=N [CC,Jcw6)-+- w,ii~(w6)] · 
,, 11 " 'f 11 ) 

where ~ are the normalization constants, Wn 
roots of the transcendental equation 

( 18) 
are the 

lj('U,,t) = 
2w, q., 
~2-q,2. (19) 

uvn are symmetrical with respect to zero therefore these 
may be numbered so that tel =0, W = - W ,n= 1: L ,.:± 2., ••• . o -n n 
The functions (18) then obey the conditions li (6)=U(6). 

" -11 Equation (19) is equivalent to the two following ones 

t! (1 e) = - '% ) (n even); 

t~("t!J.= W, , (n odd). 
Similar equations but different i~sign have been derived in 
paper/5/ for the massive relativistic string in the framework 
of another approach. 

The eigenfunctions (18) of the boundary value problem 
(17l obey the orthogonality condition with weight/7/ 

Jd6lf (6Jlt c6) + .!... u co;u (OJ + .i.u ct;u ( t; = S <20> 
0 11 m Cf 11 m if n m nm 

8 

{).: 
'· 

It is convenient to introduce the weight function 

5C6J = 1 + ~£S(6; + 8c6 -8-Jl ) 
in terms of which the orthogonality condition (20) is written 
as :follows f 

f ~(6)li C6)U C6)c/6 = S"' . 
0 n m nm 

The normalization constants /II are 
n 

2 { D .t -1 
Al = "'(L + ~) + 1 j 

II 2 9-i q, 1 

~ -1 
IV= (t1-?:) 

0 q, . 

Further we need the condition of completeness of the system l~C6) 

OC> "" 

LIA(6)UC¢)~(6) =0(6,6). (21) 
"""0 n " 

The function e a(6,61
) is defined by the requirement 

Jd6'd(6,6)/(6) =/c6), 
where /c 6) is an arbitrary smooth function given in the 
interval 0~ 6 ~ ! . -iw tt 

Because of {() =A e n ' X (6, 'C) is ex-'lt7 .ftA" .f' panded as follows 
-tw<t 

P. . " 
"r' '6r.-) 11 cr ·urr 't ~ e ·o) .,(.}'l' ,t = u.f'+ 0 ~ + --L- cx.._li ( -

2 +Or Y" V2.r' W "f n 7 Q n.,o n 

_L.. ~,c~ Cf i f -iw 'i t f'iW'i 
= ~+ cz.+o,t r -t- .. C'Z Vf'W(a"}'e ~ a'!}Je n)UnC6)1 

7 'I{ n>O 11 · (22) 

where 

a= Yw., a A , a = o< + = -..;;;; a.,. , fl > o. 
" " -11 n n 11 
For ~- c:oc> • w, .. fiJi J U11 (6J-V2./t CIJJ(t1Ji6/t) 

and solution (22) turns int~he solution to the free string. 
The subsidiary conditions (J) result in the constraints 

on amplitudes r:J.n : 

9 
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a. ,J( =o 
rl 111 

at n:;: -m / 11 ,m=rJ,Z2,.~23) 

()( 
11 
P .:= 0, n * o, 

2 r 2 2 .2 w 2 
p=- -(-+f)."N (i +-L!)Ol C{ • £. 'f Li 11 9-2 -11 n 

In addition it is neces~I-iy that at the string ends 
t ions ( 1 J) hold which leads to the equali.ty 

_j_ " 2 w,2 . ( c)z 
2.t L.. N - 2 (i(_ 01 = - - . 

n*o 11 'J, 11 
" m 

(24) 

(25) 
the condi-

(26) 
By using (26) constraint (25) may be simplified as 

follows 

2 r(z )2 
2. 2 2 ( o,t)2 

P= -2 - t- t L..N, lex.,/ .,.. 4m 1 + L:::.. • 
Cf fl:t=O 2. 

The conserved total momentum of the string with massive 
ends i.e of the form 

t g 
n= Iri· (o,rJ -r .x· <t,<rJJ +rJ.x, (6,vd6 = fg; (6,crJd6,(27) 

)J ~ .f< .P o}J oP 

where ~(6,'i)=rs<6JX.}I(6,T) is the canonical momentum den
sity. Inserting (22) into (27) gives 

11 =~ 
For the squared mass of the string we have 

2 2 r z )2 .2 2 ( a. !)2 M - P - - - (- + t .L N a a + 4 m 1 + -~2 . ( 2e) - - 2 'J- 1'1-:f:.O 1'1 ·II 11 

If the string does not vibrate then its squared mass differs, 
nevertheless, from 4 m 2 

2 .2 ( ~)2 M
0 

= 't m 1 + 
2 

, ex n. = 0, n t= 0. 

10 

Proceeding from action (1) one may construct the conserved 
tensor of the angular momentum of the system under considera
tion 

M..P,= f [.X.)Jco,TJi/o,TJ - .:x,<O,'lJi.r-co,·oJ.,.. 

+ .C[ x c~'t).i.,C~f{)- .x cf,r).i <~rJJ + 
elf .)1 , ~ "" 

+ f]ol6 [.X . (6, 7)X,, <6, f)- :X (6;l ).1: C6, ·i:J] = 
ol ~ ' 1 ~ 

= ld6[:Iu<6,TJJf,<6,'l)- .:x"'6,'lJ5'y .. c~·nJ. 
0 • 

On substituting expansion (22) /1.1' 11 takes the form 

t . li '( ) - _ -- -a a-O(cx. 11}'"- j ( ~ J; ;; ()II) 2. W11 -~ If II -IIV n;u 
ll:t=O 

4. Transition to Quantum Theon 

The obtained classical solutions for the string with 
massive ends allow a direct quantization of this system as tn 
the case of the free strin/1/. Indeed, the quantities a: and 
0{

11 
-y be conside.red as usual creation and annihi.latio!l opera

tors acting in the Pock space 

[ct .x· J=w S' . 
"' m " n?-m,O 

Using the condition of completeness (21) this gives the follo-
wing commutators 

[:rY(6,1J} S"~c6:ru =[x, <6/V, ~<6'J~(6',r)J=-,~." bc6,6'J, 

[.r,<6/tJ,~c(7JJ =[9i
1

<6,7:>, ~<6:·vJ =0. 

The Hamiltonian of the system which yields the correet 
equations of motion may be chosen in the form 

1 
H-P 9-- 2 ·r --(2.L--'t' '~--~-=-J T 

11 

.!.~~<X· 
2 L.. -n " 

"f:O 



In the quantum theory constraints (23) and (24) on the 
normal modes Cin should be Unposed as conditions on the phy
~ical state vectors /~) 

L It/>): ci. ex I¢)= 0, fl,m>O, (29) 
lim II m 

~ 
r !¢>= ol PI¢)= 0, n)(}. ~, n {JO) 

Cor.trary to classical theory, it is enoueh to require that 
these constraints are valid only for n, m)0/81. Then, obTio-

usly, the commutators 
reover L and I"! 

""' 'f, 

between constraints will be zero and mo
will commute weakly/9/ with the Hamil-

ton i.an H. 
Following ref./8/ , condition (JO) may be used to construct 

the physical space of state vectors with positive definite norm 
in the center-of-momentum frame of the string where p;= 0 
In this frame 

d. P 19>) = oc 
0 Po I </J > = 0, 11) o. t1 ,. 

Assuming that P 0 /f/>) :F 0 we obtain 

()(
0

/P) =O, n>o, ,. 

j.e. the time components of operators CXn which just produce 
the negative norms { "ghost" states) in fact are zero. 
Vectors of the Fock space in this system are constructed by 
the action on vacuum only of spatial components of the crea
tion operators a: . In particular, formula (28) for the 
squared-mass operator of the system now takes the form 

where m 2. 
0 

.2 2 1- l1 -+...., 2 
1'1 =r(- ~t) L, ~ ~ o, Cl, ;- mo ' <t 11= 1 

contains in addition to the classical term 

12 

1'12-
()-

= 4m 2
(i + &)l. the arbitrary constant arising in the transi-

2. .... i1 . 
tion to the normal product of a,t , • It is clear that 
for n- """" and w~ (n-J)1r the spectrum of operator M1becomes 
equidistant. 

11 I .2 

The dynamical variables /'1 , ~, M ., in the case under 
consideration are expressed in the same f~rm as in the theory 
of the free massless string, but the frequences ~n do not equal 
n~ / t and the subsidiary conditions on the physical sta-

te vectors (29) essentially differ from the known 'fi.rasoro 
conditions/11. 

Conclusion 

Let us discuss in short the geometrical approach to the 
theory of a string with massive ends. The action of the free 
massless string is proportional to the area of its world sheet 
11 • 101 so that it is invariant under the transforaation of pa
rameters of this sheet • Other invariants of the string world 
sheet may be considered, as well, e.g. its integral Gaussian 
curvature, and the string mass may be introduced into its ac
tion by means of this invariant 

lz 6, 

S = !!!.
2 J fdz R(i,.i;, 

"' r tt, 6, {31) 
R . i 

where (X, X) is the Gaussian curvature. The conclusjon 
in paperf121, that a Lagrangian of this type will produce the 
equations of motion of higher than second order is not correct. 
In fact, this Lagrangian changes only the boundary conditions 
because action ()1) can be transformed, by the Gauss-Bonnet 
theorem/11 1, to the contour integral 

I( <"{ 
~ 2 2. 

S,= r jdj ~c6107"J- ~
1

JJ!R3 c6~,7-;, 
~ u 1 {~) 

where f is the geodesic curvature of the world lines of 
the strinf ends. Mathematically, the boundary conditions follo
wing from {)2) are more complicated than those considered above. 
However, physically action {.32) is interesting since its varia-

13 



tion minimizes not the length of world line of massive ends 
of the string but their geodesic curvature, For a free point 
these two requirements gtve the same equations of motion. 

After completing this work it was pointed out to us that 
a similar model was considered in paper7131, But these authors 
do not use the reparametrization invarian~ Lagrangian and as 
a consequence have not obtained the conditions (29) that in our 
case replace the Virasoro gauge conditions. 

The authors are pleased to thank D.I.Blokhintsev and 
N,A,Cherni~v for interest in the work, 
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