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'f 1. INTRODUCTION 

Normal orderina of exponential functions of bilinear forms of 

field operators ia of interest from different aspects, in 

partieular,in connection with the Bogolubov transformation/11, which 

in an operator form has such a construction. The Bogolubov trans

formation has a decisive role in the theoretical understanding of 

phenomena of superfluidity and superconductivity. It is applied now 

in many other fields/2-4/ as well. Recently Tanabe/5/ and Rashid/6/ 

have considered a problem of obtaining general matrix elements 

of this transformation between Fock states, using different approaches 

In this work we treat this problem as a problem of N-ordering. 

For the boson Bogolubov transformation the last problem can be 

solved (Sec. 2) by means of the Baker-Campbell-Hausdorff formula 

for a particular case, when one operator is a shift operator for 

another. Such an approach was used by Sack/7 / for calculating matrix 

elements between Fock states for the Gaussian potential. He used,in 

fact,an ordering, which differs somewhat from theN-ordering. 

For ordering of more general expressions a more direct way is 

possible (Sec. 3). In literature we can find many different approaches 

to B-ordering in the general case (see, e.g.,/S,9/). 

The N-ordering is of interest also for calculation of matrix 

elements between coherent states (see Sec. 4), in particular, ~or 
-iHt -H/kT 

operators e in quantum mechanics or e in statistical 

mechanics. This way permits us also to interpret Rashid's generating 

functions, 
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2. N-ORDERING OF THE BOGOLUBOV TRANSFORMATION WITH THE HELP OF THE 

BAKER-CAMPBELL-HAUSDORFF FORMULA FOR SHIFT OPERATORS 

Let us begin with the list of necessary theorems. Note that the 

consideration of this Sec. is mainly based on particular case (3.a), 

(J.b) of the Baker-Campbell-Hausdorff formu1af.7/ 

If A is the shift operator forB, i.e., 

[A,'O] =C 1 & 1 (1) 

then 

exA -sB _ ~ec 1 l(B xA 
e. -e. e (2.a) 

e 'I B. e. x A = ex A e. '6 e.-e1 x B 
' (2.b) 

e
o((A+XB) _ ri.A ~ &(1-e-"'c 1) 

-e e 1 = (3.a) 

- ~ B(1-eo(e1) ~A = e 1 e (3.b) 

If operators C and D are such that 

[C ,D]:::: c~(C+D) (4.a) 

(note, that from (4.a) there follow 

then 

[ C, C-+ D J = ct. (C +D) , [ D , C + D l=- c ,_ (C t D) ) , 

e. r. (c +D) = · e c;_1
C ~(1-+~ct.) e. c;_1 D in(1+~~ = 

= e -ci1D ~(1-~c!l.) e-ci C -t..(1- ~c,_) 

e ~(C-D) ci1C &..1.(~+/-~Cf.) c1D~.i(1+ e.-1}'c1.\ 
=e ~ .e."- ~ 1:::: 

= e- c;_1 D £.,.f (1H~¥ct) e -ci C en.t(1 + i.trc~) 

(4.b,c) 

(5.a) 

(5.b) 

(6.a) 

(6.b) 
' 

lC+&'D = e c~ 1 C ~[(l+8)-'(tet'r~)Ct._o)] c~'D~[(r-~t\o- Se(&-~)cs.)] 
e :: 

-c~' D~{(~-by1~- S ~(r-<s)ct)) -c~ C ~(Q-i'f\'~e.(_&"-~ci_ t}J (7 .a) 
=e e ·(7.b) 
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Here the quantities c.. .. ,,.,';l,d. 1}..., c:~,!!>,l and ~ are c-numbers. 

Proofs of these relations are simple. However we show them for 

completeness. The proof of eq. (2.a) is 

A A xA -xA xl c,x 
x ~B -x 'ie Be. .,(Btx[AB1-t-[A[As1)-+ ... ) 'le B 

e e. e == e ::o e ' i.[ ' = t (a) 
) 

and hence eq. (2.b) follows. Por the proof of aq. (J.a)/7/ we repre
J.(A.+'-!;) .1" 

sent e ...,e X(J. 1f:,), differentiate this equali~7 with 
'g' 

respect to cJ... and make use of eq. i2'.a·}. This gives an equation for 

X. (d..,£:.) , which can be elementary integrated and leads to eq. (3.a). 

Hence using eq. (2.a) one can obtain eq. (J.b). 

To prove eqs. (5.a) and (5.b) we make use of the fact that C 

and D are the shift operators for C + D (see eqs. (4b,c)). Then with 

the help of ().a} and (J.b) one finds 

xD -xC +x:(C+.D) -xC -ci(C+~(1-exct.) c~\C+D)(1-e.-x~) -xC 
e =e =e e. =e e. .<9> 

Hence the relations (5.a) and (5.b) are clear, and we must only 

find ><. in terms of ~ 

respectively --1 ( xc ) 
~=-c9.. 1-e t. 

• Por the first and second cases we obtain, 

- x = c;.' £n ( 1+~ct) 

fl = Ci_1(1-e-XCt) _. )( =-C~~in_(1-~CJ 
( 10) 

Equations (6) are a particular case of eqs. (7). Therefore let 

us show the latter. To prove (7.a), first we aake use of eq. (J.a), 

taking into account eq. (4.b), and then apply eq. (5.a) 

e '(C + S:D::: e(H)C +S(C+:D) = e (l-S)C e~ (C+D)(1- e.(&'-l)C~) = 

= e.(H)C e~C~[1+~~~cl.0-e~-'6)Ct_)) e c;_1 D~('\+'1.~-S)'i-0-e~-~)~)1:: 
= fl Ci1 c L..[(t-'br1 (lel~-S)ct_s)1 e'it D i.n.(~-~ 1 ("6- s e~-~)Ct.)] ( 11) 

Eq. (7.b) is proved analogously, 
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Now, we turn to the N-ordering of the Bogolubov transformation, 

which has the forme 

\j -..1x(GlH-at.) .... ( 12) :: e 1 for 1<=0 .. .. ) -x1 (a.,. c:t ~- a.il ()(-+ V = e " -1( -1( for ; :/:o ( 13) 

where CL 1 a.+., <l.J( and Ol~ are usual annihilation and creation opera-

tore c~ ,ct]-=1, 
[ a ~ a~ , ] ::: f; -. .... 1 

f<) I'< K-K 

(14) 

(15) 

1n what follows we will use the well-known formula (without proof): 

)(a.+ 0. 
e 

(e.x-1) a.+ c;t. 

e 

where dote denote the N-ordering. 

The case 1r = o. If we choose 

( 16) 

C = a""'l.-+ {(a.+o.+a..a+) , D:: o....t-+ "i(a.+a+ct"-+), [C.,D)=-2(C.-tD), (17 ) 

then according to eq. (6.a) 

V r1c-n" - J....c ~1.(1+e- 4t) -.i D f.,.1.(1H 4 ~) 
= ll ~..: !I.= e 1. t. e. l. i. • ()-- ~) < 18) 

Since the operator i. (o..+a.-+ ~11..+) is a shift operator for ,_ 
o..+l and e~..1 , we put 

A =1:(o.+a.+a.11.+)' B:: a.+L [A,B)=~B (19) 

for the first factor of eq. (18), and 

A= J. (a.•a.+aa.+) B = c.t.'L 
t ' ' 

[A ,~J=-1B 
(20) 

for the second one. Then eq. (18) aplite completely as follows: 
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... 

-.:1. ~+'-(1 -l.,.i:(1+ e-'tl)) V = ~ ~ -e e-1(o.+a-taa.-+)~-!(1+e-4o) 

. ~-~(Q.fQ.-+o.o.""")i...!(1te.'~') .e.--ta1(1-e- f.tt-!(1+ eh)) = 

..i 1 th 'Ill -.~ ...... J.. ct1 +k1r = e t. -{ (o.+O.+Q.C~:+·) l,._ ch1( 
e e. .. . (21) 

Finally we represent the Bogolubov transformation 

V _ -~(Q.+l_a:l) _..ia.+1tJu< _.1_ (o.+Q.tad")iACS..x .i..tK- tlt.x -e... =e ~ e. 1. et. = 

= (dtxY-1 e -ta.-+l.tft.x -a.+Cl Lt.eJ..x e ' e "i a.l-th.x 
(22.a) 
(22.b) 

f~l)_i 'f ttiL {.t-1 ) 
: \UL){ 1. : £- ""i Gl -en. X € \.<h X - 1 a.-t 0. 

.i Glt tkx e 1 ::: (22.c) 

= (chx)- i o- t a.+ a. fn.c:hx -f Cl+
1 .sh.x fa1 sh.x -f CL+ o..lncl..x ..... e. e e. • (22.d) 

where eq. (22.c) is the N-ordered form, which follows from eq.(22.b), 

using eq. (16). Alternative form (22.d) is not N-ordered one, but 

it leads in the most simple way to matrix elements between Fock 

states. Between such states the first and last factors turn into 

c-numbers and there remains a simple N-ordered expression, which 

contains cs.\1. l'. only. Inserting a complete set of states between 

remaining exponentials, and expanding exponentials into series, 

one obtains 

_1£. (o.+L_Q.t) -~ 1 +i. .t < Ola.'" e t. cilllo) =(ch.x) ~ <ola.m i'l. CA. sl..>< eta: slu< a.+ILjo)=. 

rn+ll+1-o ..o- 'i)P(.Lskx"\P-+'t f 1J 
:::(d..x)--s:-L L.. l.._ '-" c''" ,.,_"~1 <ola."'a.+ 1Po.+ jo')(ola..t.Cl.ha-+n.lo)= 

&o p:a t:o l. P. ' 
_ rrH!!.±J - ""- '"" r_.~)P (t sh'f+'t f ( -

:::(da.)C.) !. f ~ ~. .t! I'! 'L! m, n.. B't tip-ntif+h -n..-
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r1'l .. rL .. -t ~ 

~ (clt.x)--;:-- rn\ n.! L 
b-o 

..... e 1'\.j.tl. .e {1 when \'01- e. ~d 11'1-e. 
(.-1) l. (:1: sl..x)-y- nonnegative mtefer 

e t m-f 1 Il-l I ' 23) 
· T · T. 0 other«ise 

Therefore, the matrix element is non-zero only if 1) M and n 

are even, and t runs over even numbers only 2) l't' and I'\. are 

odd, and e. runs over odd numbers only. 

The series cuts off at i. = M-~111(w., 11) • This coincides with 

the results of/5, 61. 

The N-ordered expression (22. b) has the same form as a generating 
. . /6/ -11.+«- . . 

funct~on of Rash~d , except for the factor e. • Th~s ~s the 

general fact, that not coefficients of the simple N-product decom-

position 

F' = L c lk, t) ct + K o..e 
~c.,e 

<olo.m f' a.+n[o"> ;f:. c(111.,n.), 

but coe1"ficients of the modified one 

(24) 

F' = L.. c Ck,t): a.+k a.. e e.-~'~. 
k,l • ' <ola!"'F ~+njo~ =111.\n.!C&n,n) (25) 

are equal to matrix elements between Fock states. The operator J{ 

is always the particle number operator, here ){ = 4..+4... 

This fact seems well-known/8-I~~Iowever we show it in Appendix I 

because relations which prove it are of interest by themselves. 
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The case \t (: o. Choosing 

C = o..+ta.~t -t {(o.+~ a.it+~_ta.:t), D= a.;ta._;t-+ -i:(a.;o.it +Q__1.a._;), 

( C. , D 1 = - (c. -+D) . < 26 > 

and using eq. (6.a), we obtain 

V = e l (C-D) = e- c k-i (1+e-i5) _ D kt( 1+ ei't) (l'=-xi()" (27) e. 

Since operator ~ (t'L ~"'Z ll.ll + "--"t a.:~ 1Z ) 
-+ ~ 

is the shift operator 

for eLf 4.. -'t and <Ltz a.._lt we put 

A_1 r.+ +) B- + + -t\..o.;ta..it-Ht_1Cl.-it ' -a..~o.-~ [~,B1=B (2~) 

for the first factor of eq. (27), and 

A-= 1: (&"k~il +a._ito.~1) , B =a. ~a.-"K ' (A' '6] == -'B (29) 

for the second one. Then eq. (27) splits completely 

V _ l (C-D) - o..~a + ... (1- e.- fttt(1+e-.tr )) _.it.IJ .. o.n+a.~cZ"¢Jf,.4(j+i!O) 
- e ::: e. ,.. -~ 12 ~ ~< .. - ... -... ... • 

. e-{(4~ -ta._;t~;:)~~+l~) e-aila.-~0- e-~1:(1-te.'q)J::: 
o.-1-.. a.i-.,.-tkt -(a.+da~+a. .. ,..· a.t~)f..t~v -Q. .. a. .,.-l:k( = ll K -1< e. K ,._ - -1< 0 e K -K • 

(30) 

Finally, we represent the Bogolubov transformation as follows 

V -><~(a.~ a.+~ _a..,. a..,) = e I< ,.. _,. "' _,.. = 

:: e_(l_+ta.~1.ik.xi e.-(ct+ta."K+O.._t_a.-+_K')t.e.hxi<' e.Cl.ita.-llth..x"K= 

f f L1 f.t - 0£ 1 (31oa) 
-{_IX '\1 -Q. it a_K "D\.X ;;.> -\0.., a. if-+ a.~.,. a. .. -+ L#o.CII. X-+ a.~ a.""* i/t )("' 
- \..l:.ll -,_1 e ... e. ,.. " " I< € ,.. _,. R = 

( 31. b) 

;:(dtx;t)1: e._a.+ita.~;tik.l<;t e.(ch:"'x;t-1)~+jla..;t-+O:*-:O:.l) eo..it'l..ktklt;t:::. 

( 31. c) 
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_it.~o~-l<a., + o._;_ Cl~ -i)i.td..x.. -o.+.... a"" ... shX .-. a.~ o...., sh.x::!' -41 o.o~-... Cl...,-to._..., ~ ... )itekl(t : e " ~ It e " -K I< e K -... ~ e. ... ' " I< .,. .. = 
(31.d) 

-o.-+ ... o. _, fn. ehl( t _ (;L+ ... e1 -+.,. 5lt.x, a. "K a ... ,.. sh_x-;. -a. ~ o..+ it ltt. eh.x;t 
= e K ·~'- e 1< -k ~< e. - e - - (31.e) 

The N-ordered expression has form (31.c), and this construction 

again differs from a generating function of Rashid by the factor 

e-.N=tLli.('[:-C~~a...~ -+alt:~Cl._i)]. We stressed above, that it is 

natural. However, to get the desired matrix element, it is most 

convenient to use eq. (31.d) or (31.e): 

<I p 'J\j +"t.-t.S\> 0 CJI. ... a. "' (l ... (l .... 0 = 
I< -.. It -1< 

_r "- )-r-!>-t<olo. v a 'l -"-~;to.:rshxt oilo.-~sh.x;t -+'t •• lo>= 
- \c x~ "K -~ e.. £ a. "it o.. -t 

-r-s.-1 _. _, 1 f -o.• o.+ shl<.,. tJ 
=lt.hx..,) L L f! ,...,<olo.~ o._1, e. 1 -1. I( a. H. a.+_.,m\o'-

k -t,:.o iti:O • it -1< :,...> 

/o\a. e 111 (l ~ Q ... sh.x ... 
...._ "K a_~ e I< -~< " a.•" cx-+s \O) = 

t -~ 
• -i+j 

I )-p-S-t ~ ~ ~ ~ (-1)1.(~h.X;<-) 
::. \e.kx-. L_ L- L L.._ II I · I • I 

" t~om~oi:oj~o ~.m.~.j. 

<ot11./ Q_-/" (o.+;_o..~~f o...;t CA+_;\o), <..o\o. -:_f CL_; ( Q.~ Q._~ Y a.•/ CA~-t \o)::: 
- ...., - 1. )i ( I v ~L + j 

( 
'-·• yp-S-1 :f.- ~ ~ ~ ,~ !>IL"il 

= C.~'W'iU L L~ ~ l!m!if'! 
.(~o 111'0 L'O J=O J 

PI of "'ll sl ~ · r S • ~ , • <;; • = ' ,.,, • ' r-~-<- '\-L-r>'\ 'l-c.-J S-M-J 

p-C ( )f~t-tt t I I( ,p-~ 1 "5'""""" (-1) ~h.,c:;:. 2 = &'p-~-us Pl't.'L.S, c.hx~/ Fa i!('J-p+{)\(p-l)\('t-{)\. (3) 

The latter expression coincides with the Rashid's result/61. Note, 

that like eq. (23), eq. (32) is a finite sum, since the series cuts 

off ate=~,'!), and, when '1-f<.O, t-'\~t~M.~I'\(f,'L), 
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We summarize also results of ordering, based on the Baker-Campbell

Hausdorff foraula and corresponding matrix elements between Fock 

states for the Gaussian potential and other relative expressions 

V = e- ~'i-t.= e- :tw (C.+D) = 
( Cl.+o.-+) 

'!-: ~ 9.w 

- ~ x~w 
<le. ;.i.. D c..) ;;e. l.. 

- -- 0.. Q.+ Q. '-n. -- - --a: e !l.(~+c.l) e ~-+c.> e j_(z-tw) = 
(33.a) 

= # . ->-~tt. x .e ·-. - ( ~= =~ ) (33. b) 

~ .i.o.+Q~~ -~u_-ti -~(A!. .i.a.+a..ln.~ 
::: - e_t. ':lt+c.) e. t.w e ~ e.%. ~-tc.J (33c) ~ J • 

-XQ.t I <Oia.~~< e. 'o..-+n o) = 
rn .... tt [ {1 !.!!..±!l!1 (- ~ )r-

- ~ 'l. I !I.W • - (~+~) m . n! L tl .!!::11 !!:11 0 
l:.o · t. • 1.. • 

if ~-t and 111-e 
nonpositive integer 

otherwise 

-~ frc. D' a~;. a_;t l.~ w ~ J,J - ----
( 

..j. ) v = e- ~-l<lil =e. = ~- --{iw 

:X. + + (, -+ Q +cf" a. )~ .£... - ~ ex. ... (;l -4 w -~etito.._; ~it; -~ -~ ~+we ~+w 1<.. _,., = -= if(;) e. e. 
" -t>.a..., a..,. = -"- ~ £ t-K tK • _ 
~ . - (>-: ~~) 

+ "w ;)(..+ 1 ;)(.. + 0 w 

(34) 

(J5.a) 

(35.b) 

w a. ...,a 'Lil-- -·'--0.: o..-r ~ -- o...,.o...... a -tel.~~-
=~e. I< ~ ;J(.tW e_ w il -1< e. w K -t< e -1<. -1£ ~+W (35.c) 

' 
<oi~J a. ...... CJ. -%.~ '1---1:'1-: a.+..., 'c.. o..+_! jo) = 

I< -K e K -1< 

(_ x. )P+ 'l -if. 

(~)p-+S+t I hi sl '[_ '-;:;}" (JG) 
= l)p-,-'l-tS "Jt-teO! P-1· • · i:o t! (~-p+~) !(p-()! ('t-f)[ ' 
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V = e -'olC. p'- == e ~ (C...fD) = ( p= ~~(~+-a)) 
- 1 .1. xt.J +i. 
-,~ e.,_ l~:le.W 0.. 

'( 1 + :le.o.) 

f ,\ 1 'olC. ..,) 0..1. -o..+~IA1.(1+~<.J, 1: ~ -
e e - ( J7 ,a) 

=~ -).pt. 
: e . . = ()\- -2:._) 

1 + Stw ( J7. b) 

1 _.1afo..&.0-t~) ~a.-1-l.. 
.::::--ex. e.~ 

~1-t:.tw 
~a!- -fa.+c.~. fln(1+-;.cw) 

e. ~ e 01 .c > 
) 

I -~ p'-<o o..m e. a.+n \o) = 
if ~-~ and ~-l 
nonpositive integer 

1'11-"l'l t 
_ rn+t1 ('olC...:>)-~ - {1 

=(1+<tc.) m!n\J tJ ~lnd\ • 0 
{;a '1.''-• 

(JS) 
otherwise 

y =e. -t xr_·H-; =e. ~w(C-+b)-::: 

~w + + + )o ~ ~ Cl. o.. ~ 1 1+-...wo....,o.._k -(O..il'4+o..+ .. CL_jfUt8+'x..JJ H~ l -~-=- e. " e. " -.... Q. -(J9.a) 1+~w 

= _1_ ~ e -1>.. P-i! P ~ : = ( ">.. :. H~w ) < 39. b > 
"1-t.:llw 

1 -o.+~a...,~(1+'itw) '<twct .. a:l"... ;~twa. .. a..., -a:\Q. ... ~(H·le.to)\ 
=: -- e. .. ~< e ~ -~< 12 ,. _,. e. -k -~<- ') 

1+~ '(J9.c) 

<ola.~Pa ... 'f n-t:llP_tP;l a. +'l +!. lo:-....-
It -1< '<- it a. -It y -

P-1- 'l- H 
& I I I 1( )-p-!>-1 ) (';l!.w) 

-::::. 1'-'l-"t+S P.~. 't,S, 1·U . ..:l ~ .....,.t"7!~:-'l.--P~+--;:-,i):-:-!(:-p--(:7)7('t--:-t~)·\ . (40) 

In eqs. (J3), (J5), (J7) and (39) C and D are (17), (26), 

c =a.+'- -1: ( <l+CA+ o.o.+) D = Glt.- ..1.. (o.+ 0. -to.o..+') 
' l. , and 

[C,:Dj=i~-+:D) (41) 

C=o.+ .. o.+. ... _i(o.-+ a..,+o. ... a.-+.,.,\ 1)-..a. ... a..,-4/o.+.,.u. .. +a .. a.+.,.\ rr:Qj:C+:D (42) 
,. -1< t ~ j( -K -.<)' I< -I< ... ' " K -k -tO.)) L'-) • 

respectively, 

It was just the Baker-campbell-Hausdorff formUla for the shift 

operator, which Sack/7/ used to obtain his results for the 
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Gausaian potential somewhat different from eqs. (JJ,c) and (34) 

because of his unusual normalization of CL and CL+ • 

3. DIRECT APPROACH TO THE ORDERING 

Now we represent a more general expression in the ordered form: 

t: c~) = t."'[o<:o..+i.-1-rQ+ + ~-t(<A+c.l+O.c.l+) t'\la. + la.2.].::. 

x~+1.+ l.<.c:l.-+ = e 
~ .1. (cr+et-+ a.a.-1-) l a. 'l. -+if' a. w 

e. .t. e e , (43) 

where in the first line an initial expression is written (the para

meter "' being introduced), d. 1 (5o)'\(,}" , y are constants, and in 

the second line the desired final form is given, where ')(.., ';\ 1 ~ 1 LL)t5 

and .,.$ are functions of ).. yet to be defined. After differentiation 

with respect to ~ , we obtain 

:~ :::: (r1.. a+l. + f'CI.~ + f> { ("-+ ct + o..o.:l-) -+'-1 ct. + ) a. t.)F = 

=-[ (x'-1x-a' t 4x.t l.' e. -'11) a.+l. + ('i _ 4xl.' e-1 :t) t (o.+Cl.+"ll.+) n' e.-'-1 "--t. + 

+ (1A-1 -~1 1A* 4xl.<.'t1 €.-!~-1.x1f'e.-~)a.+ +(-1u~1 e- 1~ +1fl e~)a+ 

+ I). i. ~' e-t'f -u ..r' e.- '1 + w-'l F . (44) 

Therefore we reduce the problem of ordering to the problem of solu

tion of the following system of ordinary differential equations of 

the first order 

><!- i >< ~' + ~ x'- 1.1 e.- 1 'd = d.. 

I ~ I -.1 't ,_ Xi,€. -:::.J!> 

1: 1 tc'-1 : 11 

u.1 -~1 -4xi ct~)u.- ix/ e.-'t = tot 

'\f' ll-'1 - .tl,.( ~ 1 e- 'l.'! :::: v 

-w'-u'lf'e.-:f +u.1.'1 1 e-t~ =0 (45) 
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with the initial conditions 

x(o)=O .,'c!(o)::.o, Ho):::O, L-llo)::::O,v(o)==O,wlo):::o. (46) 

for >..=0. After evident simplifications we obtain the solution 

in the fonn 

tl.. th ()., ~l!>i.- lea(~) 
X(~)-:: ·~) 

~ ~'-- 4,(1 - f> -th. ()... 'i -p'--lt.L¥ 
(47) 

'10.):::- t.,_f ch. (~-Jr-t.-4.(1 \- f> sh.(~~f>~- 4oi.oJI L ) ,,,.,__ 4.1..¥ IJ (48) 

~ (ll.) = ~ ik.(~ ~ ,.l_ 4 .. l:r ) 
~r-t.-4.(~ -~tk(~~l'-9._~.,(~) 

(49) 

,toi v - U!. [ ] 
1-l(>-,) = y. !:.h.(~~ ~t- 4ca) + y~i -4J.J cl (>..~)-1j 

~ f>2._ 4.1.~ ch (.\~f>1-4.l~) - y. sh (~ ~~-4"'6) 
(50) 

I ) ~j'~- ~ ~ [-I {, r;:---;-;\ 1 
'U(ll.)= ..J ~n (>..~ y.1_ 4.(~ -+ V@"-Jj,,q CA1..\..>..~-p--~.(l' J-1 

~~l.-~oL~ ~(>..~~~~.q)- r> <!rh_(_~~\!>t._4al.l) 
(51) 

uf(.>.):::. ot-l-ta-~~-p'll_(~.Lv-~rX1¥t~-pv~ !>h~~)-?-r.h~~)) 
y.2.-~.c.~ (1'>1-4.L ) [· ~ '-

ll \Jf>1-4J~ ch~~~1-4..:~)- f> ~"-~$>1-41~)1 
J.v2.+v 1 "'"'·'+ ll(i.Lv-~~)(!i.~!-1-~..>) :..!.ft.: - r I y j!.L 4.,( ¥ 

[ ~ p1
- 4-'l ch(\ ~ ~1- 4.t~ ) - p !:rh~ ~~2.- ~4) y-. (52) 
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4. COHERENT STATE EXPECTATION VALUES 

If we know the N-ordered form of an operator 

Q = :Gl.ca....,a): , ..{53) 
(J.a.+-~Ol) :-.... 

then its expectation value in the coherent stateld..>-:::e. \o/ 

is given 
<.t..l Q IJ..) = Q(aL*,J-.) (54) 

( the non-diagonal elements are (.Lt.l~lJ..~=Q(J..~~1) )). These 

expectation values permit one to· restore the initial operator, and, 

in particular,to find matrix elements of Q between Pock states. The 

generating function for the latter matrix elements is known to be: 

F tel..* J..) = <oL IQ IJ...'> = t1(J..* J...).e..""-*J... 
~ , 14£1 0'>[!. I"'( , ' 

<:o I a!" Qa. ... 
11 lo> -= m! n! C.(t'ii,~)~Jf)"'(kjr (rl..",.t\._~J..."=O 

(55) 

(56) 

This holds for any number of degrees of freedom ( c:i... ::: { a/.. 1 ••. d. k.l , 

( d :\" (J \"1 ( ! """" ) Ii.J = M) ···w ... J • It is clear, Rashid's generating func-

tions coincide exactly with those we obtain in this way. 

Further using eq. (J7.b) we immediately obtain,in the coherent 

state representation, the representative of the 

for one-dimensional free mo*ton•) 

operator of evolution 

·J.-1 -\J.-1 ~ t G:'" -~ p1. 
(o(\e-t~Ht\o(')-::<(.£.\e. ~"" loi.)='J~ c. (~"'=t\nlk) p=iJ¥("'*-.i}) 

Equation (43) permits one to represent analogously evolution for 

any bilinear one- dimensional Hamiltonian H 

(.J..\e\:k1Ht \..1..) = e""ol!''i ~uc{l" + (e 'if_1)ol*J.. + "t,J..!. +~oL+"W +-l . 
It is easy to extend thiq approach to many-dimensional case. 

Note also, that the Gaussian potential in this representation 

is (according to eq. (JJ.b)) 

"t.. 
<_o( I £- ;)f 9 I"' > = ~ c.->- '1 t. ( 

- c(~-fo( \ 
~- ..[fi5 J 

(57) 

(58) 

(59) 

•J Equation (J8) gives its matrix elements between Pock states. 
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APPENDIX A 

If \ n> are n-quantum states 

In>-= a.+l'l. lo> 
' 

(A.1) 

N is the quantum number operator 

tJ :4.+-a... (A.2) 

and Q is any operator, constructed out ot a and a• then we have 

the following relations 1nvolving N 

: !IJ:In> = tt\n), 

~ tJ.'-: l~o~.>= tt(t'l-1)\tt), 
. .. . ~ .. .. . .. . .. . . . .. 
: I'{,: \n.) = n.t""J \n), 

:Nn:\n):: n! \n> 
' 

:JI"":Itt)=O 

'G.. N ~ \tt) = n. o.-+ : Q.: ln-1) , 

:a .N1 : 1 n.> = n(n-1)a.+'-: G.: I n.-i.> , 
......... , .... , ... , "' ... 
:9. Nm: \1\)=tt[mla:ttn :Q.; \n.-m> 

' 

: Q .tJrtt\ n.)'== n.t a..+": Q.•, \O) • 

: Q.Nrt1: ln.>= 0 

(A.)) 

for M'-1\ 

for ... >"' , 

where Y\C:~«1-=: ~(.~-1) ••• (_Y\-..,. -1) • The relations ot the right column 

are clear from 

: Q. N,., : = a.+"'' Q.: a. II'\. • 
(A.4) 

Further 

: e-N: II\>= (1 -: .N ~ t f1: .Nt.:- · ·· + C~)tn: .r..tn0 \"'->:. (1-1f \n.?::: 

_ { 10> tor n:. 0 
- o tor ~f.o (A.5) 

: Q. e.-.N: lo> = ~ Q.: lo> 

: Q 12.-N: \1> = ~ Q (1-.N): \1> = [: Q: ,Cl-+} \ci> 7 

f • • • ., • ., 1 • • r t • 1 t • • • 
• a 0 o a 0 0 I I 

: Q e-111 In.>= : Q.(1-N + v J.[1_ ... + c-r·.N n.): \"'-'> =. 
• 11.. 

= [ ... ([:Q:,a.-+}a.+1 .. ·]\o)> (A.6) 

n-fold commutator 
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Hence 

c( 0 I Cl."' : a.+ k o. £ a. -a.+a. : a.+ "'\o):: m.! n.! b Km 8 e..~ (A. 7) 

and now eq. (25) becomes clear. 

Further note that 
-N -Jol -N :e. ::e :=:e : (A.B) 

Equations (A.5) and (A.B) are clear, due to the well-known 

relation -N l : e : = lo><o , (A.9) 

the simplest proof of which may be given in terms of coherent states, 

Note also that in these terms the completeness relation, i.e., 

decomposition of unity into o-, 1-, 2- ••• -quantum projectors, is 

written 

1=:e.~e.-.t.!: =:(1-t.N-ti 1 .N~+ ... )e- 111
: = 

::t-.N: -+;Ne._,J~ +·h :Jile-.N:+ ... =="-a+/\1+1\,_-+·" (A.10) 

l\ 0 =:e.·14 ~ :lo><.ol, 1\ 1 =-:~CN: :::a.-t\o><.olo., 

I\ t = ~~. : N2. e-JI -= i! a+i I o><o! Q.i . ' ' • (A.11) 

All the above relations are general. They hold for any number of 

degrees of freedom, whert annihilation and creation operators are 

labelled by some quantum numbers (ai and a; ) in the Boaa and Permi 

cases. 

The operator N is always the operator of total number ot particles, 

N =L:a..~ (ll· • By 1~> we now understand n-quantum states . '\. 
'l. ,. • • > + + + 

1., t.1. ... '""' = CL..i a..:; ... a.> \o' • - 1 • t. 'l-ot '/ 

J Let us illustrate the appearance of these commutat~;@l + 
: Q. e-.N: a.-+ \O) =~ Q.: _: Q.N:)o.+ \o> =(tO..\ -ohQ: (l.)o.+\o':>= t: "'!.: ,a:]\o)>. 

:a_ e-N: o.~~\o)= (: Q: -Q.-+; Q: ~ + i! o.t1 :G.: a.'l. )u.-+1.. \o)::. 

= (: Q; o,1'- -~a-+ :Q: u.-++ Q.t1:Q: )lo>= [[: Q.: ,Q.•)et+]\~ 
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Then relations of the right column of (A.3) change in the 

following manner 

:Q.Nqi.., i,_ ... \.,.) = a.:t:Q:\i,_: .. i.,:)-+ ... +a.~n:Q.: \ L, ... i.ll_.;'), (A.12) 

etc., and relations (A.6) as follows 

: G.e- 11 :l~~···l.~~.> = [ ... [[:Q:,c<:Ja.+i.J ... a.4;.,J\o) (A.13) 

Of course, now for projectors we have 

f\ 1=: N ll-N~ =La.~ \o>(o\o.· f\ .:.~: .N'-.e-.N: =; 1 L_ a.~ a.+J, l~<o\a. j QL .(A.14) 
, L ~) .._ ._, ._. , , \ 
~ ~l 

For Fermi statistics in relations like (A.13) commutators and anti

commutators are alternating. If Q is an even function of a and a+, 

the first operation is commutator t:Q:, a..·\
1

] , and for odd Q we 

begin with anticommutator {: Q ~ ) o...'\_J. 

APPENDIX B 

Any function of one operator may be easily N-ordered, if we use a 

suitable integral representation. For example, for the Gaussian 

potential we have 

""- . ... ~ t. i. { ) ~ t 
- .lC. '1- 1 ( ~ H - __,_ 1 J -\.a-t Cl.+ '; - -

'- =-- ~~~ e c.. 4;l<. = -- J~e.~ e 4~= 
~ljr.ae J ~Ti ~ 

L . '1. t. 

) 
-Lt'\ _ ... _a £ ..L.. ·" r;,'-

;:-1- .t~e.vrw e..[W~-Itw-.lj:lt. 1 .rt ~'1~-1.); 
fu;c. e. = .~ • J«~ e. e '1 : 

It ~4lt~ ' 
where we use the simplest case of the Baker-Campbell-Hausdorff for-

t..+\!. A E> _i [A ~1 . . 
mula e ::e. e e 2. ' • One can ~ntegra te, ~n usual sense, 

under the N-product sign what again leads us to eq. (33.b). 
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