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1. INTRODUCTION

Normal ordering of exponential functions of bilinear forms of
field operators is of interest from different aspects, in
particular,in connection with the Bogolubov transformation/1/, which
in an operator form has such a construction. The Bogolubov trang-
formgtion hes a decisive role in the theoretical understanding of
phenomena of superfluidity end superconductivity., It is applied now
in many other fields/2'4/ as well. Recently Tanabe/S/ and Rashid/e/
have considered a problem of obtaining general matrix elements
of this transformation between Pock states, using different approachea

In this work we treat this problem as a problem of N-ordering.

For the boson Bogolubov transformation the last problem can be
solved (Sec. 2) by means of the Baker-Campbell-Hausdorff formula

for a particular case, when one operator is a shift operator for
another. Such an approach was used by Sack/7/ for calculating matrix
elements between Fock states for the Gaussian potential. He used,in
fact ,an ordering, which differs somewhat from the N-ordering.

Por ordering of more general expressiona a more direct way is
possible (Sec. 3). In literature we can find many different approaches
to N-ordering in the general case (see, e.g.,/a'g/).

The N-ordering is of interest also for calculation of matrix
elements betwegn coherent states (see Sec. 4), in 7articular, for
operators e-\ in quantum mechanics or ¢f|* KT in statistical
mechanics. This way permite us also to interpret Rashid's generating

functions.



2. N-ORDERING OF THE BOGOLUBOV TRANSFORMATION WITH THE HELP OF THE
BAKER-CAMPBELL-HAUSDORFF FORMULA FOR SHIFT OPERATORS

Let us begin with the list of necessary theorems. Note that the
consideration of this Sec. is mainly based on particular case (3.a),
(3.b) of the Baker-Campbell-Hausdorff formule.'/

If A is the ghift operator for B, i.e.,

[A,B]:C1B, (1)
then e
A et
Qx 2"’3 =Q} & QXA 5 (2.a)
-CiX
e¥B oxA _ oxA .92 "B , (2.1)

A _ -%e
ea((AuB) - o %A eC1B(1 %) - (3.a)

(3.p)

If operators C and D are such that

[C,D) = ce (C+D) (4.8)
(note, that from (4.a) there follow

[C)C-}D]:C,_(C-*D) ) [‘D)C_‘-D]:‘.CL C+D> >; (4-b|c)
then

Qb(C +D) ='ec;1c Ln(4+pey) Qc;_' D {n(1+8g) - (5.a)
- e—c;fD lalt-pey) Q“C: C £nlt-pes) , (5.1)

) -1
(D) _ ' Cents L) 4"c,‘fo’n-;:(” e m)z (6.8)

e o~ Dt TN o Claf (4 e“"z)’ (6.b)
TP - oot Cll (D] ptaf(ray - sed )

_ e-c;f D 8«.[(&5)"@- §0@-9) 1)) : c;/'C Q[Ql-i)"(x e@"‘) C_ 8)] (7.8)
) +(7.b)
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Here the quantities 04,)(,‘3,0‘-,)* 3€249P,Y and 8 are c-numbers.
Proofs of these relations are simple. However we show them for

completeness. The proof of eq. (2.a) is

xA o _xA 2 cx g
exA s éxA R Be ___J(BH[A,B]J«;_—![A[A,B]]+._,)=eye @

and hence eq. (2.b) follows. Por the proof of eq. (3.3)/7/

2
L(A+\B
gent @ (A S-~=e°‘“A1{(d-,?.a). differe/:g\giato this equality with

we repre-

resgpect to A and meke use of eq. €2:m). This gives an equation for
X_(&,B) , which can be elementary integrated and leads to eq. (3.a).
Hence using eq. (2.a) one can obtain eq. (3.b).

To prove eqs. (5.a) and (5.b) we make use of the fact that C
and D are the ghift operators for C + D (see eqs. (4b,c)). Then with
the help of (3.a) and (3.b) one finds

- xC - 29 ¢ /(ED) -7 xC
exD=e xC +X(C+D)___excec,_(C+D)(1 e ):ng_( ) (1-e7%) < 9y

Hence the relations (5.a) and (5.b) are clear, and we must only

find X in terms of & . Por the first and second casees we obtain,

respectipvzlzc; (1—QXC1) - X = C;' Zﬂ.('1+Pc,_) )
(10)
p=c'(1-e%%) = x=-ci'4n(1-pey) |

Equations (6) are a particular case of eqs. (7). Therefore let
us show the latter. To prove (7.a), first we make use of eq. (3.a),

taking into account eq. (4.b), and then apply eq. (5.a)
§-¥)c
L¥C+8D_ (48D _ (-8 QQ%E;(C )(1- Y Y
- 8 (i %)) § 5-
= Q“'B)C QC;C["["”*Q%)CLQ'C ) )] ecvf DE"D"’C?.Q-S)c,_@‘e( K)Cq)']:

Tl eI G DL 5N G

Eq. (7.b) is proved analogously.

5



Now, we turn to the N-ordering of the Bogolubov transformation, N &1(1,, e“'l) 4
P R -nyg -
which has the forms V = e i (1“2 ) Q‘Ji;(“"a +aa:*)€n.4,:(‘l+e )’)
_J.)((Q_“',‘_a'-) Y “&1'1(1+ 2#‘
\/ = e t for 7<’=0 (12) . e-{‘(&*a.;aa"’)&\%(ﬂe K) Q-{-ai(*l—e * )):
+ -~
-xg(apdy —agay) - 2
V =e for K #0 (13) e-}d”‘ thay —{(a+a+aa+)£acflix e--}_ﬂ th 1y 21)
= ’ 21
where d.,a_*" a_t and clE are usual annihilation and creation opera- . ¢
tors [ \ ‘] =1 Finally we represent the Bogolubov transformation
@, ’ (14) N
X +1 L 4 .+2 1 4 ;3
-% (att- ~tattthx -1 (ofarad)lnchx ot thx
[a_. a?] Ean. (15) V=e z( a)ze z e 7 (¢ aradt) et -
(22.a)
in what foll i11 - ; . A At —at Lat+thx
n what follows we will use the well-known formula (without proof): - (dﬂ() L o-1% thx e ata fnchx e % = (22.b)
4 1,42 ch-! 4alth
x - ALY X x-1)ata a’ X
xata (*-Nata . :(ch) L.0 2 th e( )a. et : = (22.c)
= e <, (16)
At __1_ +2 4 atalnchx
where doto denote the N-ordering. : -(c,hx)“ O-O.&U‘JLX T4 shx ’*a *shx e

22.d
The case .E = 0, If we choose ( )

C = a."q'+ 4{((&(1+aa+) » D= at+ %i((_ﬁa‘faac) ? [C,D]=-2(C+D), an

where eq. (22.c) is the N-ordered form, which follows from eq.(22.b),

using eq. (16). Alternative form (22.d) is not N-ordered one, but

then according to eq. (6.a) it leads in the most simple way to matrix elements between Fock
(C-D) L0t ~by 4D fnt Ly states. Between such states the first and last factors turn into
V= = ¢ 7€ Inglre 1D 1ret) x
e . (5=-‘;:) (18) c-numbers and there remaine a simple N-ordered expression, which
Since the operator —(a*a-‘-c\&*) is a shift operator for contains sh x only. Ineerting a complete set of states between
a" and ot s we put remaining exponentials, and expanding exponentials into geries,

one obtains

A =!i(a+¢1+a.m+) , B = at® , [:A,B]= 2B (19)

for the first factor of eq. (18), and

m ——{(a,* )*n mo;rl 1 & <hx g_l-l Zehx o
A =ii(a,*a+aa+) , R=a* , [A ,B]=‘1B (20) - <o0la™e o> = (d\.x) ola™e lod=
P4
d“"m;.’mz 5 7 0P ("m), ola™a* 2 a* |0y co1af o a* o) =
for the second one. Then eq. (18) splits completely as follows: =(ch?) o p=o 1=0 e! Pl:l.,x .
e o® De = 'P
:(chx) = Z Z_. &0 LpTal m. "'{a\hip ndlizin™
[ p=e t=e



—.(d‘_x) m-orL04 l ‘Z (1) L (iskx) min e'

nonnegative 1nte%
==y 23)
[

Q0 otherwise

{1 when m-£ and n-0

Therefore, the matrix element is non-zero only if 1) m and N
are even, and 6 runs over even numbers only 2) m and n are
odd, and 2 runs over odd numbers only.

The series cuts off at € =min(m,n) . This coincides with
the results of/5'6/.

The N-ordered expression (22.b) has the same form as a generating
function of Rashid/G/, except for the factor & a.a: Thisg is the
general fact, that not coefficients of the simple N-product decom-

position

F = Eecﬁk,e)afkae , <0lam F gtalo> Fe(myn), (24)
but coetficients of the modified one

F =§.€ e(k,0)z atk gl e N, >  <ola™F a* o> =minle(m,n) (25)
Y

are equal to matrix elements between Fock states. The operator -’f
is always the particle number operator, here M'—‘ ata,
This fact seems well-known/a'lq/l{owever we show it in Appendix I

becauge relations which prove it are of interest by themselves,

The case V;‘ 0. Choosing

C-= a‘”za.t;, + Ji(o.“zaz+a_?af2) ) D=a‘20‘-'£*%~(°t.z°‘z+a—'kajz)v

[¢,01=-(E+5) e

and using eq. (6.a), we obtain

- - A -2 Y
V=e¥(CJ))___e C&L,_(he 5) -D(’M (1+2 ) Q(=-"—,z)'(27)

Since operator i (d-+ &E +d._-c d.t-z) is the shift operator
for o a..z and <&, a.t we put

- + — .
A= (pgraaly), Bty | [A,B1-8 (e
for the first factor of eq. (27), and
A=d (@yaptapdy), B=agay [AR)=-B (29)

for the second one., Then eq. (27) splits completely

Vzer(c—b)= ~a a__(1 —@n-l-(He )

) - ( PR a_.)(l-1(1+e"x)
et
lnd (44 o8
cildre 4 SEALE ) o 20-¢ t0ee ))_
n+?a,f_§-&x e_(o.i,a]zq»a_;(&)",ndtx e““i“—k"u‘x (30)
Pinally, we represent the Bogolubov transformation as follows
V= o *2 @y -aqag)

+
e~°’+: “‘t‘l‘H‘ x - (a. 20p+a g a"":)& e‘n(-; R %Ry thx R

)— -O.-oo.+-kp+.k>(-; ~.(a.++a1+a. z&-o)fhdll(-) “*a‘zﬁ

(31 b)

=(ehag)' s ¢ CRERIAR (R xp- )Rt ihg) agazthny

(31.c)

(31 oa)



: We summarige also results of ordering, based on the Baker-Campbell-
| - + Q& + A+ + 9
1.@' .‘az 1 a_:)(nckx-v _a._'.‘ a_i, shX-Ka aq{,’hx? -.-i(a_.ai-ﬂl_.l a_.k.)lndl)(z

Q = Haugdorff fermula and corresponding matrix elements between Fock
(31.4) states for the Gaussian potential and other relative expressions
-a*-va—v&Lle—l _d"_,a"_’shx_, aqa_,skx_, a - d“-’&@fl
=¢ LK £ o KUk R o KT-k K g 4R%x X -~ xqt -=(c
© (31.e) ! V= * ., %0 *D)_ (q' a+a:*)
The N-ordered expression has form (31.c), and this construction ;
again differs from a generating function of Rashid by the factor - [%%] - % 0.*1 eﬂ o) 2 o
+ + " Nxto € 1x+0) e ta FEYX) 1(z+m)
Q-M':Q"VL_(G'T&E -\-Ob_-zd-_:@]. We stressed above, that it is : € (33.a)
natural. However, to get the desired matrix element, it is most = A —)\q,i’ ()\_ _*_"‘2_
x ¢ ' = T (33.b)
convenient to use eq. (31.d) or (31.e):
1 @)
A Zata la BC. ] X a +
Py 9 +T 48 =\ |&- T at Xt datgdn
<°l°l;; a Va 2 “*.-,:\0>= \Jxm e M0 e W T el ’““) (33.¢)
:(ckx “p-so ol Tad ‘a“ﬁqti ’hxi ajapshay Lo s <ofa™ Q-"“}"a+n|0>=
2) Ojasay e e K-k a% atllo> = men if wm-L ang -0
K ( )m+m1 Z = 1 nonpositive integer (34)
% |
NN ¢ -0 at 5 shxp 4D lal ? n-t ] Yo otherwice
=(¢J\,(?) Z_ Z -—e!m!<0Ia_,: a.__.E ez +( +m\0> o | )
£20 m=0
¢ a,a,shx - -2 @D ag+al
Colaga g f X g sy - Veetxaz9z _ oo @D _ (qv,__g_t&:z_
® \[ic.)
oo = 2 = t(shxz) i+l X4 + o *
s e3¢ Lo s @b - Eaa
= (ehxg %éozo% L!mu.;‘ =xiat TTTen TN TEEITRe o e TR K = (35,0)
Lot He 48 _ -INg 29 (_ X
Solag"a (@ aty) oty @ +"‘l°><°\“: L (“*“*7’ 3 )= == ¥ s Mo (35.b)
- oo oo i h + fn. w X 4 3 x & Zn
= ~p-8-1 &= 07 Gs Xz) ) _ R SFppinn S50, ~Fasa, dladny bh =
2(ehxy P 22 2 Lmlil Tt BT MO @ R TR o R T D (55,
=0 m20 -0 j=0 )
. P' ‘}!"-‘ 5[ %P»L € ‘1"‘ msx e-) %s-m»j = <°|a_-.Pcl 3 e—iaa -RI2 _+n "5 O>
e, a’, =
Lo !s] st OF c(st*)"“'u ) 1
=8 chx OV Ghxa) (g APi-
p-q-ues PlGtLis (ehxzY Z;, U (q-p+ OV (p- 0 - O €5)

(G2 dlatals 7 (36)
P §-14s \x+@ 3¢ o) C!(t;-p‘&()!(p-()!(’bf)l ’

The latter expression coincides with the Rashid’s resultle/. Note,

that like eq. (23), eq. (32) is a finite sum, since the series cuts

off at €=m;u(?,'¢), and, when q-v((} s p—qg(s Mln(\’,’l—).

s “—



=e =
R W 49

=4 e X Tt & -a*a.Cn(‘!-f'xu)) 4" 42::0 a*

\l1+x..: € = (37.a)

= )‘ . ‘XPt . ( =

\J'SE e . = A 1+9u.) (37.b)

A4

= 1 e“?."'“&‘@**") %“3(1“1 %‘-‘)-a." ~',Ea+a En(hxu))

(oo e e ¢ (37.c)

2
~x p*
Lolam ¢ TP g 10y =
m+ N4 —--( if M-Q and H-e
(1 [:5‘ [ | ) nonpositive integer
=\ m. n; ¢ '“‘ ot 0 otherwise , (38)
V=e TRPRP7 _ eu(cm)__
x4
— _1_ QH‘K\JO' *(&10“)-}& 4&.#)&&.‘,’1_“)) ‘_‘_wa‘z -)
14 %W "(39-&)
-1, —7.\?-,p-. (\_ X )
TAva " P = AR (39.1)
“a*+—va-9 + +
:1%;5 e R n‘)"(“"‘*“)) Pt Lt ex«)aza_z o .&q -r&(u'xm)
. N >(39.c)
P -1xpP 2P
Olaglog 7 ai¥at® 10> =
p- 51 (& Q)P-\- -2l
= 8\>~q-1+s P‘-q‘- 1|.Sl.(1+1‘°) Z_ - . (40)

= UG-p+ Ol(p-0&-0)
In egs. (33), (35), (37) and (39) C and D are (17), (26),

2
C=at-j(utaat) | D=a'-f(arach) — [B-2@D) (41
and

=at, gt 4 = —4 (ot + =
C= aaals -%(a"‘:a:-ya_.’:a‘n\) ; D=a,a y l@}&z-i-a_za_?)’ [C,ﬂ-c-':b S(42)
respectively.

It was just the Baker-Campbell-Hausdorff formula for the shift

operator, which Sack/7/ used to obtain his results for the

12

e e

Gaussian potential somewhat different from eqs. (33.c) and (34)

because of his unusual normalization of O and 0L+ .

" 3. DIRECT APFROACH TO THE ORDERING

Now we represent a more general expression in the ordered form:
. aHatte mat + pd (atataat)tVa + Ja¥
FW= e F Pl ) yaf] =

xa*ty ot e\g"i(wa-\.aa‘*) 2a? +va  uw
4

e y (43)

where in the first line an initial expression is written (the para-

meter A being introduced), &,F- y$, M,V are constants, and in
the second line the desired final form is given, where X,4, %.'u.,‘LS

and A§ are functions of N yet to be defined. After differentiation
with respect to A , we obtain

%—; :(o(a+)~+ya++ P_(a+a+aa*)+\)a+¥“ )F.-

_-_[Qi-zxi +ipd ZI a-if,') a+’~+ (‘3“ 1|X1' E-" y) 4’:(0&+a+¢a.+) +'1:’ e-i’;ai +

+ (“""3|u+ bxuy' Q""V—lxv'e“’) at +(—1u1' P v e'\d)ad-
+utzl et -u\r'a“«f,»ur‘]F . (44)
Therefore we reduce the problem of ordering to the problem of solu~-
tion of the following system of ordinary differential equations of
the first order
=A%y + byt g P A
‘d‘ ~Lxg! e—l
FAPEL ¥

W-y-bxget)u - xv'eY = M

'3'=P

vt —tugle ¥t =y
W-uvled futzlet? =9 (45)
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with the initial conditions
x(c)=0 N ‘3(_0):0 ) F)=0 y u(o) =0 )\)"(0):0)1,6‘(0) =Q. (46)
for \=0 . After evident simplifications we obtain the solution

in the form

0 = & th (N {p2- 4y )

(- gy —pthOptoay)

4O =- L\[ch(wp*_w) —ﬁz'—@ shOwp*- 4»«5} 1 (48)

@ = ¥ thON -4 ) 7
Npt-ady - g thOpEhgy )

(47)

(49)

2y -
u@) = & shOWpt-4lr) + y3T —Z‘u [d‘ At-a)- 1] ,  (50)
p‘— by chQ\\]F}-uo -p sh (Np‘-l:«x)

¥ sh Wiy ) + ‘?{—;{E’—% [d‘(’\ir}—’i#\*ﬂ

TN =
{1ty ch( P iy ) - p sh gttt

, (51)

WOy = $0H I“l—gm)_(iaLQ-prw)QXh-pO{)p‘—M) ShOFlt) - dQ\lB’-W)]

N D I o S R v

B (Rely- ~pv)
AV toppy + (A-B 1) (251 -3V

B -4x ¥

ety ok(x\l ph- 4ol ) -p sk@mﬂt. (52)
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4. COHERENT STATE EXPECTATION VALUES

If we know the N-ordered form of an operator
Q=:0Q(aa): 53)
X . 1 ’ (M*—J.‘a >
then its expectation value in the coherent state|d>=e {o
is given
<J~\Q\J.>=Q(J~*,J\) (54)
( the non-diagonal elements are (ing‘l>=Q(¢L;,d.4) )). These
expectation values permit one to restore the initial operator, and,
in particular,to find matrix elements of Q between Fock states, The

generating function for the latter matrix elements is known to be:

Plard)= SRS Qe (55)
<0l Qa* "> = min! c(m,nyz(d%)“‘(}%)”? GV

This holds for any number of degrees of freedom (ol = {al, wdd,
d_\" (J )“‘ G—X‘k ) It i le Rashid! enerating func
=1 =\717 . is clear, Ras 8 -
AJ\) ady d ' &
tions coincide exactly with those we obtain in this way.

Purther using eq. (37.b) we immediately obtain,in the coherent
state representation, the representative of the operator of evolution

*x
for one-dimeneional free mo,tg‘:on )

L HLur S S et (L ik, pi§® Q(‘.J\))
4.(|¢‘t Htas =<dle  &m [d>-\]_§ e (" 5P \rz (o
Equation (43) permits one to represent analogously evolution for

any bilinear one- dimensional Hamiltonian H

W H
e

_ e“L;z_»uaL* vt NLrd +rdlevd+w + % . (58)

&l 1O =
It is easy to extend this approach to many-dimensional case.
Note also, that the Gaussian potential in this representation

is (according to eq. (33.b))

ot Nat of ¥4l
ale V> =X M (9= NETS (59)
) Equation (38) gives its matrix elements beiween Fock states.
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APPENDIX A

If {nD are n-quantum states

(a.1)

fn> = a*™ 10> |

N is the quantum number operator
N=ara (A.2)

and Q is any operator, constructed out of a and a* then we have

the following relations involving N

:N:ln>=n‘n>’ :QN:\V\):YIQ"'!Q: ln—1>

7

¢ N%: {>= n(n-1‘)(n> 1QNL: |y =n(n-datt: Qi InD>

. re -0 ® .. S v e o v e s s e P L 4 b sy
e -

L T L L U -2
H ) =nl™|n , : ¢ =n . tor Min
Nt r>= nl Ln> QN n>=nlatt: Qulo>,

N ny=0 » ANM;[n>=0 for m>n
whers wF"}

=n(M-14) -« (n-w-1) . The relations of the right column

are clear from

‘.QNM: =t™e Qi a™ (A.4)
Further

n
sin>=(1 N+ d Nt +—(:,:—)‘. =N"=)\h>=("‘1)“\n>:

_ o> for n=0

Yo for n# 0 5 (£.5)
Qe Nifo>=1Qile>
18N> =1 QU-N): 1> = & a+1\o>

06 o 5 v o o s ® 8 1 & b 9

“ile> = :QU- N+1‘—'N’--...+_)_Nn) > =
= (L@, @] Jlos (A.6)
\——'W-‘_—-/

n-fold commutator

16

Hence
K _at
£0]a™ ¢ a’t ae a~te, a"’"lo}:m’n! 5§ & (4.7)
* km Ln
and now eq. (25) becomes clear.
Purther note that
:Q'N::e‘ﬂz =:e"”: . (a.8)
Equations (A.5) and (A.8) are clear, due to the well-known
relation N
e = lo><ol , (A.9)

the simplest proof of which may be given in terms of coherent states,

Note also that in these terms the completeness relation, 1.e.,

decomposition of unity into 0-, 1-, 2—-... = quantum projectors, is

written

A= eN e' ('H.N* N"+..~>e T =
:'-e“‘d: -&:Ne_ L+ -é-! % PR =Rt Mgt Ngt e ,(A.10)
°:;e""._ = lo> <ol | ‘Ne V. =atled ola

A= 1' (N2 X :_:Ia«\l\o)@(a} , s ) (A.11)

All the above relations are general. They hold for any number of
degrees of freedom, when annihilation and creation operators are

labelled by some quantum numbers (ai and aI ) in the Bose and Permi

casges.

The operator N is always the operator of total number of particles,

—Za ;- By |n> we now understand n-quantum states
— h’ 1'1 "> a"Hth,_ "a--l.“‘o>
QEI.eta:\ao;uas&rajeat;?%;"p\;:);arazca of theae‘lﬁgm{lgg ttrs: *]lv>
Qe iattoy= (@ -dtiQia +1—._a“:Q\ o)t |05z

=(: Qi a*~2at:Qiat+ a*i'.Q‘.)l‘b:[{:Q: ,Q*]o'*]h)
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Then relations of the right column of (A.3) change in the

following manner

FANG et = 0 Qulign > o rad iQu TG ied, A012)

etc., and relations (A.6) as follows

ae M i ipety> = [oL el ok Joead Joy . e

0f course, now for projectors we have

- -N
A= N e = T (o colag g2y o€ = T e D ol aaune)
i |

For Fermi statistics in relations like (A.13) commutators and anti-

commutators are ealternating. If Q is an even function of a and a+.
+

the first operation is commutator [:G= ,G—i1] , and for odd Q we

begin with anticommutator §{:Q: ot 3.
4

AFPENDIX B

Any function of one operator may be eapily N~ordered, if we use a
suitable integral representation. For example, for the Gaussian

potential we have

A <A
T __ 1 Lq§ -
[ =

Nirae Sd%e €

Pt

1 SJgeﬁ(a‘{n)i, —-—Z-

J4nan

[ L 1 % L
1 Qa’y a _EL__L A &~
= - “gdgeﬂ“’ o V10 ge 4o” G _ 1 "SJﬁ Q“ii o
r \MIBQ ]

where we use the simplest case of the Baker-Campbell-Hausdorff for-

+8 -%
mula e.b‘ =eA 2_& e ’-[A’B] +» One can integrate, in usual sense,

under the N-product sign what again leads us to eq. {33.b).

18
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