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Honanalyticity in Coupling Constant and
Troubles of Ultravieclet Analysis

The structure of essential singularity in the coupling
constant is discussed, It is shown that the singularity
consists of two terme: one that can be expanded in pertur-
bation series and ancother that cannot. The first term
yields the asymptotic expansion., The formal sums of asymp-
totic series obey specific properties which prevent obtain-
ing physical results,
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The problem of anelyticity with respect to the coupling
congtant 3_ in the quantum field theory (QPT) models has a
rather long history, started by the well-known Dyson paperft/,
publishad in 1952 and containing a qualitative discuseion of the
sub ject based on general physical arguments,and by a 5et of Llnves-—
tigations of the general structure of perturbation series,perfor-
med at the beginning of the fiftien,

In recont yeare thia problem asttracts attention due to the
study of ultraviolet asymptotic (UVA) behaviour based on the
information obtained from perturbation thsory and analysed with
the help of the rencmrmalization group (RG) formaliem.

Within the RG method it is poseible to showlz/ that in the
logarithmic QPT models the properties of renormslizability and
causality (taken in the form of Kallen-lehmann spectral represen-
tation) are not consistent with the property of analyticity st the
point. g; =0 and yield the conclusion about existence of an eseen-
tial singulerity of the form ) _ _

eaxp(~1/g)- | ()
7 In quite recent pupera/3'4/ Lipatov has Ettacked the problem
of explioit determination of an arbitrary coefficient of the

power sxpansion



vyl =2 -9)" ¥, (2)
of the so-called Gell-Monn-Low function !}b , entering Into the
r.h.n, of the well=known differential Lie RG equation for the
invariant (effective) coupling conetant g_' .

This problem was formulated for the clase of renormalizable
{logarithmic) nonlinear scalar models L~ -g_tpn' in the apace-
time of & = 2n/{n-2) dimensions. In the first paper/y the 1i-
mit A-> 00 (D> 2 ) wap studied, while in the accond/4/ the
problem was consldered with the help of funetional integral
roprasentation, liore the procedure of pteepest descent method
sround the stationary claseical Bueclidenn soliton~-type solutions
i employed and yiteldgc the explleit sxpressions for tha ![‘JE (n)
in the large k limit

}b,‘(") = }’L‘;(ﬂ_)[i'*()(‘/)c).? , k—»oo. (3)

The general result is of the form
- ¥ k(ng-1)¢(nv2)/2
Pytn) = acmid ik -

For n+d =4 one getas

[’
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with 4t {37 ‘
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Let ug put m gueationt What physical information can be
extracted from the results (4), (3), L,e,,from the pum

~ K o~
~ - (5)
P ~ 29" |
In other worde: ¥hat con be learnsd about the properties
of the sum of series (2) from the study of the series (5)7

Due to ite asymptotic nuture(ﬁ—- k’) the geriee in the
r.hose of Eq.(5) doss not determine unambiguously the function

? + To get the unique answer one has to meke some aasumptions
about asnalytic properties of the "sum" in the complex g -plane.
One of the poseible ways is the Borel summation whieh is

agquivalent to the pummation under the sign of the Laplace
integral o

,;“;3(3, s[e.-x/l?!)(x)da‘-/g , Hex) -Z[-x)kw:/k! ()
&k

In favour of puch a procedure one can use the structure
of exact polutione of some two-dimensional QPP models (see the
discussion of this subject in papar/S/).

We take it for granted having in mind that (a) the diffe-
rences bhetween various procedures do not change sericuely the
relation between {2) and (5) if the same procedure is used in
both the casee, and that {b) different summations yleld the same
type of singularity at the origin g_ =0, which, as will Ve
shown, is the only solld result of studying the sum (5}. Thus,
in what follows by I'F(a_} we ghall mean 't?-;;(a} defined by Eq.{6}.

S0, we have now to find the sum of the peries

Yixr waf(2m) , () =3 () (kse) k? k!
converging in the unit circle, We have been able to find the func-
tion f approximately in the form of a new séries

FCE) = £(E) + f(E)

Hare the firet tem .7(0 deseribes correctly the 'leading

contribution of the coefficienta

(kre )2 1!/ k! = (27) Yo k™5 [ 4 + 0(2/1)],
The second term corresponds to the first correction =~ lf.z‘r,
etc, Such & type of approximation completsly corresponds to the
origin and degree of acouracy of the Lipatov results as empha-

sized by Eq., (3).



Omitting detnils of calculations we give the {inal result
for tf}(g):\pv(a)-!—lp‘(é)%-...
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A detailed analymip of puch exprepsiona revesls that the
contributions of nonsnalytical tevme { --Er{. ) at large &_
hecome more and more important with growing m

b me | 3
v, (g) ~ 3 4 , a -y oo
This meanp that approximations of the conpidered type {2) in

general cannot give any reliable information on the 1#(3 } beha-
viour at large 3_ .

+

At the pame time the mequence 4;, Y s Y,ser 1n the region
g £ 1 diminiphes only due to the numerical pmallnese of the
coprection terms, In other worde, 1f we detatl Eq. {3)

&,

Y - "F,"fihﬁ' + %*---] ® (kv oyl + a,\;a‘(kjh..

then by summing we get

Yig) = ¥ (9)+ 8, (3)+ a4, (g0 ' (9)
The terms of this aeries in the region ; 2 1 diminish

or

only due to the numericel smallness of numbers a,, a,,..

3:»5 t grow like 1{1“”~3""

Now we can formulate the answer:
N N s s

and

1. The sum of the series (5), i.e.,the sum of the "leading"
contributions of the initial series (2) leads to the expression

with the esgentisl singularity at the origin of the 3 ~plane

1 i/ 10
ﬁexp(é)&f(q} zaf).e dr ¢10)

and cut along the negutive semiaxis. Thieg result in ita main
festuree does not depend on the way of summation, This means that
the change in the summation prescription may produce an expres-
sion with different position of the cut, with additional termn
like Eq. (1},etc.;but with the same type of an esmsential singu-
larity.

2, At the same time the meries (9) cannot give any reliable
quantitative information on the .aum‘\pfaj for g 2 1. Even in
the region 3 £ 1 where, os we mentioned, the terms of series
(9) can diminigh rapidly due te the numerical smalinees of coeffi-
clents 4, , the explicit form of “‘Pm dependa on the way of
summation,

Hence any attempts to deduce physicel con¢lusions, baged on
quantitative properties of the sums of asymptotic serles {compa-
re,y) must Le pupported by 8 serious eupplementary analysis.

As 8 curious illustration of this theslis let ue note that

the numericsl comparison of Eq. (4) for the first few terms

o~ ~~ hpnd
‘P& = (3,130, ﬁ = 7.5, \}’; = 167 '

with repults of exact perturbetion calculationalsl

?z = 3' ﬂ =2 34/3: ‘P‘f g 153-65 N
shows that the relative error of Eq. (4) diminishes rapidly as
k grows and for k =4 1g emaller than 10%. If thig fact is

not occasional one can make an optimistic hypotheeis that for



i ical objects is still far from heiog
k2 5 the errors are negligible and the true function ¢+ can energy behaviour of physica i

be represented as follows

golved.
Rf A Efremov, f.Fi-
~ 3 4 dabted to W.Bogolubov, G.Efimov,
‘P(g)-\fta)"‘ﬂla) ,A(gJ-Z.?g"- 3.83 -13.33 . 1 am inde . |
~ -3 lippov apd, I.Todorov for ugeful discusalons.

A far as A (0.33)=0 and ¥ (0.33) ~ 1077 we can SERTTRRTY

conclude that ot cos
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procedure will face us with the problem of the cut along the

on Nevember 10, 1976,
negative semiaxia in the g-plane., Such a position of the cut

contradicte the pelfoonsistency of the 194 model with attrace
tion, It may happen then that the conclusion about the asympto-
tic freadom of this model 1e & vesult of pome "analytical 1llu-
slon",

The singularities {1) and {10} are closely related and
in o sense are complementary one to another, While expression
(1) "leaves no footprinta" in perturbation expansion, singula-
rity (10), after formal expansion {useing integration by parte)
ylalds the "leanding" terms of aaymptotle meries.

The success in determining the explicit form of theage terms
and of singularities gives the impreseion of essential progreas
towards the underatanding of the UVA structure of the QFT,

However, as was argued, the problem of construction of high~
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