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OTHOCI!TeJibHOCTH 

UpHBOASITC51 '.apryMeHTbi B nonbay roro, 'ITO reHaop cnHHOBoro 

yrnoaoro MOMeHTa aonlKeH 6hiTb nomiOCTbiO aHTHCHMMeTpii'IHbiM, KaK 
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TeJibHOCTH C Kpy'!eHI!eM He MOlKOT npeAOTBpaTI!Tb llOSIBJieHI!e CHHI'jJISipHOCTeil, 
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Spin, Torsion and the Singularity Theorems of 
General Relativity 

It is argued that the spin angular momentum tensor 
should be totally antisymmetric. As a consequence the 
spin-spin contact interaction of the torsion-modified 
version of general relativity cannot prevent the forma­
tion of singularities. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research 

Dubna 1976 
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A number of author~/1/ have considered 
the possibility that the modification to 
general relativity which admits torsion as 
well as curvature to the space-time manifold 
may so change the Hawking-Penrosel 2/ singu­
larity theorems as to be able to prevent 
the occurrence of singularities. We wish 
to bring arguments against this hypothesis 
and in support of the.conclusion reached 
by. Kerlick /3/. 

The ECSK/ 4 / 

theory are, ln 
field equations for this 
the notation of Hehl et al /J/ . ' 

. 1 
G "R - -g ij ij 2 ij 

s k 8. k s r 
ij + I jP 

R k- .... 
k - k - ... 

lj 

k r k 
(). S ·fl = k .T . • 

j I lj 

k • • • 

( 1 ) 

( 2 ) 

whereRij=Rkij lS the R1cc1 tensor con-
structed from the non-symmetric connection 
I , k k I' k • • i i , and S i j = [i j] 1 s t he t or s l on t ens or . 
T~e tensors Iij and rijk are respectively 
the canonical energy-mo~entum and spin 
angular-momentum tensor for matter, and k 
is the usual gravitational constant, 
k = Brr G /c4 . Still following Hehl et al. 
it is possible to obtain the equation 

G ij ( I I ) = k a ij ( 3) 
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for the Einstein tensor Gij constructed from 
the Christoffel connection. The tensor aij 
is not the metric energy-momentum tensoraii 
of the Einstein-Hilbert theory. Rather we 
have after the use of (2), 

- ij i' - ij a -a J =A 

k e i r 
+T ~ 

ik jf 
= k (- 4 T ( f T k1 

.. k 
+LglJ (4rm [e 

2 

( 4 ) 
2 r ikf r j + 

kf 

me mkf ) 1 r 
1

+r r 
0 

• 
k mkr 

The modification introduced by admitting tor­
sion is thus seen to be, in effect, to have 
generated a spin-spin contact interaction(5). 

The Hawking-Penrose theorems are con­
cerned with the focusing of geodesics, which 
being metrically defined are related to 
the Christoffel part of the connection, not 
to the torsion. The energy condition for 
the theorem arises from the requirement 
that for all time-like vectors (i the quan­
tity .. 

IJ 
R ({ l)(i{i 

should be non-negative. From Eq. (3) this 
means 

i. 1 .. k 
(a J - 2 g IJ a k l .f i .f i .? o . < 5 ) 

/I I . . . . Hehl et al. ,who g~ve th~s ~nequal~ty, 
make the important point that if it is vio­
lated for some time-like vector .fi a singu­
larity may be prevented. They also show 
how just such a violation may arise in cer­
tain models, all of which are based on 
a semi-classical spin fluid for which 

k k • . . 
r 1•1· = s .. u w~ th the sp:tn dens 1 ty 5 .. 

IJ . lj 
transverse, s .. ul = 0. They warn that the 

IJ 

4 

,','\~:~! 
li: 

,':1(1('' 

·~'{;;·.·.:, .. 
"~ ;·,·~ 1 

. ·/I•) . ~1\i 
1 1(,'/f~ 

/:l'i!!f;.;, ... · 
'~. ' ,·.·~ ~·' 

• ; I~ 

>f ·'~ .. :, 
. 'P I 

.·;,;;::11 

.t 

~ ) 
:i ~ 
· ... l.(·~; 
:'"j,l 

Ji 
't,:\·:~·.,:;,' 

'\' 

\I 
·~ 

identification of r/ so defined with the 
canonical spin angular momentum tensor may 
be at fault. This is the point to which we 
wish to direct attention, as did Kerlick/3( 

If at the microscopic level we admit 
that matter should be represented by local 
fields, it seems reasonable to restrict 
attention to fields of spin zero, gauge 
fields of spin one, and Dirac fields of 
spin on€-half. In the first two cases the 
canonical spin angular-momentum tensor va­
nishes. This is not unexpected for spin 
zero, but it is also true for a gauge-field 
description of spin one. The reason is that 
the derivatives of the potentials Aa only 

• f.1 • enter through the covar1ant curl, and ~f the 
potentials are correctly treated as I -forms 
~ =~ ~f.l rather than as vectors, the 
field~ G~v are the components of a 2-form 
obtained by taking the exterior derivative 
of A a I thus 

G a = .1. G a di" A dx v = 
2 f.lV 

( 6 ) 
=dAa - .Lt a A bA Ac. 
. - 2 be- I'-

This means that the covariant curl is inde­
pendent of the connection, even in the pre­
sence of torsion. 

In the case of the Dirac field (3), we 
have 

1 -
T ijk = 4 .P r.r· r. r .P 

I J k 1 
=L£ ¢, e 4 ijkf y5 y t/J 

( 7 ) 

1 . .0 
= -£ at. 

4 ijkf I 
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f . . where a l.S the ax1.al vector current 
density. 

It should be noted that the tensor rijk 
defined· by Eq. (7) is totally antisymmetric. 
We would suggest that this is a very desi­
rable feature for at least two reasons. 
First, it means that the spin angular-mo­
mentum tensor is irreducible~ and can be 
given as in Eq. (7) in terms of an axial 
vector. Second, it means that the torsion 
likewis'e is totally antisymmetric, and as 
a consequence the antiparallels 

· · i I' i • i ' k 0 
X -l jk X X = I 

coincide with the geodesics 

.. i· I i I . i . k o 
X + X X = • 

jk 

( 8) 

( 9 ) 

It seems to us a credible assumption to 
impose in general. And it excludes the spin­
fluid model discussed by Hehl et al./1/. 

If we admit Eq. (7), the tensori\ij de­
fined by Eq. (4) is simply given by 

ij k i . . . 
.'\ = -- ( 2 a a 1 + g 1l akak ) 

16 
so that 

ij l . . k k 2 ...2 2 
(f1 -- g 1l f1 k)c.t. = --[{c;a) - t. a ], 2 . I.) 8 . . (10) 

from which it follows that the expression 
in (10) is positive-definite for time-like 
ck . . s . Thus the effect of the spJ.n-s-pl.n con-
tact interaction can only enhance, not pre­
vent the formation of the singularity. The 
same result has also been obtained by direct 
consideration of the Raichaudhuri ~quation 

,6 

under the same hypothesis of totally anti­
symmetric torsion (6). 

One of us (JMC) would like to thank 
the Directorate of the Laboratory of Theore­
tical Physics of the Joint Institute for 
Nuclear Researc~ and his many friends there 
for their generous hospitality during the 
period when this work was completed. 
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