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I. IDtroduction 

ID order to investigate the interactions of fast particles 

with atomic nuclei, one needs often to solve kin\matical prob

lems with moving target particles. Among them two-body and quasi 

two-bo~ reactions are distinguished as p~ticularly simple and 
-

important onea because the collisions with quasi-free intranuclear 

nucleons can provide valuable information on the structure of 

nuclei, in particular on the :Fermi motion of intranuclear nuc

leon&. 

In the present paper kinematical relations for two-body 

reactions are given 1D the case of arbitrarily moving target 

particles. Also, the expressions for extreme values of cosines 

of emission angles, momenta and total energies of secondary par

ticles are calculated 1D the form convenient for numerical com

putations. Siailar expressions tor target at rest are given in 

detail, e.g., in rers/1•2/ and follow from our formulae as par

ticular caaea. 

The dependence of the probability density function of the 

target particle aoaentua distribution on that of the distribu

tion of eaiasion angles and aoaenta or one of the secondary 

particles ha8 been obtained. Theae relations may be applied to 

extract intoraation on the ~ermi motion of intranuclear nucleons. 

II. XiDeaatioa of two-bod1 reactions 

Let ua consider the reaction 

a, .,. a2. -.. a, ,. as- (1) 

of spinless particles (or a reaction in which spins can be 
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neglected what is usually assumed in high energy collisions). .,..,. 
Let ~· • p,_ .• E,· I ei. '!/ I (i = 11 21 31 4) be the mass, -momentum, total energy and angular coordinates or ~. in the 

l 
laboratory (Lab.) spherical system. From the principles of mo-

mentum and enargy conservation we have - - .,.... -P1 .,. PL == Pa + P'l (2) 

E1 + E2 = E3 + E4 (3) 
where ~ 

Ei = ft· 2. + Mel. (4) 
and 

A· 2. = I D./2. r( . (5) 

We assume throughout this paper that particle 1 is the in

cident particle, particle 2 is the target p~rticle ana 

p., > P:~. (6) 

mJd we choose the system of coordinates in which 9
1 

= 0. 

From (4)-(6) we can get the following four forms of these 
dependences: 

where 

1. Dependence of p
3 

on cos IJ3 : 

fJ = ({ ( c.r:.()l):::: ,/3 r t E 1ft'-Mt(£
2
- ,.a/ 

E" -rz. ' 

E = E1 + E
2 

r = f· U~S81 .,. f.1· ~~~ 

p = p,t- f:z· ~{;z. 

9.. :::: p 2.. '>?'1.4 () l. . '-n lf 
f-: f1--~, k=SJki 

4 

• 

(7) 

(8) 

(9) 

(10) 

(11) 

(11') 
l 
• 

p = 1 r M/.,.114! + '"l·- Nyz.).,. E,£.. -rvJ2 ttne.z. ~12) 
It can be proved (see App. 1) that fo > 0 for f, >fl. . 

The function (7) is single - valued for ~ ~ f n1
1 

, then 

in (7) sign + should be taken, tor~ ( £1t1J the function (7) 

is double - valued (see Table 1). In table 1 the cosines of the 

maximum angle IJ!JMQI( and the minimal angle &llllllll are denoted 

by x., and X'.a. , respectively. The cosine of the angle at which 

the function p1Ccos 83 ) takes i1is extreme (maximal or mini

mal) value is denoted by X0 • ~r 1ihe double - valued runction 

the solid linea in Table 1 are given ror sign + in (7), those 

plotted by the dashed curTes are for sign - • Table 1 shows 

the x,, X.a, X'0 values and the corresponding fA values, and 

the shapes of the curves fi = f! (cos f) 3 ) given by ( 7) are 

plotted. 

2. Dependence of E on g 3 ! I 

f
1 
= £

1 
('-l!S6,)= E.f~ :!: /rl/r:~L·_-,., ... J~r=E=2--r-2.]-· 

(13) 

This function is single - valued (with sign + for j! ~£ m.J ) and 

is double - valued for ft <tltl3 (see Table 2). This table gives 

X, , )(z. and X'• , the cosine of 1ihe angle ~ , at which the 

function B3 t~es its extreme values (they have the same values 

as in Table 1), ~d also the corresponding E3 values. The 

shapes of the curves E3 = • 3ccos 83 ) have quite the same cha

racter as those of the curves (?) in the corresponding cases 

and therefore they are not drawn. 
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3. Dependence of 8.3 on f 3 : 

GosOJ.-::: t.;J { p(£~ -fo) !:/£1/s'-p/ -(£t3 -;1/}. 
(14) 

This function is simple -valued t'or ft~£,.3 and k= 0, for 

.~ < fmJ and k = 0) -1 when /", p , and for (5 = E m
3 

and 

/t:..:::O~ -f , then sign + in (14) shoulu be t!iken. For the remain

ing cases it is double - valued (see Tdble 3). Then the func-
,--.1 

tiona plotted by solid lines are for sign + in (14), and those 

plotted by dashed lines are for sign - in (14). The values of 

x, , Xz. and x. form Table 3, and the corresponding p
3 

values 

can be read from Table 1. 

4.. Dependence of 03 on EJ : 

cos83 = -<~.,'7:_mz.' {p(E£3 -~/ t /~1/s'"(~l_lf/)-(£~-ft/-} (15) 
·~ J 

The situation is quite the same as :tor the case ), and is pre-

sented in Table 3; only the notation " fJ -axis" should be repla

ce a by "E3 - axis". The values or x, , XL and X
0 

• from 

Table 3 and the corresponding E3 values are given in Table 2. 

III. Momentum distribution of target particles 

Two-body reactions at high energies may be coveniently 

applied to obt~in some inrormation on the Fermi motion intranu

clear nucleons
141

• In this case the particle at of the reac

tion (1) can oe regarded as the intranuclear nucleon. We shall 

now deduce a relation between the function of the probability 
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/K'" 

'til' 

distribution of ~he momentum density of the particle a~ from 

the reaction (1) and the distribution !'unction of one of the 

secondary particles ( QJ ). For the two-body reaction (1) we 

assume the conservation of energy and momentum expressed by 

equations (2) and (J). Physically this corresponds closely to 

the scattering o:r electrons of energ,y Ee ~ 100 MeV on nuclei 

when the ooserved particle is the scattered electron. 

We start with the theorem concerning mathematical statis

tics/51 which will be userul for our further considerations. 

Lt,t I (x,y) be the probability density. Let us consider the 

reversible and continuous (with the first derivatives) transfor

mation from the variables ( X ,y ) to the variables ( U.~, l..l.z. ) 

in some rectangular region of ( X, y ) 
X= n1 (Li1 ~U2 ) 

':J: h, (l(,, Uz.) 
(16) 

and denote by ;t the Jacobian of this transformation. Then the 

probability density in terms of the variables U.1 , Liz. equals 

h(u.tJLI,) = /(h.,tu1J l.lz.}:. h2 (u,J l.t2.))/ j/ (17) 

This theorem can be generalized to probability densities being 

functions of an arbitrary number of variables. 

For our problem we d~note by j{ the probability density 

as a function of four variables ft. , cos ()2 , fJl , '/ and 

consider the reversible transformation to the variables fa. , 
cos 82 , ()! , "f, namely 

fJ.. = jt ( f3 ,£DS B,, ()3J 'f) • 
Ct!. (; z =- C4l Oz , 
01 = 81 • 
'f=-'f. 

7 
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The inverse transformation is 

fJ = At { f2, (.I'S&a, 9l ~ 'f). 
cos {) 2. .. cos f) l. ) 

~l ::: (}i ) 
'f -= cr. 

(19) 

Then the probability density as a function ot the variables f~, 

cos tJL , ~ !-t 'f can be expressed as follows 

hfpzJ US~~~~ f/) =/f~,{f~/.tS4_J ~JJ~).t.fJt ~~ 'f)/j/, (20) 

J; ~· PL 

where 

(21) 

From (2), (3), (8), (9) we get 

E EJ - ,..fa == fi • (22) 

Then 
~ _ ( usOz ·~{), HI,~ ~'If~ ~Y') fi- ~ -~ {lj~ 
'Dfz- E i! -r , (23) 

where f>J is given by (?). 

Starting from general physical considerations, we can asEIUIIle 

the function { as the product 

f(p2,Uil81, DJ.lf) = //<f} ~(ll19z}' In V1.~ {)1) • 
"" 

(24) 

Now we introduce the supplementary function h defined 

tor fz ":} 0 ' -1 ' cos 92 ~ 1' 0 ' ~' .11 ' 0 ~ lf ~ 2 r as 

follows 

h{p~,}OS~,Bp <f) =fh~ ... l4j011 ~>71} w~n ~ exists (
25

) 

0 when f>3 does not exis'li. 
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Then the probability density of the distribution of momentum 

JDL of p~icle tlLfrom the reaction (1) is equal to 

f/ ~ 'll' 

w(fl.J= jc~UjfJl.jc~~j hrfJ~UJ&2, &1) y;Jdf. (26) 

-1 0 ° 
Appendix I 

We prove that ft > 0 
l'rom ( 2) we have 

f~ ~1.1 o~. = t r fl' y,'114 ~ -py ~14~y J 

f1.,.. P2 ur:.tl,. == p,-cno3 "' Pt ((r.. ~'I 

(J.1) 

(A2) 

Squaring (J.1) and (J.2) and adding, we get after short calcula

tions 

?32.+ p: -p:-Pa2- 2.ptfz. enS.l:: -2.fzf+ CIS(BJ f{)y). (J.J) 

J'rom (3) and ( 4) we have 

2. 2 2 2 2 r £ z. ~ l 2 zc: r ft f Mt .,.. Pz. 1- M&. -I c.~ a ::: f'.z ,.. MJ f- ft .,_ Ml f c:-3 c.~ 

or 

rw,Z .,. ~: 1- ,..J,_- m: = fl + f~z.+ 2£1 £;, -2 E;£; +2M/ . 

Inserting (J.4) into (12) and using (J.3), we get 

f' = El £~ - f1PY L11(()J t ~~) + Mj . (J.4) 

Since J:3B4 > fa ft , we see that 

p >0 
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Table I (continuation) 

flot 

~ I', I _./ 
! '....J __ ..,. I 

I I : 

x, 

_,_ 

p3 does not exist 

f;~ 
0,-1 't~:p I ....... I _,-

I ...__-J 
1: ! I 

(-!.~~EY).S-1 fpfi:t£X)P-t 

.jcr Jr.= p{1 for X.z'"' ( 

_,_ 

{f/3 :t £x)p-t 

/o,. Xz '"'I 

f> f P3 does not exis"C 

('l~'i) x, f ~ 
~~~L-----~~------~------~-----4 

~-L--~--~------------~ 

a, -f 
'lf>.!J:' \ / 2./ 

i__ -~ 

Table 2 

Analysis of the dependence (13) for p > 0. 
Notations and plots are the same as in Table 1 . 

£f. lc~c. ?cl: ..::.;<.'.,./-

r-':::::;J 
!::'1111~ S- 1 (E'-t-!>'}MJ;:.-I {£'-t-?')111,1:;-t 

,~,.f1 ::/pt-'t"l};1 fev. i<c ~p~-f ,4,_ J<l =c/ 

r>p 



Table 3 

AnAlysis of the dependence (14) /plots/. 

Notations are the same as iD Table 1. 

Solid curves corresponds to the sign +, 

dashed ones - to the sign - (14). 
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