


Motivation. Bound states of solitons and solitary pulses are at-
tracting increasing attention in momlinear optics [1, 2, 3, 4, 5], dy-
namics of fluids [6, 7, 8, 9] and excitable media [10]. Stable bound
states can compete with free solitons as alternative attractors. This
is detrimental in nonlinear optics, for example, where the interaction
between adjacent pulses poses limitations to the stable operation of
transmission lines and information storage elements. Unstable soli-
tonic complexes are not meaningless either; they serve as intermedi-
ate states which the system visits when in the spatio-temporal chaotic
regime.

In this Letter we consider solitonic complexes in the parametri-
cally driven damped nonlinear Schrédinger equation:

Wy + Vop + 21U [P0 — ¥ = —iy¥ + AT. (1)

This equation describes the effect of phase-sensitive amplifiers in op-
tical systems [11]; the nonlinear Faraday resonance in water [12, 13,
8, 9]; convection in binary mixtures [14] and nematic liquid crys-
tals [15); magnetization waves in easy-plane ferromagnets with a rf
magnetic field in the easy plane [16] and synchronized oscillations in
parametrically driven Frenkel-Kontorova chains [17].

Malomed noted that since solitons of Eq.(1) decay monotonically
as |z| — oo, they cannot form bound states via the tail-overlap mech-
anism [3]. A variational analysis demonstrated that in the undamped
case (7 = 0), a strong overlapping of solitons cannot lead to their
binding either [7]. However, oscillatory and stationary soliton asso-
ciations were observed in experiments with solitons in an oscillating
water trough [18, 8, 9] and subsequently reproduced in numerical
simulations of the NLS equation (1) [9].

These physical and computer experiments have raised several
challenging questions. Firstly and most importantly, an open prob-
lem is the very mechanism of the complex formation. Next, it was
observed that stationary (“standing”) complexes exist only at large
separations [8]; it has therefore remained unclear whether these com-
plexes are genuinely stationary or do diverge slowly due to an ex-
ponentially small repulsion. A related question is whether soliton
associations can arise only on finite intervals under periodic bound-



ary conditions and how essential the interval finiteness and periodic-
ity are for their stability. (Note that the experiments of (8, 9] were
carried out on relatively short intervals [19]. On the other hand,
periodic chains of solitons can form stable stationary states even in
situations where a finite number of solitons do not bind [5].} Lastly,
numerical simulations can detect only stable complexes; however, the
description of the phase space is incomplete without knowledge of all
unstable complexes and their bifurcations.

The purpose of this Letter is to answer some of these questions and
gain insight into the other ones. We focus on stationary complexes
here. Oscillating complexes arise as Hopf bifurcations of the latter;
from this point of view stationary complexes are more fundamental
ohjects.

Variational approrimation. Two coexisting stationary solitons of
Eq.(1) are given by

a{z) = Are ¥Esech(ALx) (2}

where

2
Ay =+/1+hcos28y; cos28y = +4/1 — %_i
t

The soliton t_ is always unstable [16] and hence is usually disre-
garded. We will attempt to approximate a complex of two solitons
#y by a trial function of the form

Tz, t) = (e — 30)e™Z720) 4 (e 4 pg)ethlz+oe), (3)

where ¢2(z) = Ae*Psech(Az) and parameters zg,k,# and A are al-
lowed to depend on time. The evolution of the parameters can be
found if one notices [20] that Eq.(1) follows from the stationary action
principle 8§ = 0, where § = [ Le?dt and the Lagrangian

£l=Re/(-itI'tT—MDIP-l-{\IIP—|\Ir|2—h\112> dr.  (4)

Substituting the ansatz (3) into Eq.(4) and integrating x out yields
a finite-dimensional Lagrangian

£ =4A(1 - 6,)8 + A+ Aps — Azo,p— H, (5)
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where 2 = 2Axy and p = 2k/A. The Hamiltonian H = Hg + Hin
comprises the free solitons contribution,

2r Ah cos(28)p

4
Ho(8, A, p) =44 - —A% 4+ A%p?
o(6, 4,p) 3 AP D)

(6)

and the Hamiltonian of the soliton-soliton interaction:

47 A3
Him(0,A,p,z) = sinh(7p/2)
'{[Qp cos(pz/?)] _ [sin(pz/?)] N 4sin(pz/2) N sin(pz/?)}
sinh z N sinhz |, sinh® z A?sinh z
1643 [ z ] 8w A® [sin(pz)]
sinhz lsinhzl, = sinh(zp)sinhz | sinhz |,

4hAz Pz
+sinh Pt (? + 23) ' 7

The quantities ¢ and # are given by

- eipz/2
Uc('p, z) + ""o's(p'l Z) =-7 Sinh(ﬂ-p/Q) sinh z’
2 2 ] _roscoths
n(p,z) = [1 tanh(7p/2) tanhz %t tanh{rp/2)

The variations in 2 and @ yield, respectively:

2vAp+ 3. H = 0, (8)
8BvyA(l—0a,)+ 0 H = 0. (9)

(Here and below we restrict ourselves to stationary solutions.} Since
the second term in (8) decays rapidly as z — oo, p has to be small.
We expand all other variables in powers of p: 6 = Talpr A =
T AP 2 = ¥ 2(Mp* n = 0,1,.... Then Eq.(9) gives, at the order
p%: 819 = 4, . The next order produces

heos260, 22

2 z+sinhz+

hsin(20) = v — p O(p*). (10)

Varying with respect to A we get 4y = —34 H. Noting that = O{p)
and writing H# = ZH(“)(H,A,z)p“, the leading order is given by



84 H© = 0, which amounts to

2 {14+ hcos28,)(z+ sinh 2)
A% = = : . (11)
sinh z 4+ 3z 4+ 6{z(cosh z — 3}/ sinh z].

This relation defines A as a monotonically growing function of z.

Next, the variation with respect to p produces equation 2yA4ze, =
0, H whose leading order is

4
p{A : hCOS(28+.)2 + 2H(2)} — U, (12)

sinh z(z + sinh 2)

where we have used Eq.(10). One readily checks that the expression
in the curly brackets is linear in A% and hence Eq.(12) defines another
function A(z):

2 3 2 2
A2[1+S1+Sz+5'3}=hf-0529+[L+ - ] S D

6  2(z+sinhz) Gsioh z
where
S = (7% — 18)z + 23
6sinh z !
9= (7% + 32%) cosh z — 4(x? + 3z2)
3sinh? 2
S, = 2(7% + 2%)(4cosh z — l)
' 3sinh® z

In Egs.(11),(13) 4 and z stand for A(® and 2(%). The curves (11) and
{13} intersect at the point (%, A). For example, for v = 0.565.k = 0.9
we have # = 4,60, A = 1.14.

Finally, returning to the equation (8), its p’-order is given by
a, Hl(l?t) = 0, where H( ) is the leading order of the potential of the
soliton-soliton mteractlon. This function of z is known not to have
nontrivial extrema [7]; however this does not mean that our varia-

tional equations do not have stationary solutions. We only need to
retain one more power of p in Eq.(8):

p2va+a.00)) +0.85) =0, (14)

nt

{Here we are regardmg d. H t as a function of 20 A and 40)
and discarding p! correctmns to this function Whl(‘.h are negligible
comparing to the first term in (14).) The second term cannot vanish
for finite z but as z grows, it rapidly becomes smaller than the first
term. Consequently, the leading order is given not by 0, Hmt = 0 but
by Eq.{14} which determines the stationary value of p:

1 0, H)
5— in 1
P 29A1 - (2%/sinh 2),’ (15)

where z = 2 and A = A. For example, for ¥ = 0.565 and k2 = 0.9
Eq.(15) yields p = —0.12,

Thus, we have demonstrated the existence of a stationary two-
soliton bound state on the infinite line. Below the complex ¥4,
is reobtained numerically and Fig.1l compares it to the variational
approximation (3). It is seen that Z gives a reasonable approxima-
tion for the actual infersoliton separation but as we proceed to the
comparison of the shapes of the numerical and variational solution,
the agreement deteriorates. The approximation could be improved
by decoupling the solitons’ amplitudes from their widths and adding
the chirp variable; however, even taken in its present form the varia-
tional description allows to draw several principal conclusions. First,
Fq.(15) shows that strong dissipation is imperative for the existence
of complexes; no bound states can arise for 4 zero or small. Second,
the phase variation is an essential ingredient of the complex formation
mechanism. Had we not included a nongero p, we would have arrived
at the equation 8, Hmt = 0 which has no nontrivial roots. A related
observation concerns the recipe suggested in the undamped case [7]
where tiie time-dependent version of Eq.(12), 2 = p{...}, was used to
express p through z. By eliminating p the authors of [7] reduced the
finite- dimensional dynamics to a single equation for a particle in a
potential field H mt(z) Technically, this recipe cannot be utilized in
the case at hand because the contents of the curly brackets in Eq.(12)
vanishes exactly at the stationary point. An implication of this fact
is that the formation of complexes in our case cannot be explained by
Malomed’s two-particle mechanism (2, 3, 4, 21] where one soliton is
captured in a potential well formed by its mate. Lastly, the variable
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Fig.1 The variational ansatz (3) with stationary values ¢ = @,z =

ZA=Aandp=3p (dotted) and the numerically obtained complex
¥ 44y (solid curves).

amplitude A is another essential ingredient. If we had not made pro-
vision for the variation of the “number of particles” N = [ |¥[3dz,
the resulting equations for z and p would have had stationary points
only for large A > h. = /1 + 42, (We have checked this.) In this
region all localized solutions are unstable against radiation waves [16].

Numerical solutions. We used a predictor-corrector continuation
algorithm with a fourth-order Newtonian solver to obtain stationary

solutions of Eq.(1). As a bifurcation measure we adopted the energy
functional

E=Re [{|0f+ 9 -9 +h0%}dz,  (16)

which is conserved when v = 0. Our findings are summarized in Fig.2
where we have also included information on the stability of solutions.
This was studied by examining eigenvalues of the linearized problem

0 -1
Hy:u(l O)y,

A% — 6u? — 202 ¥ — duv
— _ 92 +
H= a""+('y——4uv A2_—6'u2—2u2)’ (17)

where u + iv = W(z)e"+; (bu,0)T = eMy(z), A = u - 7.

The phase variable x{z) = —Arg¥ turns out to be useful in the
identification of different complexes. For example, the phase of the
solution identified as ¥(, _,, is close to @_ around the central soliton
(¥_} and #; around two side solitons (W) (Fig.3). The separation
of the constituents in this complex is large even for small h (220 ~ 60
for h ~ 7). (All numbers are for ¥y = 0.565). As h — h, = V1 + 42
and the width of the central soliton increases (1/A_ — oo), the inter-
soliton separation grows to infinity. If we continue along the branch
¥(_4_y towards larger h, the separation decreases from 2zo ~ 60 at
fv ~ v to 2zg ~ 20 near the turning point & = 0.86742. Turning left
and upwards, the separation keeps on decreasing, the central soliton
gradually disappears and the complex is made into ¥(__,. After one
more turning point at h = 0.83504, as we continue to the right, the
amplitudes of the constituent solitons start to grow and the complex
gradually transforms into ¥, ). It is interesting to note here that
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Fig.2 Existence and stability diagram of one, two and three-
soliton stationary solutions. Thick respectively thin lines depict sta-
ble respectively unstable branches.

Fig.3 The phase x(z) of the complex ¥, _,, (solid line). The ¥,
solitons in this complex are centered at zg = +37 while the variation
of y is confined mainly to 17 < lz| < 21. Also shown is the phase of
V(44 (dashed) and ¥, 1y (dotted).




the asymptotic phase of the solution remains equal to #_ and not
f4+ as could have been expected of the complex of two ¥, solitons
{Fig.3). At h = 09435 the complex undergoes an “inverse” Hopf
bifurcation where a pair of unstable complex-conjugate eigenvalues
crosses from ReA > 0 to ReA < 0 half-plane. The remaining portion
of the ¥, ., branch (thick line in Fig.2) represents the only stable
bound state in the system; all other complexes were found to be un-
stable. As h increases, the intersoliton separation grows but remains
finite all way up to h = h..

Some insight into the structure of stationary complexes can be
gained by noting the law of the number of particles variation:

N = Qh/p{sin(Qx) — sin(2604 )} dz. (18)

Here ¥ = ,/pe~**. For stationary complexes the integral in the right-
hand side has to vanish. This can be easily achieved when solitons
bind at a very large separation, like in V(+—4)- In this case the
variation of x should mainly be confined to regions where p is almost
zero (Fig.3). The resulting contribution to the integral (18) can be
offset by small deviations of y from 84 around the centers of the
solitons, and indeed, a closer inspection reveals that sin{2y)—sin(264 )
assumes small negative values around the core of each soliton bound
in \IIH___',).

Formation mechanism. As we have mentioned, the binding mech-
anism is more involved here than just a balance of repulsion and at-
traction between the two solitons. Details are yet to be elucidated
in pumerical simulations of the time-dependent equation (1) while
here we shall only emphasize its main ingredients. First of all, not-
ing that the amplitude of each soliton is given by Eq.(11), one can
check that the total number of particles in the configuration (3) is a
monotonically growing function of z. Consequently oscillations of the
separation between the two solitons are completely characterized by
oscillations of N. The dynamics of the latter is described by Eq.(18)
where the right-hand side is very sensitive to variations of the phase
(in particular, of our p-variable.) If the complex is in its stage of
eXpansion, at a certain moment of time the phase y(z,t) will pass
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through a configuration rendering the integral in (18) zero. The ex-
pansion will then switch to contraction - until the phase is again such
that ¥ = 0. In the stable region of & and v the oscillations will settle
to the stationary complex \lf(++).

We thank N. Alexeeva whose computer simulations have initiated
this work and J. Murugan for verifying Eq.(7). I.B. was supported
by the FRD of South Africa and E.7. by the Russian Fund for Fun-
damental Research (grant RFFI # 97-01-01040).
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