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I. INTRODUCTION 

Among the other unconventional normal state properties of high-Tc superconductors an 

anomalous charge dynamics has also been detected in the optical measurements of the uii.der­

doped samples [1]. Namely, a non-Drude fall off of the low-frequency absorption indicating 

a linear w-dependence of the relaxation rate and an anomalous mid-infrared (MIR) band 

with a typical energy ~ 0.1 eV have been observed [2,3]. 

It is widely believed that unusual properties of the superconducting cuprates are due to 

the strong electron correlations [1]. The minimal model to describe correlation effects in 

the cuprates is the t - J model. While a number of analytical works have been done to 

investigate spin dynamics within the t - J model, only few of authors have studied charge 

dynamics [4-6]. In Refs. [4,5] charge fluctuations have been studied by slave boson and 

Hubbard operator (HO) formalism within the leading order of 1/N expansion,_respectively. 

It was found that the density fluctuations at large momenta shows a sharp high energy 
. ' 

peak corresponding to the collective mode which reduces to the sound mode in the long­

wavelength limit [4,5]. Later, the authors of Ref. [6] showed that next order corrections in 

1/N expansion leads to the broadening of the high energy peak due to incoherent motion of 

bear holes. Similar features of the density response have been previously observed in exact 

diagonalization studies of small clusters [7]. 

In the present_paper we investigate charge fluctuation spectrum ?f the t ~ {model.in the 

paramagnetic state with short-range antiferromagnetic (AFM) correlations. We develop a 
•• • ' r .• r ",;., . 

self-consistent theory for the dynamical charge susceptibility (DCS) by applying the memory 

function method in terms of HO's. The employment of HO technique has a twofold advan­

tage; By using the equations of motion for the HO's we automatically take into account 

scattering of electrons on spin and charge fluctuations originated from the strong correla­

tions, as it has first been pointed out by Hubbard [8]. Moreover HO formalism allows us to 

preserve rigorously the local constraint of no doubly occupancy. 

We calculate the memory function within the mode coupling approximation (MCA) in 



terms of the dressed particle-hole and spin fluctuations. Similarly to the antiferromagnetic 

Fermi liquid approach [9], we treat fermionic and localized spin excitations as independent 

degrees of freedom. We show that the memory function involves two contributions. The first 

one stems from the hopping term and describes a particle-hole contribution from the itinerant 

hole subsystem to the DCS. The second one involves scattering processes of electrons on 

charge and spin fluctuations and comes from both kinematik and exchange interactions. 

Further, we perform an analytical analysis of different limiting behavior of DCS to show 

that the essential features observed in the exact diagonalization studies [7] can be reproduced 

within the present formalism. We find out that for small q the DCS is mainly governed by the 

sound mode. Although unrenormalized sound velocity is larger than Fermi velocity, unlike 

to the Fermi liquid theory, the "self-energy" corrections, lead to softening of the sound. The 

renormalized sound falls down into particle-hole continuum getting a finite damping due to 

the decay into pair excitations. In the short-wavelength limit momenta density fluctuation 

spectrum mainly consists of a broad high-energy peak. At large enough wave vectors the peak 

is dispersed out from coherent particle-hole continuum and broadens due to high energy ~ t 
transitions involving the incoherent band of the one-particle excitations. The contribution 

from the particle-hole excitations from the coherent bandwidth leads to a some low-energy 

structure in the charge fluctuation spectrum. 

We also discuss the optical conductivity u(w). For low frequencies we analyze u(w} in 

terms of the generalized Drude law. We show that there is a mass enhancement of order 

m* /m ~ 6, due to the electron seattering on spin fluctuations. These scattering processes 

also leads to a frequency dependent relaxation rate which exhibits a crossover from w3/ 2 

behavior at low frequencies, w < 2lµI, to a linear w-dependence for w > 21µ1. We also 

discuss a possible origin of MIR band. 

The paper is structured as follows. In the next section we give the basic definitions and 

sketch the memory function formalism. In Sec. III we employ MCA to calculate a memory 

function. The dynamical charge susceptibility and optical conductivity are discussed in Secs. 

IV and V, respectively. The last section summarizes our main res~lts. 
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II. MODEL AND MEMORY FUNCTION FORMALISM 

The t - J model expressed in terms of HO's, x;13 = Ii, a)(i, .Bl, reads as 

H =Ht+ HJ= - Lt;;xr0xJ" 
ij 

+ ~ " J .. {xuiJ xiJu - xuu x/j/j} 4 ~ &J , A • , , 
t,J,ff 

(1) 

where the indices O and c, = ±1 correspond to a hole and an electron with spin u/2, 

respectively, t;; = t and J;; = J for the nearest--neighbor (n.n.) sites on a planar lattice. 

The HO's can be either Bose-like or Fermi-like and obey the following on-site multiplication 

rules x;13 x?5 = c5p1'Xf6 and the commutation relations 

[x;13 XJ°] ± = c5;; ( c5131'Xf6 ± c56aX7
13

) ' (2) 

where the upper sign stands for the case when both HO's are Fermi-like otherwise the lower 

sign should be adopted. In the t - J model only singly occupied sites are retained and the 

completeness relation for the HO's reads as 

xro + L xru = i. 
q 

The spin and density operators are expressed by HO's as 

sr = xr/j, Sz 1 '°' xuu '°' xuu i = 2 L..a i , ni = L.. i • 
q q 

(3) 

(4) 

The dynamical charge susceptibility Nq(w) is given by a Fourier transformed two-time 

retarded Green function (GF) [10] 

Nq(w) = -((nqln-q))w =if" dteiw1([nq(t),11_q]). (5) 

To calculate Nq(w) we employ the memory formalism as discussed in [11,12]. First we 

introduce density-density relaxation function 

<I>
9

(w) = ((nql1Lq))w = -i lo'..., dteiw1(nq(t)lrLq), (6) 
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where the Kubo-~ori scalar product is defined as 

(A(t), B) = f d>.(A(t - i>.)B}, (7) 

with /3 = l/T. The DCS Nq(w) is coupled to the relaxation function <I>q(w) by the equation 

Nq(w) = Nq - w<I>q(w), (8) 

where Nq = Nq(O) is the static susceptibility. 

We introduce the memory function M~(w) for the relaxation function <I>q(w) as 

<I>q(w) = w - M;(w)/Nq. (9) 

By adopting the equation of motion method for the relaxation function <I>q(w) one finds, 

that the memory function M~(w) is given by the irreducible part of the relaxation function 

for "currents" [13,14] 

M~(w) = ((jqlJ-q))~'- (10) 

The "current" operator Jq in the site representation reads as 

j; = n; = -i[n;, HJ = -i L t;i(X_r° X?" - H.c.). (11) 
j,r.r 

The Heisenberg part of the Hamiltonian (1) conserves the local particle number and thus 

gives no contribution to the "current" operator (11). To treat properly a contribution from 

HJ term we go one step further and similarly to Eq.(9) we introduce the memory function 

Mq(w) for the relaxation.function for "currents" M~(w) (10), by the following equation 

1T!q 

M~(w) = w _ Mq(w)/mq' (12) 

where 

mq = -((jqlJ-q} }w=O = i([jq, n_q]) (13) 

is the first momentum of DCS and the memory function Mq(w) is given by the irreducible 

part of relaxation function for "forces ": 
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Mq(w) = ((Fq\F-q))~' (14) 

with 

Fq = Jq = -i[jq, H]. (15) 

Further, to close the system of equations [~ee Eqs.(8),(9), and (12)] we employ a mode 

coupling approximation for the memory function Mq(w). 

III. MODE COUPLING APPROXIMATION 

First we express the memory function in terms of the irreducible part of time-0ependent 

corelation function for "forces" by means of the fluctuation-dissipation theorem [11] 

"" dw' ef3w' - 1 
Mq(w) = f 27!" w'(w - w' + iTJ) 

-oo 

X l dte-iw't(F-q(t)IFqt'· (16) 
-oo 

The "force" operator given by 

F; = L , [nf.~j - n~J + H.c.] , 
m,3,ur.1 

(17) 

naa' t [ t (X"OXO" r X"OXO,r B,r ") m,i,j = im mj i j Uqq' - i j m 

+ JmiXf0 X~' Bf'"], (18) 

where the Bose-like operator 

B[" = X[1i 8,,,,, - Xf" 81t,,, 

= [~n; - o-St] 8,,,,, :- Sf 8ita' (19) 

describes electron scattering on spin and charge fluctuations. 

The sum in Eq.(17) contains the products of HO's from the same site. As follows, 

such products give no contribution to the memory function, while being decoupled they 
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do contribute. That is result of the complexity of HO's algebra (2). To show this let us 

consider the term given by Eq.(18); since (i,m) and (m,j) are n.n. pairs ii m and mi j, 

however i can be equal to j. For the latter case, i = j, the first term in Eq.(18) is linear 

in density operator (Xf0 X?q = xr) and thus gives no contribution to the irreducible part 

of corelation function for "forces" [14]. As for the second term (18), one can easily verify 

that in the case i = j it is canceled out by its counter part from the sum (17). Finally, the 

last term in Eq.(18) vanishes for i = j since Xf0 B'(q = 0 due to the constraint. Therefore 

we have to substruct these terms from the "force" operator. As a result we come to the 

following expression in the momentum space 

1 
Fq = - ../N L Gk,qxktqx~q 

k,q 
1 

- - " M Xq0 X 0o-'Bo-'q N L k,q,p k+q-p k p ' 
k,p,O'u' 

the vertexes Gk,q and Mk,q,p are given by 

Gk,q = 9k,q - Yk,q 

M "[ (i) -(i) l 
k,q,p = L....t mk,q,p - mk,q,p 

i 

where 

2 2 (I) z2tJ [ 
9k,q = (zt) 1'k,q• mk,q,p = -2-,P /k-p,q - 1'k,q] 

mf,~,P = (zt)2[,k,q!k+q-p - /k-p,q/k], 

(20) 

(21) 

(22) 

(23) 

In Eqs.(21) and (22) g(m) denote g(m) averaged over the Brillouin zone and are given by 

- 2 -(1) ztJ ) 
9k,q = 2zt (1 - /q), mk,q,p = 2[,k,q - /k-p,q 

-(2) _ 2 
rrlic,q,p - 2zt 1'p-q,q, (24) 

where 1'k,q = 1'k+q - 1'k, /q = 1/2[cos(qx)-+ cos(qy)] and z = 4 for 2-dimensional square 

lattice. This form of the renormalized vertexes (21)-(22) insures that all the operators in 

the products of Eq.(20) are from different sites. Therefore they can be simply permuted 

within the decoupling procedure. 
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To calculate the irreducible part of the time-dependent corelation function in the right­

hand side of Eq.(16) we apply the mode-coupling approximation [12] in terms of an indepen­

dent propagation of dressed particle-hole pairs and charge-spin fluctuations. The proposed 

approximation is defined by the following decoupling of the time-dependent correlation func-

tions 

(,\'{~q(t)xiq(t)lxk:~qxi:1') '.::: 

aq,q'ak-q,k' (x;;-~q(t)xi:1·) (xiq(t)xk:~q), 

(Xk~q-p(t)X~q' (t)n;'q(t)IXk?+q-p'x~( n;,s) 

~ Ou,s'Ou1 ,s8k-q-p,k'Jp,-p' 

(xk~q-p(t)xi~') (X~q' (t)xk?+q-p') (n;'q(t)n;.'). 

(25) 

(26) 

By using the decoupling scheme and the spectral representation for the two-time retarded 

GF's [10] we obtain for the memory function 

1 
Mq(w) = - [Il(q, w) - Il(q, O)], 

w 

Il(q,w) = I1 1(q,w) + Il2(q,w), (27) 

where I11 (q,w) and I12(q, w) stems from the first and the second term of Eq.(20), respectively. 

Their imaginary parts are given by 

00 

II ) -271'" 2 / rr,(q,w = N LGk,q clw,nw,w, 
k -oo 

x Ak(w 1)Ak+q(w1 +w), (28) 

II _ -
271' 2 f'f Il2(q,w) - N 2 LMk,q,p J r/,w,clw2Nw,w,,w, 

k,p -oo 

x Ak➔ q-p(w - w, + w2)Ak(w2)x:',(p,wi), (29) 

where nw,w, = n(w,) - n(w, +w), Nw.w,,w, = [l + N(w,) + N(w -wi)]nw,,w-w, with 11(w) and 

N(w) being Fermi and Bose distribution functions respectively, and 
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Ak(w) = -~lm((xgu I x;0
))..,, 

7r 
(30) 

is a single-particle spectral function which does not depend on spin a in the paramagnetic 

state. We have also introduced the unified spin-charge fluctuation spectrum 

x:_(q,w) = 
4
~N;(w) + x;(w), (31) 

with 

1 
Xq(w) = --((SqlS-q)).., 

7r 
(32) 

being the dynamical spin susceptibility. In obtaining Eq.(29) we have also used the identity 

({S~IS~q)).., = 2((S~IS~q)).., which holds in the paramagnetic state. 

AB it is clear from Eq.(27) the memory function involves two contributions; the first 

one (28) stems from the Ht term (1) and describes the particle-hole contribution, while the 

second one comes from both Ht and HJ parts and involves electron scattering on spin and 

charge fluctuations. 

Since the charge flu•ctuations are suppressed for ,5 ➔ 0 (,5 being the hole concentration) 

N~(w) is at least of order of ,5 (or even smaller). Therefore, considering the leading in ,5 

contributions we retain only the scattering from spin fluctuations. 

For further discussion it is more convenient to integrate out the fermionic degrees of 

freedom (k,w2) in rr;(q,w) (29). That results 

IT~(q,w) = ~ L f dw1 [l + N..,, + N..,_..,1 ] 

p -oo 

x fI;_P(w - w1)x~(wi), (33) 

where we have introduced an effective spectral function 

-,, -2-,r 2 1"" 
rrq-p(w) = N I;Mk,q,p dwinw,w, 

k -oo 

x Ak+q-p(w + wi)Ak(wi), (34) 

for particle-hole excitations coupled to a particular (p, w) state of spin fluctuations. 
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To conclude the section we calculate the first momentum of DCS (13). By performing 

the commutation between the density and "current" (11) operators we readily get 

mq = 4ztN1 (1 - ,Yq), (35) 

where 

N = _!__ L 1'.m(xuO xo") 
m N q q q q 

(36) 

is the particle-hole corelation function. 

IV. DYNAMICAL CHARGE SUSCEPTIBILITY 

The Eqs.(8),(9), and (12) result in the following form of DCS 

. Nq(w) = mq 
w2 - [IT(q,w) - IT(q,0)] /mq - Of (37) 

where mq is the first momentum of DCS given by Eq.(35), and O! = mq/Nq is a mean 

field (MF) spectrum for the density fluctuations. The memory function formalism does 

not provide itself the static susceptibility Nq. The latter one is calculated within the same 

approximation scheme as for the static spin susceptibility [15]. That results to the following 

form of MF spectrum 

where 

!12 = 2z2t2Cq(l - 'Yq) q 

1 n J 
Cq = -(1 - -) + N2 - -N1(l + Z,Yq) 

z 2 2zt 

(38) 

(39) 

and the parameters Nm are defined by Eq.(36). Here we note that the MF spectrum nq 

resembles the dispersion of undamped collective mode in the charge channel found in the 

leading order of 1/N expansion [4]. 

In a proper analysis, Eqs. (27)-(29) and (37) should be treated self-consistently with 

the equations for the single-particle spectral function Ak(w) [16] and the spin susceptibility 
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Xq(w) [15], the problem, to our knowledge, can be solved only numerically. Here we show, 

that the main features of charge fluctuation spectrum observed in the exact diagonalization 

studies [7] can be, at least qualitatively, reproduced in an analytical way based on the 

physically justified anzats for the single-particle spectral function and the dynamical spin 

susceptibility. First we discuss one-particle spectral function Ak(w). 

Actually, the spectral characteristics of the t- J model have been investigated by various 

analytical and numerical approaches [17]. Those results led to the consensus that the single­

particle spectrum involves a narrow quasiparticle (QP) band of coherent states and a broad 

continuum of the incoherent states. The corresponding spectral function can be represented 

as 

Ak(w) = Ak0 h(w) + A~<(w), (40) 

where the QP part is given by 

Ak0 h(w) = Zk8(w - Ek), (41) 

with Zk and Ek = ck - µ being the QP weight and dispersion referred to the chemical 

potentialµ, respectively. While the incoherent part A~<(w) is little effected by the doping, 

the coherent band structure strongly depends on the magnetic background. Namely, in the 

low doping regime (ordered phase) the QP dispersion is determined by the hopping within 

a given AFM sublattice [17] and Fermi surface (FS) consists of small hole-pockets centered 

around (±-rr /2, ±-rr /2). While for a moderate doping (paramagnetic state) the dispersion 

reflects the dominance of n.n. hopping and there exists large, electronic FS which enclose 

a fraction of the Brillouin zone equal to the electron concentration n [18) . For the latter 

doping regime, the exact diagonalization results are well fitted by the simple tight-binding 

dispersion with some effective hopping amplitude teff which scales with J ( for 8 = 0.1 and 

J = 0.4t tetr = 0.24t [18]). Hence, in the paramagnetic phase we can put ck= -ztetr'Yk - µ. 

Nearly structureless incoherent part is predominantly distributed bellow the QP band 

(in the electronic picture) and we approximate A~<(w) as follows 
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fl 

Atic(w') = ~0(-w')0(TT'lnc + w'), (42) 

where lV;
11

c ~ 5t is the incoherent bandwidth and w' is measured from the bottom of the QP 

band. The spectral weights of the incoherent band r and QP Zk are provided by the sum 

rules 

and are given by 

1 00 • 

NL f dwAk(w) = 1 - ~ 
k _

00 
2' 

1 0 

NL f dwAk(w) = n, 
k,t1_00 

28 
Z=·1+8' 

2(1 + 8) tt'lnc, r = (l - 8)2 

(43) 

(44) 

where Z = (Zk) is the averaged QP weight and it coincides with one obtained within the 

Gutzwiller approximation [19]. 

Based on the above form of the spectral function (40)-(42), the equal time correlation 

functions N1,2 (39) is estimated to be 

2 
N1 ~ 2 nZ, 

7r 

n 
N2 ~ 2z (45) 

Finally we assume that the spin susceptibility Xq(w) (32) is peaked at the AFM wave 

vector Q = (-rr,-rr) [20]. Then, at T = 0, we approximate TI~(q,w) (33) as follows 

w 

TI~(q,w) ~ / dwiTI~_q(w - wi)x"(wi), (46) 
0 

where_ 

x(w) = ~ I:x;(w) 
p 

(47) 

is the local spin susceptibility. Since the detailed form x(w) is not essential for our study 

we use the following relaxation type form 

X 
x(w) = 1 _ iw/wo 

11 
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which seems to be in accordance with the exact diagonalization data [7,21]. In Eq.(48) 

w0 ex: J is the energy scale of spin fluctuations and x is the static susceptibility provided by 

the sum rule 

w, 3 
j dwx(w) = 4n, (49) 
0 

with high-energy cutoff We= 2J. Eqs. (48) and (49) results 

37rn 
X = . . 

2w0 ln[l + (wc/wo)2] 
(50) 

A. Long-wavelength limit 

First we discuss small q, w limit of DCS. In the long wave-length limit, q -+ O, MF 

spectrum (38) reduces to the sound mode flq = v.q with the sound velocity Vs = ztJCo/2 

larger than the Fermi velocity VF(µ)= zteffJ(l - µ2)/2 ( µ = 1µ1/zteff ::::- 7rli/4 for small 6). 

At small q the vertex functions (21)-(24) are given by 

with q = q/q. 

Gk,q = 2t2[2z( qV k1'k)2 - 1 ]q2, 

Mk,Q,p = z(z - l)tJ(qv'k1k)q 

(51) 

(52) 

First we consider the real part of "self-energy" II(q,w) (27)-(29). Since for small q the 

vertex functions Gk,q ~ q2 and Mk,Q,p ~ q we proximate II' ( q, w) ::::- II; ( q, w) to keep the 

leading in small q contributions. Moreover for small w we expand II; ( q, w) as 

II;(q,w) ::::- II;(q,O)- o:qw2, (53) 

where o:q > 0 and is given by 

O:q = 1 rfII;(q, w) I = -~ j"" II;(;' w) dw. 
2 dw2 w=O 7r W 

(54) 
-oo 

Since II~ ( q, w) ( 46) is an odd function of w there is no linear in w term in the expansion 

(53). The Eqs.(37) and (53) results in the following form of DCS for small q, w 
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1 
1 

1 
I 

Nq(w) ::::- -mq/(1 + .X) 
w2 - v~q2 + 2iwr q' 

(55) 

where 

.X - r o:q - - _v_, - r - -II"(q,w) 
- q1!';A mq' v, - v'"[TI' q - 2mq (1 + .X)w' . (56) 

v, and r q are the renormalized sound velocity and sound damping, respectively. 

First we consider renormalization factor .X. The estimation of .X is interesting by itself, 

since it represents the interaction induced electron mass enhancement factor [see Sec. V] 

and can be related to experiment [22]. The approximation (40) for the one-particle spectral 

function Ak(w) leads to the two different contributions to the effective spectral function for 

particle-hole excitations fI~_Q(w) (34). The first one fI~_Q(w)c-c is due to the transitions 

within the QP band and the remaining part fI~_Q(w)i-c are provided by the incoherent­

coherent transitions. 

First, considering fI~_p(w)°•c (34), (51) we come to the following expression for small q 

fl" ( )C·C - -27rAZ2 2 ""'(. V )2 q-Q w - N q ~ q k1k 
k 

x[n(Ek) - n(Ek-tw)]li(w - fk+q-Q + Ek), (57) 

with A = [z(z - l)tJ]2. As it has been previously discussed by several authors [23], the 

particle-hole spectral function for tight-binding electrons exhibits a crossover at frequency 

w = 21µ1. Namely, for w < 21µ1 it is peaked at the incommensurate wave vectors Q. = 

(7r ± Ii*, 7r), (7r, 7r ± Ii*) where the displacement Ii* for smallµ is given by Ii*::::- µ/teff• While 

for w > 21µ1 particle-hole spectral function gets its maximum value at AFM wave vector Q 

and follows the nested Fermi liquid scaling [24]. Hence we consider the cases w < 21µ1 and 

w > 21µ1 separately. 

In the case w < 21µ/ we put Ek+q-Q = Ek-Q. in Eq.(57) and for Ii* « 1 expand fk+Q. ::::­

-fk - {J*8Ek/8k,,. Moreover, since the dominant contribution in the integration in Eq.(54) 

comes from w ~ 0, at T = 0 we approximate n(tk) - n(Ek+w) ::::- wli(tk) and as a result we 

get 
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n-11 ( )c-c -21rAtZ
2 

,.2 ( ) ( I I ) 
q-Q w = w2 I I 'l wl1 w 0 2 µ - w ' 

cobµ 

where Wcoh = 2zteff is the coherent bandwidth, and 

2sin2 k* 
I1(w) = "' 

7r2 I cos k; sin kz I 

(58) 

with sink; = 1 - w/(21µ1) and cask; = 2µ - cosk;. For w « 21µ1 we have J1(w) ::e 

2Jw/lµl/1r2 and thus 

-4AtZ2!fii 2 -,, (wy-c ::e --2 -I lq. 
nq-Q 1rWcoh µ 

Then from Eqs. (46) and {59) for the velocity renormalization factor>. (56) we get 

>.c-c ~ ../2Az2x 
1 

- 151r2zt~N1wo 

{59) 

(60) 

where the QP weight Zand n.n particle-hole correlator N 1 are given by Eqs.(44) and (45). 

For the actual values of the parameters J = 0.4t, t.tr = 0.24t, and 8 = 0.1 we obtain >.r-c ::e 4. 

Next we consider the case w > 21µ1. In this case particle-hole spectral function is peaked 

at AFM wave vector Q and from Eq.(57) we come to 

- -1rAZ2 
n~_q(wr° = -w. q2 I(w)0(w - 2µ)0(2 - w), 

coh 
(61) 

where w = 2w/Wcoh and 

1 
I(w) = 2 [w+E(w_/w+) - 2wK(w-f w+)) 

7r , 
(62) 

with W± = 2±w, K(x) and E(x) are the complete elliptical integrals of the first and second 

kind, respectively. The function I(x) (62) is normalized to 1/4 in the interval 0 < x < 2 

and well approximated by the following linear dependence I(x) = (2 - x)/8 and we get 

-,, ( )c-c -1rAz2 ( ) 2 
nq-Q w ::e 

4
w2 f w q 

coh 

f(w) = (Wcoh - w)0(w - 2lµl)0(Wcoh - w). 

That results in the following contribution to >. 
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>.~-c ~ 2(z - 1)2tJz2 
- N1W2 I, 

coh 
(64) 

with 

I= l J dxd/(xx; y) x(y)0(2 - y) (65) 
0 0 

where the dimensionless function /(x) and x(y)stands for f(w) {63) and spins susceptibility 

x(w) (48) measured in units of J. For J = 0.4t, 8 = 0.1 we calculated the integral ( 65) 

numerically and found I = 0.5. Then from Eq.(64) we estimate >.~-c ::e 0.8. 

As for the remaining contribution fi;_q(w)i-<, with the help of Eqs.(34),(42), and {52) 

at T = 0 we obtain 

- - -1rAZ 2 n" {w)I-C '.:e --q q-Q 4zr 

X 0(2w - Wcoh + 2lµl)0(Wtot - w), {66) 

where Wtot = Wcoh + H';nc is the total bandwidth. From Eq.{56) and by using the sum rule 

{49) the upper value of the incoherent-coherent contributions to Il~(q,w)i-< is estimated as 

Il"(q w)i-c ~ ~nfi" (w)i-c 
2 , - 4 q-Q . (67) 

That results in 

>.i-c ::e 3n(z - 1)
2
~tJ2 [4 - Wc}h] ::e 0.1. 

16f Ni wcoh Wtot 
(68) 

The small value of >.i-c ::e 0.1 in comparison with >.i-c ::e 4 is due to the existence of the 

large threshold energy (Wcoi,/2 - lµI ::et) (66) for the incoherent-coherent transitions which 

are important only in describing the high energy density fluctuations_ 

Finally, by summing all three contributions {62), {66), and {70) for the velocity renor­

malization factor we get >. ::e 5. 

It follows that the renormalized sound velocity{56) gets smaller than the Fermi one 

v, = v,/../1+>. < VF. Here we notice, that in the Fermi liquid theory, for v, > vF the man~· 

body corrections leads to the stiffening of the sound [25]. Contrary to this, , in the present 
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case there is a softening of the sound. That is due to the scattering on spin fluctuations 

given by Ih{q,w) term {46). The renormalized sound falls down into particle-hole continuum 

getting finite damping due to the decay into particle-hole pairs [26]. This process is described 

by Il7(q,w) (28). The latter one in the small q,w limit reads as [see Eqs.(28) and (51)] 

-81rt4 z2 

Il';(q,w) = N wq3 :E[2z(qv'k'Yk)2 -1]2 

k 

x 8(€k)8(w/q - qvk), (69) 

where vk = v'k€k is the QP velocity. The integration over kin Eq.(69) results 

,, -.,/2t
4
Z

2 
[ ( 2w )

2

] 3 
n,(q,w)=rrt~lsin01 l- qvF wq, (70) 

where cos 0 = [µ2 + 2w2 
/ q2]/ vi - 1. That results in the following form of the sound damping 

rq~/Hw 
z2t3 

f3 = 1rzt.1£N1 v;' 
(71) 

for the actual values of the parameters /3 < 1, and thus, in accordance with Ref. [6], one 

obtains that the sound damping is only numerically smaller than its energy. 

B. Short-wavelength limit 

At large momenta the main spectral weight of density fluctuations is located at high 

energies, (~ t), near the MF spectrum flq (38). For instance at q = Q we have nQ ~ zt 

while in the exact diagonalization studies [7] the peak is observed at w ~ 6t. However, 

considering a " self-energy" corrections and noting that Il~ ( w) falls off as 1 / w2 at large 

frequencies, from Eq.(37) we obtain the renormalized spectrum as Oq ~ Jn~ - Il~(0)/mq. 

One can easily show that Il~(0) < 0 and hence the spectrum is shifted to the higher energies. 

At large momenta the peak is dispersed out from the coherent particle-hole continuum and 

its broadening is only due to the high energy transitions involving the incoherent band. 

Since the latter one has been neglected in Ref. [5] the authors observed an infinitely sharp 

peak. However, as it follows the damping of the high energy mode is comparable to its 

energy. Near the pole Oq we estimate the damping as 
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-II"(q,Oq) 
rq = 2mqOq (72) 

where II" ( q, w) = rr7 ( q, w f< + Il~ ( q, w f< describes the incoherent-coherent transitions. 

From Eqs.(28) and {42) for q = Q we obtain 

rr"(Q )i-c ~ -5rr(zt)
4 
Z 

I ,W - • 4f . 

The second contribution Il~(q,w)i-c from Eqs.(34), (42), and (67) is estimated as 

II"(Q )i-c ~ -6n1r(zt)
4
Z 

2 ,w - 5r . 

The Eqs.(72),(73), and (74) result in 

f' q ~ 2(25 + 24~)rrt
3 
Z ~ 3t. 

5N1fflq 

(73) 

(74) 

(75) 

Thus the peak gets rather broad in accordance with the exact diagonalization results [7]. 

For large momenta but low energy, charge excitation spectrum should show some low 

energy structure related to the contribution from particle-hole continuum to N~(w). Since flq 

is larger in (e, e) direction than in (e, 0), the low energy structure should be less pronounced 

in the latter case. The same anisotropy has been observed in the exact diagonalization 

studies [7]. 

V. OPTICAL CONDUCTIVITY 

In this section we discuss the optical conductivity a(w). In the linear response theory 

of Kubo [27] the frequency dependent conductivity is given by the relaxation function for 

currents 

ie2 

axx(w) = v((JxlJx))w- (76) 

By using the continuity equation and equation of motion for the GF's, one can easily relate 

the longitudinal conductivity to the dynamical charge susceptibility (5) 
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Uxx w) = --Jim W q w) ( 
ie2 N ( 
V q➔O q2 , 

(77) 

where q = qx. From Eqs. (37) and (77) we express conductivity in terms of the memory 

function 

ie2 D 
Uxx(w) = y w - M(w) (78) 

where D = Jim mq/ q2 = ztN1 is the Drude weight which is given by the half of the averaged 
q➔O 

kinetic energy D = -(H1}/2, mq and N 1 are defined in Eqs. (35) and (36), respectively. 

The memory function M(w) reads as 

M(w) = Il(w) - Il(O) 
w 

(79) 

where 

Il(w) = Jim Il(q,w) 
q➔O Dq2 , (80) 

with Il(q, w) defined in Eq. (27). Since for small q, Il1 (q, w) ~ q4 (28),(51) and Il2 (q,w) ~ q2 

(29),(52) only the second one contributes to Il(w). The latter is given by Eqs.(33)and (34) 

at q = 0 with Mk,q,p replaced by the transport vertex given by 

M 
Mkp = Jim \q,p = [tk-pVk - tkvk-p - 2tvp] 

' q➔O q 

1 + 2[J + Jpl[vk-p - vk], (81) 

where tk = zt"(k, Jk = ZJ"fk, and Vk = atk/Dkx. 

We rewrite conductivity (78) in the form of the generalized Drude law as follows 

e2 .D(w) 
Uxx(w) = V 1/f(w) - iw' (82) 

where an effective Drude weight and the relaxation time are given by 

_ D _ r(w) 
D(w) = 1 + >.(w) r(w) = 1 + >.(w), (83) 

with 
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M(w)' _l_ = -M(w)", 
>.(w) = - -w r(w) (84) 

and 1 + >.(w) is the interaction induced mass enhancement factor. The latter one in the 

static limit is calculated in the proceeding section and is estimated to be of order 6. That is 

in a good agreement with the optical measurement data [22]. Here we mainly focus on the 

analysis of the low frequency behavior of the relaxation rate 

r(w) = _1_ = _ Il"(w). 
r(w) Dw 

(85) 

Following the Sec. IV we approximate Il"(w) as 

w 1 fi" (w w ) w < 21µ1 n"( ) fd "( ) Q. - I W '.'.:= W1X W1 X 

o · fIQ(w - wi) w > 21µ1. 
(86) 

In the case w < 21µ1 the effective spectral function of particle-hole excitations fIQ. (w) (59) 

is given by 

-41rAtz2 E 
fIQ. (w) '.::= WcohD Y 1µ1· (87) 

We remark the square root behavior of particle-hole spectral function TIQ. (w) ~ .,/w in­

stead of the conventual linear w-dependence [25]. This behavior results in the square root 

singularity of the structure factor that is known as 2kF anomaly familiar for the electron 

system in low dimension [23]. It also leads to the deviation from the conventional square 

law resulting in the following form of relaxation rate 

r( ) ~ 16AZ2tx 312 w_ li.:iw. 
151rDWc~hV lµlwo 

(88) 

Here we note, that w-dependence (w3l2
) of inverse life time for electrons close the saddle 

points has been obtained in Refs. [28,29]. In the present case Van Hove singularity plays no 

role. The obtained w312 --dependence of the relaxation time is rather due to the coexistence 

of the peak in the spin fluctuation spectrum and the 2kF "anomaly" in the particle-hole 

spectral function at q ~ Q. We notice that the former one ,2kp "anomaly", is not related 

to the FS topology and is inherent to the low dimensional electron system. 
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Now we consider the region w > 21µ1. In this case the particle-hole spectral function 

is peaked at AFM wave vector and is almost w independent for low frequencies w « Wcoh 

(63), that results in 

1rAZ
2x w. 

r(w) '.::'. 8Wco1iDWo (89) 

Unlike to the previous case, now the electron band structure is mainly responsible for ob­

tained behavior. Of course the AFM character of spin fluctuations favors the scatter process 

with momentum transfer Q and thus enhance its contribution to the relaxation rate. 

To summarize the low energy behavior of optical conductivity, we have shown that the 

relaxation rate due to the electron scattering on spin fluctuations exhibits the crossover from 

r(w) ~ w312 behavior at low frequencies w « 21µ1 to linear w-dependence at w > 21µ1. 

Now we discuss the conductivity at intermediate frequencies. The exact diagonalization 

studies of the latter quantity have suggested a possible explanation of the MIR absorption 

within the one band model [17,30]. For instance, as it was observed in Ref. [30], the fi­

nite frequency part of a(w) is dominated by a single excitation which scales with J in the 

underdoped regime [30]. The origin of this excitation was ascribed to transitions in which 

an internal degrees of freedom of the spin-bag QP are excited. The presence of the extra 

absorption ranging from MIR frequency to ~ 1 eV was also observed in 1/N expansion 

study of the t- J model [31]. The authors of Ref. (31] interpreted this feature as due to the 

incoherent motion of charge carriers. Below we also support the latter point. 

Actually, with increasing energy an extra channel of optical transitions opens. These 

are the transitions which involve an incoherent band of the single-particle spectral function. 

As we have already discussed the incoherent-coherent transitions are characterized by the 

energy scale ll = Wcoh - 2lµI being a threshold energy for creating " particle-hole" pairs 

with a "hole" in the incoherent band. Due to this extra channel at w > l:. the real part of 

a(w) starts to increase. Since a(w) vanishes in the limit w ➔ oo there should be a peak 

in conductivity at energies of order L::.. Since the coherent bandwidth Wcoh (and hence L::.) 

scales with J it follows that the typical energy of the peak is also J. That is in accordance 

with the exact diagonalization results (30]. 
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VI. CONCLUSION 

To summarize, we have developed a self-consistent theory for both the dynamical charge 

susceptibility and the optical conductivity within the memory function formalism in terms 

of the Hubbard operators. 

We have found that in the long-wavelengt!i limit the charge fluctuation spectrum is 

mainly governed by the sound mode (55}. Although unrenormalized sound velocity is larger 

than the Fermi velocity the "self-energy" corrections leads to the softening of the sound, it 

falls down into the the particle-hole continuum and thus acquires a finite damping due to 

the decay into pair excitations. The sound damping (71) is only numerically smaller than 

its energy and hence there is no 'Yell-defined sound mode. 

At large momenta the density fluctuation spectrum mainly consists of a broad high­

energy peak which nearly follows MF dispersion (38). At large enough wave vectors the 

peak is dispersed out from the coherent particle-hole continuum and its broadening (72) is 

due to the high energy ~ t transitions involving the incoherent band of the single-particle 

excitations. Contribution from the particle-hole continuum results in some low energy struc­

ture of the charge fluctuation spectrum. Since the high energy peak is situated at higher 

frequencies in ((, () direction than in the ((, 0) one a low energy structure should be less 

pronounced in the former case. 

We have also discussed the optical conductivity. At low frequencies we analyzed a(w) in 

terms of the generalized Drude law. We have shown that there is large mass enhancement of 

order m* /m '.::'. 6, due to the electron scattering on spin fluctuations. This scattering process 

also leads to the non-Drude fall off of the low energy part of a'(w). Namely, the relaxation 

rate shows a power law w-dependence with the exponent 3/2 at low frequencies w < 21µ1 

and is linear in w at frequencies w > 21µ1, As for the intermediate frequency conductivity, we 

have pointed out the existence of a characteristic energy L::. (of order J) above which an extra 
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channel of the optical transitions opens. These are the transitions in which a particle-hole 

pairs with a hole in the incoherent band are excited and they might be responsible for the 

experimentally observed MIR absorption. 

Obtained results are in a good agreement with the exact diagonalization studies of small 

clusters [7]. 
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)l)KaKenH r., TTnaKHJ:ta H.M. E17-98-251 
3ap51AOBruI AJIHaMHKa Ii onTHqecKruI npoBOAHMOCTb B t - J MOAenH 

)lHHaMHqecKruI 3apMOBruI BOCnpHHMqHBOCTb H onTHqecKruI npOBOAHMOCTb 
BblqHCn51IOTC51 M51 t - J MOAenH B napaMarnHTHOH cpa3e Ha OCHOBe cpopManH3Ma 
cpyHKUHH naM51TH B TepMHHax onepaTopoB Xa66apAa. TTonyqeHa caMocornacoBaHHruI 
CHCTeMa ypaBHeHHH M51 cpyHKUHH IlaM51TH B paMKax nptt6ntt)KeHH51 B3aHMOAeiicrny­
l01UHX MOA. TToKaJaHO, qTO B MHHHOBOnHOBOM npeAene cneKTp 3ap51AOBblX cpnyKTy­
auHii AaeTC51 3aTyxa10meii 3ByKOBOH MOAOH, B TO BpeM51 KaK B KOpOTKOBOnHOBOM 
npeAene cymecTByeT urnpoKHii MaKCHMYM c xapaKTepHoii :meprneii (- t). 11ccneAo­
BaHHe omttqecKOH npoBOAHMOCTH noKa3b!BaeT, qTQ 3aBHCHMOCTb cpyHKUHH penaK-

caUHH OT qacTOTbl HMeeT BHA ro312 nptt ro < 21 µ I H onttcbrnaeTc51 nttHeHHblM 
3aK0110M nptt ro > 2 Iµ I . TTonyqeHHb1e pe3ynbTaTb1 xopowo cornacy10Tc51 c pe3ynb­
TaTaMH TOqHOH AHaroHanHJauml. 

Pa6orn BbmonHeHa B Jia6opaTopHH TeopeTttt.iecKoii <ptt3HKH HM. H.H.Eoron10-
60Ba 0115111. 

ITpenpHHT Om,e)IHHeHHOfO HHCTHTyra ll/lepHblX HCCJle)IOBaHHii. ,lly6Ha, 1998 

Jackeli G., Plakida N.M. EI7-98-251 
Charge Dynamics and Optical Conductivity of the t - J Model 

The dynamical charge susceptibility and the optical conductivity are calculated 
in the planar t - J model within the memory function method, working directly in 
terms of Hubbard operators. The density fluctuation spectrum cons.ists of a damped 
sound-like mode for small wave vectors and a broad high energy peak (- t) for large 
momenta. The study of the optical conductivity shows that electron scattering from 
spin fluctuations leads to the Drude frequency dependent relaxation rate which 

exhibits a crossover from w312 behaviour at low frequencies (ro < 2 Iµ I), to a linear 
ro-dependence for frequencies large than 2 I µ I . Due to the spin-polaron nature of 
charge carriers extra absorptions starting at frequency w :5- J arise. Obtained results 

are in good agreement with exact diagonalization studies as well as with experimental 
results for copper oxides. 

The investigation has been performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna, 1998 


