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A great variety of excitations in disordered crystals
may be desoribed with sufficlent accuracy in terms of Hamilto-
nians which are simply the quadratic forms in Bose or Ferml
operators with random coefficients., To thls class there belong
electron systems, phonons, excltons and magnons as well as
some one-dimensional magnetic systems such as random XY chaln *.

In spite of apparent simplicity of these Hanlltonlans,
the spectral problems caused by randomncss arc by-no reails
trivial and were intensively investigated by many authors ( sce,
eeg.,a comprehensive review [2] ).

In thls note we glve somec estimation for the free encrgy
of these systems. The proof 18 based on the concavily property
of the function A —> Indetd

S cindetA°< Indet A, €20, c=1

where A(Y) ¢ the positive cefinite I matrices. The inequa—
1ity (1) follows directly from the Hinkowski inequality for
determinanta [J] N

Lemna

Let us consider the class of Hamlltonlans

*) With spin Hamiltonian unitarily equlvalent ( Jordan~Vigner
transformation) to some quadratic form in Ferml operators [1] .



H (6"‘,,3“’)=ZSS/;QIGA -+ %Z(R:;a:apf+hc) , @pat ., N, (2

where a.: »y &, are Dose or Fermi operators, amd &, R
are real random matrices with a gilven probability distribu-—
tion and with obvious symmetry properties
59 50 R;Od (Bose case)
A

A Rap= 3
'Rﬁd (Fermi case)

Then if we introduce the matrix

sz-'= (5(1‘)+ R“’)(-Sm— Rm) @

assume 1ts positive definiteness, and define the mean free

energy FI of the system as

¢

F == /3"’( LA Tr exp(-pHy s R"")))Av ,(g=7F)

the followlng lnequalities
e ed : . 1
Fy € -7 Tr(s%),, + g ' lndet 25inh 3 (2),)*  (B.c0), (6)

£ ) 71_-;-,.(‘St“)m,—/J"’l'7'.'191'2('0-”'?%((D""z)mya (Bece) (T

hold.
Here ("’)Av denotes the average with a given
. H 2 1,
distributlon function and (o ’)A,)é 1s the posltive deflnite

Ty
quadratic root of o )Av .
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Proof

As 1s well knovn, under the above assumptions the quadratic
form (2) nay by the Bogolubov's canonical (u,v) transformation

be transformed to
) Wt
Hy, = Eon +ZE,b,bps €))
v
where 8“:)0 are determined from the elgenvalue problem

Du’tz n": - 6“:2/7(‘: (9)

£ - £ (T TED)

»

on'= 3(Tr8-26))

(B.c.), (10)
(F.C.), (11)
- )
The formula for the ground state energy l:g,‘. may be
obtained simply in Ferml case from the invariance of trace Hy

under ( u,v) transformation. For the Bose case we may obtain

1t from the standard exprcsslon

) L) ) 42
E°‘~ = _Zeﬂlvﬂvl

LY

( seey €.gey [4_] ) where Usp , Vap are the coefficients of the
(uyv) transformation, if we derive, taking into account the
orthonormality relations, the following intermediate result
-y _ 1 I B | W ) — ‘l’) QL (1)) .
Eo,n —T;E » TZ(U,“\S,-(U:“ V“"él"v"w (12)
dvl
For dlagonal $7 formula (10) 1is then obvious amd holds

1n general due to the lnvarlance of the oxrthonormality relatlans

under orthogonal transformatlons dlagonallzing the symmetric
matrix s,



liow, after simple algebra, we may write the exact free

energy in the form

F, =~ 4 (7r5®),,+ o~ (Indet 2000 £57),, (Becs), (1)
Fa™= EL(T’S“.')M - ﬁ-,(l”dETZLO‘Sh ,G_g_‘_“)“ (Fec), ()

, . )

where D )=(p'*¥)2 |, D' 15 positive definite.
Expanding the functions sinh and cosh in (13)and (14)

in infinite products and taking the logarithm we obtain

. o « = . 2402
lndetZsmhL’ZB g -,zl-m/szdetb ’1+Z lndet (T + L2 ) e

4733
Ka 1

. i = élbu)z
lndeTZL‘a\slef—’= Nin2 +Z_11ndef'(f+ Qu/)’Tl"). 16)

Finally, applying the inequality (1) term by term to
the above expansions we complete the proof of (6) and (7) .

Comnments

The obtained bounds correspond to the simplest approxima-—
tion in the eigenvalue problem, when we replace prir?
by (D“*)ay . In practice, this matrix can be easily calcula-
ted and dlagonalized ( as a rule, after averaging we restore the
crystal symmetry).

For Ferml systems, when HN is a bounded operator, the
upper bound for the free energy can be easily obtained taking
into account the convexlty property of the function A — InTr eA

(5] which leads to

— —_ pr——

Foy§ FyLHYC(89),, ,(RD,)] o

and corresponds. to the so-called ™virtual cryétal approximna-—
tion® in the theory of disordered systems.
The similar argument cannot be applied to the Bose systems
when HN is unbounded, Instead, we have our uper bound (6) .
The 1imit T — 0 can be taken in (6) and (7) which gives
the correspondlng estimations for the ground state energy.
On the other hand, the same result may be obtained
directly if we exploit the known integral identity
o
Tr [(09"%]= 55 [dxx~* (ndet (I +xD“7)
o

(18)

and then apply the basic inequality (1) .
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