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A great variety of excitations in disordered crystals 

may be described with sufficient accuracy in terms of Hamilto

nians which are simply the quadratic forms in Bose or Fermi 

operators with random coefficients. To this class there belong 

electron systems, phonons, excitons and magnons as well as 

some one-dimensional magnetic systems such as random XY chain*. 

In spite of apparent simplicity of tllese lLl.uil tonians, 

the spectral problems caused by randomness arc by no r.teans 

trivial and were intensively investigated by many authors ( see, 

e.g.,a comprehensive review [2] ). 

In this note we give some estimation for the free energy 

of these systems. The proof is based on the concavity property 

of the function A --+ IndetA 

C· .... O 'c·=1. ,, ~ L, (1) 

where A(i) are the positi7c ucfinite !lxr: matrices. The inequa

lity (1) follows O.irectly from the I.Iinkowski inequality for 

determinanta [J] 

Let us consider the class of Hamiltonians 

*) With spin Hamiltonian unitarily equivalent ( Jor(lan-'.'/igner 

transformation) to some quadratic form in Fermi operators [1] • 
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.41¥ (.5''~R 1 "}=..[ s~~a:a~ +- iDR::;a!a; +h. c.), («,~,. t,.'. J N)' (2) 

+ vrhere a."' , a""- are Bose or Fermi operators, and sCi), R(i) 

are real :candorn matrices with a given probability distribu-

tion and with obvious symEJetry 11roperties 

st·• o: .s·'' 
"/.J /3 ... 

{ 

R~ 
R.,.!$ .. - Rfld. 

(Fermi case) 

(Bose case) 

Then if we introduce the matrix 

D1"2: = ( ,s .. ~., + R(j')(.5'1,_ Rii>) 

assw11e its positive definiteness, and define the mean free 

energy FH of the system as 

F N: =- 13-' ( ln Tr ex p(~(JH11 (J 1'!Ri•'»)Av , (;J:= ,c'r) 

the following inequalities 

(J) 

( 4) 

(5) 

F IV ~ - f Tr(&'"1'),..v + ;3- 1 lndet 2.sinh.IJ-(< D 1"2),.~)''z. (B.c.), (6) 

FN ~ ~ Tr(.Sw).,v- ,13" 1 lf'ldet2cosh1((D1
'
19,,YI2. (:B.c.) (7) 

hold. 

Here ( •• • )Av denotes the average ;vi th a given 

distribution function and ( ( ll 1 " 2),.~)'f.! is the positive definite 

( l\(i)2) quadratic root of u AV• 
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As is well kno¥m, under the above assumptions the quadratic 

form (2) 11ay by the Bogolubov 1 s canonical (u,v) tra:onforr.Jation 

be transformed to 

1-/N £ ill \ {l)b+ b 
• o . .; + L- E ~ ~ il , (8) 

~ 

where ! 1 ~ > 0 are determined from the eiGenvalue probler.1 

D"'2 nt'' _ ,,,,2 n('' 
~ " I) 

(9) 

and 

1:.-
111 ""- ..!-(Tr5' 11 - \t'''). 

O,N 2 L_ v 
il 

(D. c.), (10) 

£ '''= ...!..(Tr5''1-Lt''') 
0.14 2 " .. 

- ,,, 
The formula for the ground state energy l:.o.~ 

(F. c.). (11) 

may be 

obtained simply in Fermi case from the invariance of trace H., 

under ( u,v) transformation. For the Bose case we ma;r obtain 

it from the standard expression 

E I,, - - r e'' I v''' 12. 
ON - L._ "' "II . ,,fA. 

( see, e.g., [4] ) where v.~ ) v .. , are the coeffic;!.en ts of the 

(u,v) transfo2~ation, if we derive, taking into account the 

orthonormality relations, the following intermediate result 

-til =....!..'e'')- ''(u'''.51''u'''- v'~~s·>v~·') .. 
.toll 2L " TL "'~ r' •"'' " 11 r' " (12) . " d.~l 

For diagonal IS lil formula (10) is then obvious and holds 

in general due to the invariance of the orthononnality relations 

under orthogonal transformations diaeonalizing the symmetric 
matrix .S w 
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!low, after sililple algebra, we may write the exact free 

enerGy- in the form 

F =- t. ( T.·.:s'•') + "- '(lndet 2~1nn ~I>''') 
IW .2. M I"' 2. AV (B. c.), 

F, = ~ (Tr.S"').-1,-;Y'(Indet2cosh~b'") 2 AV (F. c) , 

v1here l)'' >,=(btu2.)'/z. D11-, is positive definite. 

Expanding the functions sinh and cosh in (lJ)and (14) 

in infinite products and taking the logarithm we obtain 

(13) 

(14) 

lrzdet2~inh!J:"' .. ~ lnf''det'/1"'
2 + f_ lnd~t(I+ f~~;~), c15) 

i(a 1 

£ndet 2Lo.sh ~· = 
- jJlD"'z ) 

t¥Ln2 -+L_Lndet(I+ (u+if7T1 . 
14=1 

Finally, applying the inequality (1) term by term to 

the above expansions we complete the proof of (6) and (7) 

_!;;o!lll:len ts 

(16) 

The obtained bounds correspond to the simplest approxima

tion in the eie;envalue problem, when we replace D1''2. 
by ( Z>iil2 ) Av • In practice, this matrix can be easily cal aula

ted and diaeonalized ( as a rule, after averaeing we restore the 

crystal symmetry). 

For Fermi systems, When HN is a bounded operator, the 

upper bound for the free energy can be easily obtained taking 

into account the convexity property of the function A --+ LnTr eA 

[5] which leads to 
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F IV .( Ffol [ HN ( (.S"')A., ' ( R''')_.~ )] 
(17) 

and corresponds to the so-called "virtual crystal approxima

tion" in the theory of disordered systems. 

The similar argument cannot be applied to the Dose systems 

when H!i is unbounded. Instead, we have our l.Jlper bound l6) • 

The limit T ·~ 0 can be taken in (6) and ( 7) which gives 

the corresponding estimations for the ground state energy. 

On the other hand, the same result may be obtained 

directly if we exploit the known integral identity 
00 

T r [ < D11'
1
)'12] = 2i jdo-Jiz l ndet(I +- )( D'''

2
) 

0 

and then apply the basic inequality (1) 
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