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1. Introduction 

The interaction of an ultraviolet cut-off quantized 
radiation field in a box 1\ with a system of N atoms is 
described by the following Hamiltonian / 1/ 

N 1 
H/\=LI -(p.-

i = l 2m J 
~AI\ (x. ))

2 
+ U. (x.)l +II h (A), (1.1) 

C J J J p ot 

where A 1\ (x ) 
rators b* ( k ,K): 

aan be expressed by the boson ope-

A(\ (x) L L 1 e(k,K)!b(k,K)eikx + b+(k,K)e-ikx I. 
K \k\ <K yulk y\A\ (1.2) 

Here w k is the spectrum of the photons in the box 1\, 
\A\ isthevolumeof 1\ and (k,e(k,K)) = 0, Hphot(/\) 

is the Hamiltonian of the free transversal photons in 1\ . 
Momentum p. corresponds to a single electron in the 
j -th atom, 1u . (x . ) is the interaction potential between 
them and A 1\ (x ~ ) 

1 is the vector-potential of the 
electromagnetic 1 field at the position of j -th atom. 

An interesting . approximation of the real situation 
described by Hamiltonian (1.1) has been invented by 
Dicke / 2/ 

+ N z 'AN+ -+ 
H 1\ N = w b b + t L a . + -= L (a . b + a. b ) 

' k j=l J y N j=l J I 
(1.3) 
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where at (a = x,y, z) are spin-1/2 operators, a.± 
X +" .~ J =a j _la· . 

(i) Here only one mode of ele'ctromagnetic field 
with the energy w k and wave-vector k is 
retained. 

(ii) Hamiltonian (1.3) corresponds to N two-level 
atoms having energy spacing c > 0. 

(iii) The interaction with electromagnetic field has 
been simplified according to the "rotating wave 
a~proximation", namely, terms like aj h + and 
a i b have been omitted. 

(iv) The atoms are considered to be at fixed positions, 
without any interaction between them. 

(v) The spatial variation of the radiation field has 
been neglected, i.e., coupling constant ..\ is 
independent of j . 

(vi) The A2 (x.) -terms are supposed to be negli
gible and th~ linear A (x i ) -terms are inves
tigated in the dipole approximation. 

The procedure of transition from (1.1) to (1.3) with 
conditions (i)-(vi) was described in detail by Haken I 1 I . 

As has been shown by different methods in papers /3, 4 I 
and /5,6/ for the system (1.3) one can calculate the free 
energy per atom in the thermodynamic limit \A\ ... oo, N .... "", 

~ = canst exactly and rigorously. Note, that inter-
N 

action discussed in these papers has a more general form 
than (1.3). First, the generalization to the finite multi
mode case, to which the methods of 13

-
61 can be appli

ed, was considered. Therefore the restriction (i) is irrele
vant. The difficulties arising in the infinite mode cases 
were discussed in I 41. Second, the methods of I 4• 5/, were 
shown to work if the "rotating wave approximation" (iii) 
was violated. At last, the generalization to multilevel 
atoms can be done in the framework of the methods I 4, 5/ 
without any difficulties (compare (ii)) and A'!. (xi) -terms 
can be taken into account /7/ (compare (vi)). Recently, 
in paper /a/ some nonlinear generalizations of Dicke 
model (1.3) have been proposed. 

4 

The _most unsatisfactory restriction in (1. 3) is (v) 
(see discussion in I 4 1 ). The thermodynamic properties 
of the model (1.1), (1.3) can be evaluated exactly only in 
the thermodynamic limit, thus (v) corresponds to an inter
action with the electromagnetic field only of wave-vector 
k ~ o. This is an unrealistic situation, because the electro
magnetic field in a macroscopic cavity may have I k 1-1 
comparable with the separations between atoms of matter. 

In papers /4, 9-12/ (see also Appendix) it was shown 
that restriction (v) can be violated, in this case one can 
also calculate the free energy per atom in the thermo
dynamic limit exactly. The thermodynamic properties of a 
system with the spatial variation of the radiation field 
(k -f 0) are similar to those with k = o (see, e.g., Appen-
dix). 

The important generalization is k -f 0 and violation 
of (iv). In this case one has an interaction between photons 
with k i o and phonons. Such a generalization for a finite 
length cavity has been considered by Hioe /Io/ (see al
so 1121 ). The atoms were assumed to make small classi
cal motions about their equilibrium positions (Einstein 
phonons). The thermodynamic properties of such a system, 
as was stated by Hioe/I o/, coincide with the ones of a 
system without vibrations of atoms *. 

In this paper we also consider a Dicke model with 
atoms, which are not held rigidly in their equilibrium 
positions. But we correct the model described by Hioe /1 o/ 
in the two important points: 

a) in contrast to the Einstein vibrations we consider 
a collective motion of the atoms, described by the classi
cal De bye phonons, 

b) instead of the cavity finite in the thermodynamic 
limit, we consider the infinite one (see fig. 1 and fig. 2, 

*Linear extra terrris which describe the phonon absorp
tion and emission associated with the Brillouin scattering 
are added to the usual Dicke model by Thompson/ I I I. In 
this case the transition may be of the first-order type. 
The rigorous treatment of analogous classical case leads 
to the same result. 
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N 

L ------
Fig. 1. spatial dependence of the 

1
el(;!ctromagnetic field 

amplitude in the Hioe model C 10/. Here L - the 
length of the cavity. 

fig. 7). Then photons with wave-vector k interact 
strongly only with those longitudinal phonons (acoustic 
or optic) which wave-vectors q are collinear and compa
rable with k (see I 13 ' 111 ). This is the reason for 
taking into consideration the interaction with only one 
longitudinal harmonic phonon mode q = k • Therefore 
the physical picture of the interaction is quasi one-dimen
sional because in two other directions there is a trans
lation invariance. We show that the properties of such a 
model can be examined in the thermodynamic limit by the 
method described previously in papers /s' r,; (see also 
Appendix). They are different from the thermodynamic 
properties of the previous generalization of the Dicke 
model /10, 12/. In our model a Bose-condensation of 
classical phonons q = k , accompanied by macroscopic 
lattice-distortions I I.'>/, is possible. This leads to a 
first order phase transition (in contrast to /Jo, 12 I ) into 
the superradiant state accompanied by the structural 
distortion of the lattice. 

In section 2 we explicitly describe the conventional 
Hamiltonian of the system under consideration. It is the 

i-2~2 "'" 

Fig. 2. spatial dependence of the electromagnetic field 
amPlitude in our model for the case Q = rr /a, ¢ = o . 
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)( 
simplest one-mode generalization to the compressible 
Dicke model with spatial variation of the radiation field. 
we

1 
use the generalized Bogolubov (Jr.) method developed 

in 5
' 

6
/ (see also the applications of this method in/ 16

• 1 71) 
for the proof that the free energy per atom can be calculat
ed for our model in the thermodynamic limit exactly and 
rigorously. 

In section 3 we analyze the thermodynamic properties 
of the compressible Dicke model and show the possibility 
of the first order phase transition into the superradiant 
state accompanied by the Bose condensation of phonons 
(structural phase transition, compare /I.s, 16 /). 

We conclude this paper (section 4) with some remarks 
about the thermodynamic properties and the admissible 
generalization of the model described in section 2. 

2. The Hamiltonian 

As was pointed out in section l the assumption that 
all atoms of the system interacting with radiation see 
exactly the same field even in the thermodynamic limit 
is unrealistic. We relax this restriction (see (v) in section 
1) by considering the spatial variation of the electromag
netic field in one direction, which coincides with axis 
OX, i.e. k is collinear to OX. We consider the interaction 
with the sinusoidal standing electromagnetic wave (the 
running-wave case is equivalent to the original Dicke 
model (1. 3), see 131 and Appendix). This corresponds to 
a system placed in a macroscopic rectangular cavity with 
one axis being parallel to OX . The system is supposed 
to be an N-particle compressible crystal with two-level 
atoms in the sites of the lattice, thus we relax the restric
tion (iv) (see section 1). Therefore this system is a quasi
one-dimensional compressible Dicke model with sinusoi
dal spatial variation of the electromagnetic field of given 
phase ¢. 

So consider the Hamiltonian of the system to be given 
by (cf. (1.3)) 
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+ ..:' z 1..:- (+ -+ H =wkb b+€...:.. a.+-==:...:.. ..\.a.b+a.b >+H h 
j=1 l y'N i= 1 l l 1 P 

(2.1) 

where 

..\ . = ..\ sin (kR . + ¢ ) . 
l l (2.2) 

Here R i = I i + u i is the position of the j -th atom of 
mass m , u i denotes its displacement from the lattice 
equilibrium position I. and kl. = k j a e , where 
e x is the unit vector 

1
of the axi~ OX, a x is the lattice 

constant of the crystal. The Hamiltonian of the classical 
harmonic lattice is denoted by H \ : 

N 2 N p 
_ !J_ _!_ a{3 a {3 

H h - I + I ¢ .. u. u. , (2.3) 
P j = 1 2m 2 i, · = 1 11 1 l 

where w~f are t1Pe elements of the force constant 
matrix of the solid (a, {3 = x, y, z). 

Let us represent the displacements lu .I as super
positions of the classical harmonic modes q1

: 

a u -
j 

1 

y'N 

I e i q/ i ua 
q q 

(2.4) 

As was pointed out in section 1, the strongest interaction 
between classical vibrations and electromagnetic field 
(2. 2) occurs if q = k = Q. Therefore in (2 .1 ), (2. 2) we can 
restrict ourselves to the one-mode approximation: 

a 1 iQf. a -iQI. a 
u = -- (e 1 u + e l u ) 

i v'N o -o 

2 
= y' N I u Q I cos (Q I . + 1/; ) a l eQ' 

(2.5) 

e ~ are the components of the unit phonon polarization 
vector. 

Using the method of papers /s' 61 it can be shown 
(see Appendix), that for any fixed set of parameters 
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I u i, ¢ l the Hamiltonian (2.1) is thermodynamically 
equivalent to the following one: 

H 
0
<Ti.Ti*, !u., ¢!) = w 0(b + + _l-v'Nr/*)( b + - 1-iN1/) + 

] WQ WQ 

N N N 
(2.6) 

..:- z 1 ..:- ' (- * - - +) 1-1 2 H + € ...:.. a . - -- ...:.. 1\ • TJ a · + TJ a j + -- TJ + ph , 
j=1 l (t)Q j=ll l (t)Q 

where -;j, ry* realize for fixed l u., ¢ l the absolute mini
mum of the free energy per partihe: 

e f [H (TJ,TJ*,Iu ,¢1)] =- -lnTrexp(-{3H ), (2.7) 
N o j N 0 

here {3 is the inverse temperature, {3 = e- 1
• This means 

(see (A.6)), that 

I fN[H<lui ,¢})]- fN[H 0(ry,ry*,lui, ¢D11 < (N 

limlN=O 
N-+oo 

(2.8) 

uniformly with respect to lu.a, ¢ l, because in this case 
the coupling constants ,\ i (i.2) satisfy (A.2). Therefore 
in the thermodynamic limit the free energy per particle 
of the compressible Dicke model (2.1)-(2.3) (one-mode 
approximation q = Q ) is rigorously expressed (see 
Appendix) as 

00 277 e -
g(e) =lim l--ln[Jde

0
v'N J dl/; expl-{3N(fN(H 0 <e-,.__,l/J)] + 

N-+oo N o o "' 
2 

OQ 2 
+ - e

0
) l J l + fN [ H' h] , 

2 ' p 

I u 0 I e = -
o v'N (2.9) 
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~ 
~ 

g(8) is obtained by averaging the partition function 

Z J H 
0 
<~ 

0
, 1/1) I ~ 

~ exp <-{iN fN [I-J 0 (ry(~Q' 1/J), ry *(~0, 1/1), I~ f1 1/1,¢ I)]) 

02 
with a Gaussian-type weight function exp(-{3N-

2
° ~~) 

(compare (A. 7)). In (2.9) H ~h coincides with the Hamil
tonian of harmonic lattice (2.3) from which the contribution 
of one longitudinal mode I q I = Q with polarization 
e ~ = e ~ 

2 
is subtracted. This contribution is equal 

0 o 2 
to N-

2
- ~Q , where u 0 is the corresponding fre-

quency and ~ 0 = 
I UQ I X 

--==-= e Q vN 
(2.5). Thus f!H ' 1 ] p 1 

is a 

smooth function of the temperature 0 

In the thermodynamic limit N _. ""• JAI _. "" , 
I A I 
--- = v 

N 

the integral (2.9) can be calculated exactly by the steepest 
descent method, therefore 

n 2 -
g(8,v)= lim f [H (~ ,1/1)] + 2 0.~ + f[H' ], 

N -->"" N 0 Q Q ph 
(2.10) 

where ~ 0 and 1/1 imply the absolute minimum of the 

- - 0 5 2 
function fN[H

0 
(7](~0 , 1/1 ), 77*(~0 , r/J), ~Q' lf})] + -- ~q Let us 

denote 2 

n2 
Ho<77,7J*·~o'i/J) = Ho(7J,7J*,~Q'lf1) + 2:J._~o2· 

Then the solutions of the equations 

10 

(2.11) 

a -
-'fN[H 0(77,77*•~<1!/J)] =0; 
a71 

a -
a77* fN[Ho<77·77*·~o' 1/J)] = O; 

(2.12) 

a - a -
-f fH <77•77*·~ ,1/J)] = 0; -f [H (77,77*,C_.i/J}I = 0, 
a~ rr o o a 1/1 N o ..., 

Q 

corresponding to abs-min fN [H 0 (77,'17 *, ~Q' 1/1) I give us 
an exact and rigorous solutions the problem of the 
compressible Dicke model (2.1) in the one-mode appro
ximation q = Q (2.5). 

3. Thermodynamics 

The thermodynamic properties of the system (2.1)
(2.5) can be investigated in the limit N -•"", I;\ 1 -· "" , 

I A I N= v from the free energy per particle (2.10) and 

equations (2.12). 
A. In this paper we analyse, at first, an important case 

k = q"" Q = ~ and ¢ = o (2.2). This choice of the electro
magnetic field parameters corresponds to the highly 
"unstable model", because for the rigid lattice there 
is no interaction between field and atoms .(see fig. 2). 
Thus for such a system the restrictions (iv) and (v) (see 
section 1) are the most critical: Interaction appears only 
if we relax point (iv). A consequence is the strong correla
tion between macroscopic lattice distortions with < ~0> -lc 0 
and superradiant phase transition in the atomic system 
with <a f > =I 0 *. In the particular case Q = ~, ¢ = 0 
the equations (2.12) take the form (see (2.6) and Appen- '" 
dix) 

"Here < ... > is the thermodynamic average with 
Hamiltonian (2.1) or with equivalent one (2.11). 

11 



~ 

A 2 sin 2 (2Q,; 
0

cos 1/1) 
1171 = 1171 ------

WQ 

th~E 
2 

E 

th~E 
2 

E 

2 
no 

17112 A2Qcosl/l sin(4Qc;Qcos!/J) = 2-,;Q, 
2 

WQ 

thliE 
2 

E 

where 

1711 2A 2 Q,;Qsin!/1 . (4G: c cos !/I) = 0, ____ sm ~c:,Q --- 2 
WQ 

----------------------
2 

2 2 A . 2 
E = y£ + 41711 --sm <2Qc; 0 cosi/J). 

w2 
Q 

Now the free energy per particle (2.10) becomes: 

f3 - - - 1 - 2 
gW) = -Oln2ch-E<\1'J!,c;

0
,.p) + -1711 + 

2 WQ 
n2 -

+ -f,; o + r[H;h) . 

(3.1) 

(3.2) 

(3.3) 

We see the solutions of (3.1) are degenerate 17 = \11 I e iX, 
this corresponds to the rotating in variance of Hamiltonian 
(2.1) in X-Y -plane. Except for the trivial solutions, when 
the order parameters 

- _ .l. I A . < a -:-> i1 ' 
l'J - N j=l l 1 0 

- 1 + 
17 * = - I A. <a. >li 

Nj=ll l o 

,; =<c;->-Q v Ho 
(3.4) 

equal zero, the equations (3.1) give some nontrivial ones. 
The thermodynamic averages above are calculated with 
Hamiltonian 

i1
0 

= H 
0

<-;j, -;j *, [ Q , J;). (3.5) 

12 

If we adopt now for the atomic subsystem the new order 
parameter a , corresponding to the mean value of the 
spin variables I a ~ l in the X- Y plane (see Appendix): 

J 

+ ~ -
a = I <a ~ > - I = I A sin (2Q,; 0cos 1/1) I ill I , 

J Ho 

- 1 
a S 2' 

then the equations (3.1) take the form: 

a =a 
A

2
sin

2
(2Qc;

0
cos!/1) 

WQ 

th.fl.. E __ 2_ 

E 

(3.6) 

th.fi.E 
2 

n2 
4 Oc ~ Q cos !/I a2 sin 2 <2Qc; Qcoslj!) sin (4Qc; Q cos~/!) =2"' Q 

2 
WQ E 

th.f!_ E 
2 

E 
A 4 Qc; <fin !/1 a 2sin 2(2Q,; cos 1/1) sin (4Q,; Qcos 1/1) = 0. 

w 2 Q (3.7) Q 

Note, that we are interested in such nontrivial or trivial 
solutions of (3.1) or (3. 7), that 

- -
fN[H 0] = abs min fN[H 0 (l'J.l'J*.,;

0
,.p)]. (3.8) 

(-q' l'J*, ,;().;,) 
But equations (3.1), (3. 7) (or (2.12)) contain the solutions 
corresponding to all the extremal points of the function 
fN[Ho(l'J,l'J*, ,;Q, 1/J)] • 

If ! -;j 1 i= 0 and ,; Q.;, 0, fro~ the third equation 
(3.7) and the explicit from of fN[H 0(j 17 j,,;0,y)] (see 
(3.3)), we get 

!/l=nrr, n=0,±1,±2, ... (3.9) 

If W = .!!_ + llTT . 2 then we have only the trivial solutions 
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for l1d and ~0 . From (3.7), (3.9)wegetfor ;; I o,t0 fO 
the following equations: 

2 >. 2n6 . 4 to 
w

0
vf + 2---sm (2Qt0 ) ·---

w 0 Q sin<4QtJ 

¢<~J"' ,\2sin2<2Qto) 

2 2 t: 
f'l ,\ 0 Q 4 (2(' t: ) <, .2___ 

th . 1 2 + 2--- sin • <; (T -. -(4Q r: ) 
- V f Q Sin <, () 2 w~ . 

a 2 
n ~uJ 0 t0 

2,\ 
2Q sin(4Q~ Q) 

(3.10) 

The left-hand side of the first equation (3.10) is a con-

cave function of I; 0 defined on the intervals (J ; , --;;~~~ + I;, 

I c. 0, l. 2, .... Then it is clear, that if 

min <p <t ) ~ l, (3.11) 

t(/ (0, ;ct - I 
there is some critical temperature o, · ~ /), (see 
fig. 3) such that for o / o,. equations (3.10) have two 
nontrivial solutions and in the opposite case 0 . 0, only 
a trivial one (see figs. 4 and 5). 

Therefore the analysis of the problem (3.8), (3.10) for 
o :> 1), is simple: f"' lll 0(,r(f<),t0 )l isasmooth 
function of fo on its domain (see (3.3) and (3.10)), thus 
the trivial solution corresponds to absolute minumum of 
f'i[H 0 l, ,i.e.; 

to(O>&c) =0, ;;w > o ) = o . 
c 

(3.12) 

For e < e c in addition to the trivial solution of (3. 7) 
we have two nontrivial ones (see figs. 3-5). Now we have 
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) 

'· 

0 

I 
I . 

f~ I /I -----r I 
~----------~----~--------------~8 ~ e, 

Fig. 4. The solutions of the first equation (3.10) versus 
temperature 0. The bold-faced lines correspond to abs-
min fN[H

0
(;(,;d, ,;0)]. 

c; 

0 

a' 

I 
I 

~" j_,// I ------1 I 
L---------------~~-------------.8 

~ ~ 

Fig. 5. The solutions of the second equation (3.10) versus 
temperature 0. The bold-faced lines correspond to abs-

min fN[H 
0

(a , [
0

(a )) ]. 

16 

to check which of them corresponds to the solution of the 
abs-min problem (3.8). In this range of temperatures, 
0 <Oc, , the function fN[H 0 (a(,f01,,;o)] has except 
for ,; Q = o , a local minimum at ,; Q , while at ,; 0 a 
local maximum lies (see figs. 3, 4 and 6). Note that 
0 ,~ 0 c is the bifurcation point for the nontrivial solutions 
of equations (3.10), ~here ,;Qw ) = ,;0 <ec) • From the 
smoothness of f N[ H 0 (a (,;0) , ~ Q) J we have 

fN[Ho(a(,;Q),,;Q)]\0=0 <fN[Ho(a(,;J,,;Q)] 10=0. (3.13) 
c c 

~Q=O e 0=eQ 

Thus, there is a critical temperature 
o < o < o 

oc ' that for 

l~ - - c 

fN[H 0 <a(,;J.e 0 )J\ :::: fN[H 0 <a(e 0 ),,; 0)J\ , 
r=o e=.; 
'Q Q Q 

(3.14) 
-

equality takes place only at O = 0 (see fig. 6), i.e., 
c 

e Q (0 c < 0 ) = 0' a(O <0) = 0. 
c 

(3.15) 

Therefore 0 = () c is the t~mperature of_the first Q_rder 
phase transition. For 0 < 0 c functions ,; Q(O) • a ( 0 ) 
jump to their non-zero values (see figs. 4-6)~ 

e (o <0) =C(o), 
Q c Q 

-
a (e < 0 ) = a , (0). 

(3.16) 

c 

B. The second case we analyse here is the 
rr 

¢ = 2 
k ~ q = ~ (2.2) (see fig. 7). Then our model is expected 
to be stable with respect to the lattice distortions. The 
reason lies in a maximal interactions amplitude between 
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~{H0 ('8",Glf11 ll] + 9tn2chl.3f 

0 ~ I "-, ", ~ I I I .. Ja 

Fig. 6. The junction fN[H <.a(~),'~ )] + Oln2chf-3.:_ Plotted 
0 Q Q 2 

against order parameter !; 0 at different temperatures. 
Here a ( ~ J is taken from the second equation (3.1 0). 

field and atoms at u j = o (rigid lattice). Now the inter
action parameters have the values A. = (- 1) J A cos(2Q~rfosljJ). 
Difficulties according to the opposite signs do not arise 
(see (A.2)) and the free energy per particle can be also 
calculated in the thermodynamic limit exactly and rigo
rously (3.3). The equations (2.12) lead now to 
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(J = (J 

,\ 2 cos 2 <2Q~ 0 cosljJ) 

WQ 

th~E 
2 

E 

2 P no 
th2 E A 

4 
Q cos 1/1 2 s2 ( 2Q~Q cos 1jJ) sin (4Q~ ocosJ/1) =- -

2 
~ Q ' __ 

2 
aco 

E WQ 

th ~ E A
4

Qg0 ,inf •'cos'<2Q<Qcosf) ,in!4QI'Q cos f)= 0, 
E wJ 

where 

A 4 4( 
E = \/f 2+ 4a2 cos 2Q ~Qcos 1/1) 

w2 
Q 

-I 
a = I .\cos <2Q ~ 

0 
cos 1/1) I I ., I . 

(3 .1 7) 

(3.18) 

From the third equation (3.17) lj1 = -2- ~ n rr (n = 0, 1,2, ... ) 

leads Jo ~Q = 0. For the nontrivial solution ~ 0 ! 0 we 
have 1/1 = nrr (n = 0, 1, 2,/ .. ) and 

¢(~ ) = 
Q 

(J 2 = -

A20 2 c . o 4 ~o w0 y£ 2- 2---cos (2Qc;: )---
QwQ Q sin(~~= 

,\ 
2 

cos 
2

<2Q,;Q) 

------
.\ 2n 2 .;: 

0 th£..yE 2 - 2-__2.cos 4<~.;--d----
2 Qw Q. sin (4Q.;: 

0
) 

(3.19) 2 
Dowo.; o 

2.\ 2 Q sin (4Q .;
0

) 
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~. 
i 

i' 

.. ~ 
Fig. 7. Spatial dependence of the electromagnetic field 
amPlitude in our model for the case Q = rr I a, rp = rr/ 2. 

1 

0 
.A 
+Q 

,; ~ '· 
2Q 

Fig. 8. The left- and rigth-hand sides of the first equa
tion (3.19) Plotted against order parameter I; Q at 
different temperatures. 
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0 

Due ~o the positive definiteness of a 2 and t; Q we 

find from (3.19), thatthere is no solution in domains (~n , 
2Q 

, n = 0, 1, 2, .. . (see fig. 8). The absolute ~n + _!!__) ' 
2Q 4Q 
minimum of the free energy per particle 

f [H (a,/;)] 
N 0 Q 

{3 A 4 
= - e ln 2 ch- ...; f 2 + 4a 2 - cos 4 (2Q~ ) + 

2 
0

2 Q 
Q 

A 2 cos 2<2Qt; d n2 

+a2 +_!Lt;2 
2 Q 

(3.20) 
WQ 

for fixed a takes place at t; Q = 0. The same is true if we 
take into account (3.19) (see fig. 9). Thus we conclude, 

{/~ ('Q, ll(fGIJ)J+OlnZ ch/3~ 

L---------------~~~~~------~----)Q 

1

9] 
e • 
e. ,!. 

4Q 
6=0 -

l!. 
ZQ 

Fig. 9. The junction f [H (a(!;),!; )]+0ln2ch{3_:_ Plotted 
N 0 Q Q 2 

against order parameter I; Q at different temperatures. 

21 



that the only possible solution of the abs-min problem 

(3.8) for ¢ = .!!.... is e = 0 and ;; ~atisfies the equa-
tion: 2 

h {1 E 
t .2..._ E =vf 2-~ -- ' 

E 

A2 
a= a---

wQ 

4a 
2 

A 
4 

(JJ2 
Q 

(3.21) 

This result agrees with that solution, found for the ordi
nary Dicke model in /1-6 I with a second ord~r phase 
transition to superradiant state, i.e., 

-
for 0 > 0 e (0) = 0, o(O) = 0 

c Q 1 kl (JJ Q -1 
0 = -lfilarcth ---1 . 

- - c 2 2 
for 0 < 0 c e 

0
w) = o, (J (0) > o A 

(3. 22) 

4. Conclusion 

In our paper we have investigated a generalized Dicke 
model, in which we take into account the spatial dependen
ce of the electromagnetic field and classical lattice vibra
tions on the equilibrium positions of the atoms. As we 
have used Debye phonons instead of Einstein-type vibra
tions /I o, 12/, we find for k = q = Q and '16 = 0 (2.2), 
(2.5) strong correlation between vibrations and superra
diant phase transitions. This leads to a first order phase 
transition accompanied by a macroscopic structural dis-

. - . - . 1 u Ql . 
tortwn: e0 W<Oc) =hm -~ ~ 0, , 1.e., the Bose-

N -><Xl V N 

condensation of the phonon mode q = Q. This behaviour 
shows some parallels to a metal-insulator phase transi
tion in the case of half-filled tight- binding bands I 16 I . 
The lattice instability of such systems leads to a structu
ral transition driving a second-order metal-insulator 
one. 
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Setting ¢ = o corresponds to absence of any interaction 
between field and atoms if u~ = 0 (rigid lattice). Thus 
the high instability of the lattice is due to "sucking" of 
the atoms to the regions with non-zero radiation field* . 
Due to Debye phonons and infiniteness of the cavity (JAI .... oo) 
this is a collective macroscopic effect in contrast to the 
Hioe model C llol (see also fig. 1). _ 

Note that there is a region of temperature Oc :::. 0 .::; 0 ,. 
(see figs. 4-6), where the free energy per atom (3.3), 
(3.8) has a minimum at order parameters nonequal zero: 
e-0 , ..!! ', but the absolute minimum lies at zero. So, 
for 0 < e < e we have a metastable branch of order c - - c 
parameters ,;-0 (0) = C , o (0) = a ', here a small distor-
tion is able to cause Iheir falling down to zero, i.e., to the 
stable state. This behaviour is obviously hysteresis like. 

The case ¢ = -2- is shown to have the absolute mini
mal free energy per particle at a nondistorted lattice: 
{ vU)) = 0 . Therefore the lattice vibrations do not effect the 
second order phase transition of the ordinary Dicke mo
dell1-r,, 91. It is clear because now the "sucking" effect 
is absent. Comparing the free energies per particle of 
both the cases, we find that 

- -
f"'lB 0 (cp= ;)I< fN[ll 0 (<j;=())\. 

TT Thus we can conclude that examples for 0 :S c/J::: -z- cor-
respond to gradual transition between these extremal 
cases. 

Note that our model (2.1), (2.2) can be stra-ightforward 
generalized to the finite-mode case and the antiresonant 
terms in the interaction. The thermodynamic properties 
of the system will be unchanged. The free energy per 

*For Einstein-type vibrations "sucking" effect creates 
the atom displacements from their equilibrium positions. 
It can be easily verified that for our model (Q = rrl a, ¢ = o) 
substitution of Debye classical phonons by Einstein ones 
leads to a second order phase tran1?iti<;>n because there is 
no collective effect (see also Hioe I Io I ). 
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particle can be also exactly calculated in the thermodyna
mic limit if we take into account the classical phonons 
of the lattice. 

The consideration of our model for intermediate case 

0 < ¢ < ; and other generalizations will be pub-

lished elsewhere. 
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APPendix: Dicke model with N couPling constants 

We give here a sketch of the proof of the statement 
employed in section 2. To avoid unnecessary complica
tions we shall consider a one-mode two-level Dicke 
Hamiltonian with N different coupling constants: 

+ N z 1 N· -+ + 
H

0
= wk b b + f I a. +--=I (,\.a. b +,\*a. b). (A.1) 

j=l J yiN j=l l l l l 

This operator is defined on the Hilbert space J{ = Jl H® }{::;, 
here H 8 is the Fook space of the boson mode uJk and 
J{ s is the 2 N -dimensional space of the spin subsystem. 
Let us introduce the operators 

+ N * + - N, J = I ,\ . a . , J = L ,\. a. 
j =I J J j =I l l 

then if for arbitrary j = 1, 2, ... and independently of N 

I'A . i < A , 
J -

(A.2) 
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N 
the operators J +, J- and S z = . I a

1
.z satisfy all 

J= I 

conditions of the main Theorem in paper /b/: 

1 + 1 :l: 
-llJ-llJ{ <'A; -ii[Ho,J J_IIJ{ ~c. (A.3) 
N s - N s 

Therefore Hamiltonian (A.l) in thermodynamically equi
valent to 

- - + 1 -- 1 --
H

0
<TJ,TJ*) =wk<b + -vN 11 *)(b + -vN 11 )-wk wk 

(A.4) 

1 - +- 1 - 2 z 
- -(J-TJ* + J Tj) + N---ITJI +£8 ' 

wk wk 

- -* where TJ, TJ are the solutions of the abs-min equation 

abs min fN[H
0

<TJ,TJ*)] = fN[H 0 <~,7}*)J. 
(TJ,TJ*) 

Now, as follows from /S/, the estimate 

- - - 3/2 
[fN[H

0
] -fN[H 0 (TJ,TJ*)]J::; y!O(maxl'\ J) fN 

lim £ N = 0 
N->oo 

(A.5) 

(A.6) 

is uniform for the temperature e and the coupling con-
stants I'A ·I from the finite interval of the positive real 
axis R .!- . 1 

• Consequently, if we integrate Z N [ B o (,\ 1 , ... ,A NJ]= 
= exp 1- {3 N f~H n<A 1 , ••• ,AN)]l and Z N[H o<ry, 7)*, ,\I, ... ,,\ N) ]=expi-{3Nx 
x f N[H 

0 
G], 11*, A 1, ... , A N)] l with some weight function 

g(A 
1

, ... , AN) in the finite region II,\ il <A l : 

- ,\ ,\ 

ZN[HD] = f ... f di'AII ... dJ'ANIZN[HD]g(,\1'"""',\N), 
-,\ -A 

- ,\ ,\ 
(A.7) 

Z [H ] = f ... f dJ'A l ... di'ANJ ZN[H ] g(,\ 1, ... ,,\N), 
N 0 , , 1 0 

then -1\ -1\ 
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lim lfN[Hn]-f[H
0
]1=0 

N--.DO 
(A.8) 

uniformlr for the temperature 0 from the finite interval 
of the R+ . 

For H0 (~, ry") (A.4) the free energy per particle 
can be easily calculated in the explicit form: 

- - . 0 f3 1 - 2 r [H (7J,7J*) I=- -N _L ln2ch-
2 

E. + --ITJI + 
N 0 J =I J wk 

E. 
J 

(} -{Y.ok 
+ -In (1- e ) 

N 
_____ 2 ___ _ 

2 IA-1 - 2 vf + 4--L-IrJI 
({)2 

k 

(A.9) 

The order parameters ~, ;/ 1 satisfy the equations 

N 
/J' =..!~ 

7J = "N /110(7J,7J*) Nj=l 

+ 
J > 

7J * = < N . II 0 ( .,, 1J *) 

N 
...!..}2 
Nj=l 
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