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where ¢ (a = x,y,z) are spin-1/2 operators, o/ =
=0 ]x iia-ly .

i) ere only one mode of electromagnetic field
with the energy o, and wave-vector k is
retained.

(ii) Hamiltonian (1.3) corresponds to N two-level
atoms having energy spacing ¢ > 0.

(iii) The interaction with electromagnetic field has

been simplified according to the ’’rotating wave
approximation’’, namely, terms like a]T b * and
o5b have been omitted.

(iv) The atoms are considered to be at fixed positions,
without any interaction between them.
) The spatial variation of the radiation field has

been neglected, i.e., coupling constant A is
independent of j .

(vi) The A2(x.) -terms are supposed to be negli-
gible and thé linear A(x.) -terms are inves-
tigated in the dipole approximation.

The procedure of transition from (1.1) to (1.3) with

conditions (i)-(vi) was described in detail by Haken 1/

As has been shown by different methods in papers /3, 4/
and /5:6/ for the system (1.3) one can calculate the free
energy per atom in the thermodynamic limit Al s, Nooo,

Y

N .
action discussed in these papers has a moregeneral form
than (1.3). First, the generalization to the finite multi-
" mode case, to which the methods of 3-6 canbe appli-
ed, was considered. Therefore therestriction (i)isirrele-
vant. The difficulties arising in the infinite mode cases
were discussed in’%. Second, the methods of /% 5/, were
shown to work if the ’’rotating wave approximation’’ (iii)
was violated. At last, the generalization to multilevel
atoms can be done in the framework of the methods /4, 5/
without any difficulties (compare (ii)) and A~ (x;) -terms
can be taken into account /7/ (compare (vi)). Recently,
in paper/8/ some nonlinear generalizations of Dicke
model (1.3) have been proposed.

= const exactly and rigorously. Note, that inter-

The most unsatisfactory restriction in (1.3) is (v)
(see discussion in /4/ ). The thermodynamic properties
of the model (1.1), (1.3) can be evaluated exactly only in
the thermodynamic limit, thus (v) corresponds to an inter-
action with the electromagnetic field only of wave-vector
k = 0. This is anunrealistic situation, because the electro-
magnetic field in a macroscopic cavity may have |k|~!
comparable with the separations between atoms of matter.

In papers /4,9-12/  (see also Appendix) it was shown
that restriction (v) can be violated, in this case one can
also calculate the free energy per atom in the thermo-
dynamic limit exactly. The thermodynamic properties ofa
system with the spatial variation of the radiation field
(k £ 0) are similar to those with k-0 (see, e.g., Appen-
dix).

The important generalization is k # 0 and violation
of (iv). In this case one hasan interaction between photons
with k # 0 and phonons. Such a generalization for a finite
length cavity has been considered by Hioe /10/ (see al-
so /12/ ) Theatoms were assumed tomake small classi-
cal motions about their equilibrium positions (Einstein
phonons). The thermodynamic properties of sucha system,
as was stated by Hioe/10/,  coincide with the ones of a
system without vibrations of atoms *.

In this paper we also consider a Dicke model with
atoms, which are not held rigidly in their equilibrium
positions. But we correct the model described by Hioe /10/
in the two important points: .

a) in contrast to the Einstein vibrations we consider
a collective motion of the atoms, described by the classi-
cal Debye phonons,

b) instead of the cavity finite in the thermodynamic
limit, we consider the infinite one (see fig. 1 and fig. 2,

*Linear extra terms which describe the phonon absorp-
tion and emission associated with the Brillouin scattering
are added to the usual Dicke model by Thompson 11/, In
this case the transition may be of the first-order type.
The rigorous treatment of analogous classical case leads
to the same result.
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Fig. 1. Spatial dependence of the elﬁctromagnetic field
amplitude in the Hioe model C /19/] Heye L - the
length of the cavity.

fig. 7). Then photons with wave-vector k  interact
strongly only with those longitudinal phonons (acoustic
or optic) which wave-vectors q are collinear and compa-
rable with k (see /13- 1%/ ) This is the reason for
taking into consideration the interaction with only one
longitudinal harmonic phonon mode gq = k. Therefore
the physical picture of the interaction is quasi one-dimen-
sional because in two other directions there is a trans-
lation invariance. We show that the properties of such a
model can be examined in the thermodynamic limit by the
method described previously in papers /5,6/ (see also
Appendix). They are different from the thermodynamic
properties of the previous generalization of the Dicke

model /10, 12/, In our model a Bose-condensation of
classical phonons 'q=k, accompanied by macroscopic
lattice-distortions /15/,  is possible. This leads to a

first order phase transition (in contrast to/'% 12/ ) into
the superradiant state accompanied by the structural
distortion of the lattice.

In section 2 we explicitly describe the conventional
Hamiltonian of the system under consideration.It is the

Fig. 2. Spatial dependence of the electromagnetic field
amplitude in our model for the case Q = =/a, ¢ =0,

simplest one-mode generalization to the compressible
Dicke model with spatial variation of the radiation field.
We, use the generalized Bogolubov (Jr.) method developed
in /5 6/ (see also the applications of this method in’ ! |7/
for the proof thatthe free energy per atom can be calculat-
ed for our model in the thermodynamic limit exactly and
rigorously.

In section 3 we analyze the thermodynamic properties

~ of the compressible Dicke model and show the possibility

of the first order phase transition into the superradiant
state accompanied by the Bose condensation of phonons
(structural phase transition, compare /1% 16/},

We conclude this paper (section 4) with some remarks
about the thermodynamic properties and the admissible
generalization of the model described in section 2.

2. The Hamiltonian

As was pointed out in section 1 the assumption that
all atoms of the system interacting with radiation see
exactly the same field even in the thermodynamic limit
is unrealistic. We relax this restriction (see (v)in section
1) by considering the spatial variation of the electromag-
netic field in one direction, which coincides with axis
0X, i.e. k is collinearto 0X.We consider the interaction
with the sinusoidal standing electromagnetic wave (the
running-wave case is equivalent to the original Dicke
model (1.3), see’/3/ and Appendix). This corresponds to
a system placed in a macroscopic rectangular cavity with
one axis being parallel to 0X. The system is supposed
to be an N-particle compressible crystal with two-level
atoms in the sites of the lattice, thus we relax the restric-
tion (iv) (see section 1). Therefore this systemis a quasi-
one-dimensional compressible Dicke model with sinusoi-
dal spatial variation of the electromagnetic field of given
phase ¢.

So consider the Hamiltonian of the system to be given
by (cf. (1.3))
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where
)\j =)\sm(kRj+ é). (2.2)
Here R]- =Ij + U is the position of the j -th atom of
mass m, uj denotes its displacement from the lattice
equilibrium position I, and kI, - kjae_, where

e, 1is the unit vector 'of the axis 0X, o« is the lattice
constant of the crystal. The Hamiltonian of the classical
harmonic lattice is denoted by H};h :

N 2 N
pe
H, -5 —d L1 5 ¢%%8, (2.3)
ph 501 2m 0 2 g,5= ij i

where (I)?-B are the elements of the force constant
matrix of tfle solid (a,B =x,y,2).

Let us represent the displacements {uj} as super-
positions of the classical harmonic modes q:

u? = ——}_: s eiq’jua.

j \/N q q

As was pointed out in section 1, the strongest interaction
between classical vibrations and electromagnetic field
(2.2) occurs if q =k =Q. Therefore in (2.1), (2.2) we can
restrict ourselves to the one-mode approximation:

(2.4)

1 iQl, ~ial,
u%= ——( Ju®+e Ju®* ) =

. (2.5)
= F_|uQ|cos(Qlj+ tﬁ)eg ,

eg are the components of the unit phonon polarization

vector.
Using the method of papers /5, 6/ it can be shown
(see Appendix), that for any fixed set of parameters

tuj, ¢} the Hamiltonian (2.1) is thermodynamically
equivalent to the following one:

H 7,7% o, ¢ = wab + L yN7H (b+ —LoyN7) +
0 ] Q wQ wQ
(2.6)
N -2
‘TII +th £l

@wQ

1
1 ! e j

N
2 A
=1

- - = 4
jn*oi+mo}) +

where 7,n* realize for fixed {uv.,#} the absolute mini-
mum of the free energy per particle:

-2 0 (= 2.7
fN[Ho(n,n*,hj , oD = NlnTrexp( BHO), 2.7

here B is the inverse temperature, 8= o~ L. This means
(see (A.6)), that

| £y THGu D) ~ £ [H @%b, gD < ey

(2.8)
lim €N = 0
N o oo
uniformly with respect to fu?, ¢}, because in this case

the coupling constants A; (2].2) satisfy (A.2). Therefore
in the thermodynamic limit the free energy per particle
of the compressible Dicke model (2.1)-(2.3) (one-mode
approximation q = Q ) is rigorously expressed (see
Appendix) as

o0 _277
g(6) - %qiinwx-%m[({dg@m [ v expl-BNG{H (6 )] +
92
Q.2 .
+ —E——fQ)”¥ TfN[th] s

$o= -4, (2.9)



g{d) is obtained by averaging the partition function

Z]\;Ho(fo,g!/)] =
= exp BN [H (€ ), "€, ) 1w, ¢ D)

2
with a Gaussian-type weight function exp(- [3N—— 5 )
(compare (A.7)). In (2.9) Hy; coincides with the Hamil-

tonian of harmonic lattice (2.3) from which the contribution
of one longitudinal mode [q| =Q with polarization

eg =eX b Q , is subtracted. This contribution is equal
to E where Q. is the corresponding fre-
quency and ¢ = —l—ilsj— eq (2.5). Thus fl'llF’)hl is a
smooth function of the temperatufe o .

In the thermodynamic limit N - ~, [A] 5 o« , |—A§‘- =y

the integral (2.9) can be calculated exactly by the steepest
descent method, therefore

2
g, v)=lm1f[li(§ )]+ Qé' «fIH 1, (2.10)
p

N—)oo

where fQ and 11/ 1mp1y the absolute minimum of the

Q° 9
function f {H (n(é U, n*({ NUN f U]+ ——fQ. Letus
denote

qu
(1’ 7’ ‘foydl) = H (7] n ’Serl/) + '——_‘f (2.11)

Then the solutions of the equations

10

9 ~
——*fN[HO(ﬂ,ﬂ*,fQ, 'J’)] =0

(2.12)

——f [H (7] n* «f ¥)] =0;
dn

8_ I * = 0: _i_ H * =
850 fN[HO(n,n ,«fQ,t//)] ' 3 fN[HO(n,n ,fdw)l 0,

corresponding to abs-min fy [I{O(nm*, Ep W) give us
an exact and rigorous solutions gle problem of the

- compressible Dicke model (2.1) in the one-mode appro-

ximation ¢q- Q (2.5).

3. Thermodynamics

The thermodynamic properties of the system (2.1)-
(2.5) can be investigated in the limit N ->~, [A] » ~,

1AL
N
equations (2.12).
A. In this paper we analyse, at flI‘St an important case

= v from the free energy per particle (2.10) and

k=a=Q=4 and ¢ =0(2.2). This choice of the electro-
magnetic f1eld parameters corresponds to the highly
unstable model’’, because for the rigid lattice there
is no interaction between field and atoms .(see fig. 2).
Thus for such a system the restrictions (iv) and (v) (see
section 1) are the most critical: Interaction appears only
if we relax point (iv). A consequence is the strong correla-
tion between macroscopic lattice distortions with <§Q> £ 0
and superradiant phase transition in the atomic system
with <of > 4 0 *. In the particular case Q - 7;, ¢ =0
the equations (2. 12) take the form (see (2.6) and Appen- 5
dix)

*Here <...> is the thermodynamic average with
Hamiltonian (2.1) or with equivalent one (2.11).

1
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2 . 2
A“ sin (2Q§Qcos¢/) th2 E

il = In . ,
®Q E
B 2
thgE 112 A2Qcosy | Qg
sin(4Q€geos ) = ——&,
E @ 2
thﬁE 2)\2Q§ sin Y
2 I Q sin(4G¢ cosyy) = 0, (3.1)
E w2 Q ’
Q
where
2 2 A% 2
E =Ve® + 4|7| ———2—sin (%)focosd/) . (3.2)
w
Q

Now the free energy per particle (2.10) becomes:

- - 1 _
g) = —-OanChﬁE(lnl,f , W)+ ———lnl2 +
2 Q ©q
Q2 -
Q p
+ —2—§Q + f[th) . (33)

We see the solutions of (3.1)are degenerate 1 =|7y|e IX,
this corresponds to the rotating invariance of Hamiltonian
(2.1) in  X-Y-plane. Except for the trivial solutions, when

the order parameters

— 1 —*
= — <o > — =
7 N 2)\) 7] n

S A <ol >= ,
H =

1
= N j=11 ]HO

: - _ 3.4)
fQ_ <§Q> Hg (
equal zero, the equations (3.1) give some nontrivial ones.

The thermodynamic averages above are calculated with
Hamiltonian

Hy =HG,n% &g .0 (3.5)

12

If we adopt now for the atomic subsystem the new order
parameter o, corresponding to the mean value of the

spin variables {o;‘r } in the X-Y plane (see Appendix):
7 = <o Asi -y
o = |<o; >ﬁo| = | sm(ZQthCOSll/)l Inl,
-1
g S '2— » (3.6)
‘then the equations (3.1) take the form:
A2 sin? (2Q¢cos ¥ ) thE g
o =0 2 ,
2
thEE Q
)\
2 ngswo2sm2(2Q§Qcos¢/)sin(4Qthcos¢/)=——Q§Q
E @4 2
thg—E ?\4Q§Qsim// \
- 5 o “sin Q(ZQ«chos ¥) sin (4Q§Qcos ) =0
w
Q . 3.7

Note, that we are interested in such nontrivial or trivial
solutlons of (3.1) or (3.7), that

| = abs min f [H ol * f IR (3.8)
(n, 7% fQ,S/’)

But equations (3.1), (3.7) (or (2.12)) contain the solutions

corresponding to all the extremal points of the function

fN[H()(n5 T’*’ é—Q, 'l/)] .

£ [H

If (5] £0 and f £ 0, from the third equation
(3.7) and the explicit from of fy §¢] olnls EQ,V)] (see
(3.3)), we get

U —nm, n-0,+1,+2, (3.9)
If v = % + n7w then we have only the trivial solutions
13
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Q

-hand sides of the first equation (3.10) plotted against order
and ¢=0..

Fig. 3. Left- and rigth

=0,

parameter ¢, at the temperatures "

for |7! and era From (3.7), (3.9) weget for o O,gQ #£0
the following equations:

2,2

Q &
woVe? + 2o —sin*(2Q€g) — 9
wQ sin(4Q<,)
¢({:Q) = =
A% sin? (2Q€)
202
3 A ¢
Sl Qgint@Gs ) ——9 |
2 ©Q ¢ Sin(4Q &)
2
2 2 gwgfo
7= . (3.10)

ax2Q sin(4Q ¢ )

The left-hand side of the first equation (3.10) is a con-

cave function of ¢ ( definedon the intervals (12—",—4%; l%
1- 0,1, 2,... . Then it is clear, that if
min (&) <1, (3.11)
£o¢ (_(),;T—Q) o 1
there® is “some critical temperature 0. .- 3 (see

fig. 3) such that for ¢ < 0. equations (3.10) have two
nontrivial solutions and in the opposite case ¢ - 0. only
a trivial one (see figs. 4 and 5).

Therefore the analysis of the problem (3.8), (3.10) for
0 >0, is simple: fy [Hg (£, &) is a smooth
function of ¢( on its domain (see (3.3) and (3.10)), thus
the trivial solution corresponds to absolute minumum of
fylHGT, , i.e.;

£q0>0) =0, al0-0) ~0. (3.12)

For 6 <6 in addition to the trivial solution of (3.7)
we have two nontrivial ones (see figs. 3-5). Now we have

15



7¢}

Fig. 4. The solutions of the first equation (3.10) versus

temperature 0. The bold-faced lines correspond to abs-
min fN[Ho("_(‘fQ)"fQ)]'

6“
Py
I
|
” 1L
& —T |
0 - | -6
6 8

Fig. 5. The solutions of the second equation (3.10) versus
temperature 0. The bold-faced lines correspond to abs-

min fN[H 0 fo(o Nl.
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to check which of them corresponds to the solution of the
abs-min problem (3.8). In this range of temperatures,
6 <6., , the function fn[Ho (&), £@)] has except
for £{5=0,a local minimum at ¢4 , while at &3 a
local maximum lies (see figs. 3, 4 and 6). Note that
0 = 0. 1is the bifurcation point for the nontrivial solutions
of equations (3.10), where ¢3(0.) = f(’)’(()c) . From the

smoothness of fy[H (), Q)i we have
fN[HO(a(fo),fQ)]lO:Q <f [H, (a(fog,fo)] [0=0 ., (3.13)
£ o s _ ’v
£9= 0 £07¢5%

Thus, there is a critical temperature 6_, that for
0. <0<0

Wl 0l&Q EQ)T1 < My (g€l e

Q" °Q
(3.14)

equality takes place only at ¢ :91 (see fig. 6), i.e.,

QQ(Q_C<0)=0, (8 <0) = 0. (3.15)

Therefore 0=0_ is the temperature of_the first order

phase transition. For 6 < 6. functions ¢&q(0) , o(0)
jump to their non-zero values (see figs. 4-6):
£(0<0)=E7(0),
Q c fQ
(3.16)

o (0 <8) =a’0).

B. The second case we analyse here is the ¢ = l),

k=q = % (2.2) (see fig. 7). Then our modelis expected
to be stable with respect to the lattice distortions. The

reason lies in a maximal interactions amplitude between

17



0], (3o €(1N] + 8tn2ch§

. metastable
min.

Fig. 6. The function fN[ﬁ 00L& e+ OanChﬁ;— plotted

against order parameter & at different temperatures.
Here U(EQ) is taken from the second equation (3.10).

field and atoms at u%? = 0 (rigid lattice). Now the inter-
action parameters have the values A. = (- 1)!A cos(2Q€ cosy).
Difficulties according to the opposite signs do not(irise
(see (A.2)) and the free energy per particle can be also
calculated in the thermodynamic limit exactly and rigo-
rously (3.3). The equations (2.12) lead now to

18

A% cos 22Q € cosy) tth
o =0 ’
®q E
B
thE 4 2
2 A Qeosy g 4 QQ
cos” (2 i =——
- wé o Qfocosd/)sm(4Q§Qcos¢f) > fQ,
B
th3 B A*Q¢,siny
02c0s2(2Q§Qc081//) sin(4Q¢&, cosy) =0,
E ’ wé ©
(3.17)
where
4 4
- \/52+ 4o? A %cos (2Q§Qcos )
2 b
@
Q (3.18)

g

I

| Acos @€, cosy) [ [q].

From the third equation (3.17) ¢ - & + n7 (=0, 12,..)

leads to ¢,=0. For the nontrivial solution qul 0 we
have ¢ = n7 (n=20,1,2,...) and

)\292 .
woVe? -2 oo 9—00s4(2Q§Q)———————-§Q§
_ Q sin(4Q&g)
(/5(50) — Q7 -
A2 cos 2(ZQEQ)
A203
= th—';i\/c2-2—-—0cos4(ﬂrf 50—— )
Qu g sin(4Qer)
2 (3.19)
L2 _ _Tewoto
2A2Qsin(4Q§Q)
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Fig. 7. Spatial dependence of the electromagnetic field
amplitude in our model for the case Q =n/a, ¢ = n/2.

9(1,)

|
|
|
|

Te

Dl |y S—

YY)

r.
2Q

Fig. 8. The left- and rigth-hand sides of the first equa-
tion (3.19) plotted against order parameter 5Q at
different temperatures.
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Due to the positive definiteness of o? and ¢, we

find from (3.19), thatthere is no solution in domains (21n ,
s m

Tn o+ 26) ., n=012.. (see fig. 8). The absolute

minimum of the free energy per particle

4
H - B .2 2 A e
fN[H 0(0,50)] = 91n20h2 Vel 4o S cos (2Q§Q) +

“Q
A2 cos 2(2Q¢ 02
+ 02 Q) -2 &2 (3.20)

for fixed o takes place at £4=0. The same is true if we
take into account (3.19) (see fig. 9). Thus we conclude,

£[Ho (Ja 18 (Jg)T+6Mn2 ch3 g

}

la

B —— e

L BN
[ A
b &4,
® 6=0

Fig. 9. The function fN[H0(0(§Q),§Q)] + 911120116;— plotted
against order parameter EQ at different temperatures.
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that the only possible solution of the abs-min problem

(3.8) for ¢ = 21 is & =0 and o satisfies the equa-
tion:
P -
2 th—E 2 4
oo X 2 Eoye2, Ao A (3.21)
@q E sz

This result agrees with that solution, found for the ordi-
nary Dicke model in /3-6/ with a second order phase
transition to superradiant state, i.e.,

for 0 >0 E(0) =0 a(0)=0
Toe 0 1 lefw o , -1
0. = 2—le|§arcth > -1 .
for 0 <0, &0 =0,00)>0 A
(3.22)

4. Conclusion

In our paper we have investigated a generalized Dicke
model, in which we take into account the spatial dependen-
ce of the electromagnetic field and classical lattice vibra-
tions on the equilibrium positions of the atoms. As we
have used Debye phonons instead of Einstein-type vibra-
tions /10, 12/, we find for k= g= @ and ¢ =0 (2.2),
(2.5) strong correlation between vibrations and superra-
diant phase transitions. This leads to a first order phase
transition accompanied by a macroscopic structural dis-

- - u
tortion: £(0 <6,) = lim —2 s, , ie. the Bose-
N o oo v N

condensation of the phonon mode g =(Q. This behaviour
shows some parallels to a metal-insulator phase transi-
tion in the case of half-filled tight- binding bands /16/
The lattice instability of such systems leads to a structu-
ral transition driving a second-order metal-insulator
one.

22

Setting ¢ =0 corresponds toabsence of any interaction
between field and atoms if u% = 0 (rigid lattice). Thus
the high instability of the lattice is due to "’sucking’’ of
the atoms to the regions with non-zero radiation field * .
Due to Debye phonons and infiniteness of the cavity (|A] > )
this is a collective macroscopic effect in contrast to the
Hioe model C/10/ (see also fig. 1). _

Note that there is a region of temperature ¢, <0 < 0
(see figs. 4-6), where the free energy per atom (3.3),
(3.8) has a minimum at order parameters nonequal zero:
&hr07, but the absolute minimum lies at zero. So,
for 0 <60 <6_ we have a metastable branch of order
parameters {,(0) =¢,, ¢(0) =0, here a small distor-
tion is able to cause their falling down to zero, i.e., to the
stable state. This behaviour is obviously hysteresis like.

The case ¢ = —727- is shown to have the absolute mini-
mal free energy per particle at a nondistorted lattice:
é’o(()) = 0. Therefore the lattice vibrations do not effect the
second order phase transition of the ordinary Dicke mo-
del/3-6,9/. It is clear because now the ’’sucking’’ effect
is absent. Comparing the free energies per particleof
both the cases, we find that '

. N " . y
fylH, (b = —2—)I< fylH b =0)1.

Thus we can conclude that examples for 0 <¢ < -2”‘ cor-
respond to gradual transition between these extremal
cases.

Note that our model (2.1), (2.2) can be straightforward
generalized to the finite-mode case and the antiresonant
terms in the interaction. The thermodynamic properties
of the system will be unchanged. The free energy per

*For Einstein-type vibrations ’’sucking’’ effect creates
the atom displacements from their equilibrium positions.
It can be easily verified that for our model (Q = #/a, ¢ =0)
substitution of Debye classical phonons by Einstein ones
leads to a second order phase transition because there is
no collective effect (see also Hioe /10/ ),

23



particle can be also exactly calculated in the thermodyna-
mic limit if we take into account the classical phonons
of the lattice. .

The consideration of our model for intermediate case

0< ¢ < 21 and other generalizations will be pub-

lished elsewhere.
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Appendix: Dicke model with N coupling constants

We give here a sketch of the proof of the statement
employed in section 2. To avoid unnecessary complica-
tions we shall consider a one-mode two-level Dicke
Hamiltonian with N different coupling constants:

N N
Hy=w b'b +e S oir A A oTb s A*elb). (A1)
=10 yNij=1 ! P

This operator is defined on the Hilbert space H = H;® H,
here J{; is the Fook space of the boson mode w,  and
X g is the 2" -dimensional space of the spin subsystem.
Let us introduce the operators

N - N -
TS avrel, JT = 3o
j=1 1 j=1 1 1
then if for arbitrary j-=1,2,... and independently of N
(A ] <A, (A.2)

o satisfy all

the operators J , J and S” - L9

|
conditions of the main Theorem in paper /0!

W M

*

1yt N g7 < C. A3
NHJ H}(S<7\ NH[HDv _H}(S_ ( )

Therefore Hamiltonian (A.1) in thermodynamically equi-
valent to

- - vl == 1 —-
H ,7%) = (b + q\/Nn*)(b +“T\/NT]) -

(A.4)
- -I—(J'ﬁ* +J77) + N--l—-m2 +eS 7
w w
k k
where 7,7n* are the solutions of the abs-min equation
?bs n:ci)n f B n®] = £ [H @01 (A.5)
M7
Now, as follows from /3/,  the estimate
lf B 1-f.[H G,79]] <\/o_< ax | A 1)3/26
NYD Nt o o T = max 4, N
lim e =0 . (A.6)

N—)OO

is uniform for the temperature 0 and the coupling con-
stants |A j| from the finite interval of the positive real
axis RJIr . . Consequently, if we integrate Zy[Hp®p,....AN]=
= expi-BNfHpA, oA ]l and Zn[Ho@, 7%, A 1,000, AN) l=expi-~BNx
x f[Hg @, 7% A ey A W13 with some weight function

g, Ay) in the finite region {{A;| <A E
- A A
z [H] =_& _& diA T dlAGI Z (THTgO Ay ),
- A A (A.7)
z 1 :.fx _& A | e dId [ Z (TH T g A )
then
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]lVim |F (H ] = FTH 1] =0 (A.8)
uniforle for the temperature ¢ from the finite interval
of the R} .

For Hy 4,n*) (A.4) the free energy per particle
can be easily calculated in the explicit form:

- - 0 5 |
f H 9l =-23 B 12
N[ OT]T])] Nj:lln2Ch2Ej+wk ]+
—3(()
+1%In(1—e! k), (A.9)
2
AL - 2
Ej=\/f2+ 4I—-L|—|7][ .
(u2k
The order parameters 7,7* satisfy the equations
3 2
ST N th!—E. AL
o d - 1 v 2 ) j «
77 = < e B = —_— 2 T]
N 110(7],7]*) Nj:l Ej Wy
(A.10)
¥ L
J | B 2 ]
77*:(—> = —z /0
N Hy (™) Nj=1 E; W
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