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1 · Introduction ,'-: ~. 

• I , _, 

A 'significant progress on theory of the full developed turbulence has bee~ achieved ' 
in the l~t .years. In. sp_ite of seeriiing problems on application of-the. RNG method .. 

· in the theory mapy va,luable results has been rea_ched (see, for· example [l, 2, 3, 4]) .. 
The RNG.method 'clearly:,demonstrates existence of infrared-stable focea~ point, in 

· which the(Kolmogorov scaling is realized. Ai:i.' alternate-way to statistical model . · · 
· cons_ti-'uction' of the developed turbulence that using· a maximal randomness-principle· 
ofa v~locity field has been p:i-opo;ed 

0

in the papers [5, 6] -oi:i. the_ base of self-con~istent - '. 
. equ.ations. But inth~se papers the. investigation becomes substantially complicated . 
by the fact that :in .contrast to_ the illied tasks of critical dynamics, the st-ati~nary · 
equatio; of Fokk~r-Plan~k i~ the M'yld mod~I-'has 1110· clo~~d solution. It do.es noL 
allow; in particular, .. to· get the .systen'i of equ~l-time :s~lf-consistent equations by 
means of standard methods/ .The .il.ttempts9f gettiµg ·sucfr a-system· by means of, 

. _ subsid~ary;hypotheses conflict usually with. the di've.rgences of diagrams alreadf in S . 
· orie-loop approximation. Indeperident statisticil s;;ppositions has been issued i~ the 

.' ' . [7 8] ·.' • .. . . . ·• . l •. • •.. ' , , . . .. , • . • ', _• '. 
-papers ,. . . . - · ·· · . . ., · ,. . . . . · .. . " , · .. · 
' Then the model has bee_n investigated,_by ai;.thorsJ9jin qne-loop approximation. 

· They, rigirously : demonstrated•· that . the, equations, are free · of both the_ ultra.violet·· 
. arid infrared divergeµces and they possess, soluti~n. with the Kolmog~i-oy·~pectrufll, . 
However, the ·s~h1tion for ;i;~efiective symmetric m~di_uiu,:is· non-physical,- bec~use 

···• it1ecJ.ds to a negative value of the Kolmogorov constant:· Their.a.I)alysis shows that 
: the turb~lent system enforces spontaneously symmetry. (parity) ;iolatiori. 'only, that:. 
solution;in frame of the model becomes physical· (te. the Kolmogorov constant is · 
positive) [9]anci' the energy spectrum th'~~ .remafos in the 'Kolmo,g~ro; fC?Jm E(k) ~ · 
k-~l

3
, (k =I. k ·I, 'k is wave yec,t_or): Inpresent .paper. the ·model is. extended and 

: calculaticm qf ~dditive corrections to the Kolmogorov sp~itruin is perfor_rried: . 
., ~ Namely; as it is well known, experiments predict a ·possibility of a small deviation 

. fr~m the Kolmogorov exponent [10]. ·He~~ metod used on critical phenomena thec:;ry 
. is taken over; In papers [11, 12]-:a pair ccmelation fonctiop- x(k-) 7 (Lcp(k),l~)'.'(cp is 
the order parameter) has been.searched in .thefor .. m . . . . 

«~· •. \ ' • •' ' ' ' 

. . ,x(k) 1 f: Ak:-2+~[1+ a+(kro)°+ + ~~(krc)-'-~:-]. (IV 
' i. . ' ' ' '' .. ·· - ' . . ·, .. ' : . • . ' . . . ' •. •, ·i .. •,• ...... , ' 

Here T/ is ,the _Fisher index arid r0, re are molecular and correlation lengths, respw_ 
· - tively. Jr has been shown"in papers [11, 12] that ultraviolet correction index a+ 

coiricid~s with the well-know~ inde~ w, and infrared index a_; is connected with ca• 
· pa~ity index a by equality a:-~ 1..::a. Thus the last._term in. expression (i) 'coincide~ 
with. non~analytical temperature correction [13]. -In papers· [11, 12] the calculation is. 

. carried out for zero reduced temperature that correspo~ds to the inertial interval in 
our case. :·The:corrections· which.has.been obtain~d by this.way-are detJrinined·by 

,: - . ' ,1 ,, . ' s / - , -: • • ~ ' '.. ' 

. structure of model 'in this range. · ' · · · · · . · 
· .. Analogously in, OU; mc5del of deveioped ttirbul~nceWith spontap-eous parity vio

. lati~n .the 'additiv~ corrective t~rms with exponents cl~se. to. the Kolmogorov in/ieic 
-, • ,- - .• , .' ~ - ' ' ~ ' • . ' ' • • • ~-• • . ·. • • ; -, ' I -.. ' ~ • • • • • 
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will be searched in the form 

E(k) = cKw2! 3k-5l3 [1 + a+(krd)2e+ + a-(krc)2e-]. (2) 

Here CK is the Kolmogorov constant, Wis the energy injection (pumping up energy 
power per mass unit), a+ and a- are some constants, rd and re are micro- and 
macroscales of turbulence. The value of the correction index e+ (ore-) is proposed 
to be positive (negative); the multiplicato-r 2 is introduced for simplifying of record 
in calculation. The inequalities krd ~ 1 and krc ~ 1 hold in the inertial interval 
for developed turbulence, and this fact causes smallness of the corrective terms. The 
first of them is essential in ultraviolet region, the other in the infrared region. If at 
lec\:_St one of the indices fulfils the inequality e ~ 1, the corresponding corrective term 
plays appreciable role in the inertial interval. Since it is not ta:ken into account in 
data processing and the spectrum is fitted by a single effective exponent, it may differ 
from the Kolmogorov value. Here the values of the exponents e+, e- are (:alculated. 

2 Basic assumptions 

In previous paper [9] the equation of energy spectral balance was an starting-point 
that in the case of homogeneous stationary turbulence has the form 

where 

1 . 
--;/Jt < E;;(k) > = 0 = < E;;(k) > +d;;(k), 

E;;(k) 

E;j{k) 

T;;(k) 

v;(k)vj{-k), 

-vk2 E· ·(k) - T.--(k) "J i; ' 
1 

2[v;(k)(v,8,vi)(-k) + (v,8,v;)(k)v;(-k)]. 

(3) 

(4) 

The equation (3) is the first equation of an infinity set of equations for correlation 
functions< v;Vj ... V 8 > following from the Na.vier-Stokes equation for random velocity 
field v(k) = J dx exp(-ikx)v(x) in the incompressible medium ( o;v; = 0). (Here the 
traces over the repeated vector indexes are implied.) All tensors are proportional to 
the transverse projector P;1 = o;1-k;k1k- 2 (incompressibility) in ordinary turbulence. 
In the case of parity violation, all tensors are proportional to a projector, which 
consist of an antisymmetric part ~ iQi1 = ie;1,k,/k (e;1s - the full antisymmetric 
tensor) besides the symmetric part ~ P;1• Here the effect of spontaneous generation 
of helicity is investigated that is why we use the external source d;; of turbulent 
energy without the helical term. 

The source energy is localized on the small wave numbers. Therefore, d;;(k) = 
P;;(k)d(k) where the spectral density of the source energy localized on the momenta 
k "'r; 1 is of the form d(k) = (2rr)3Wo(k)/2 in the inertial interval krc ~ 1. 

Otr\a .. ,.:~_~.-..Q t.1dryt' 
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The maximal randomness principle is applied to the distribution function p(v(x) ), 
which is constructed from the demand of the maximum of information entropy 
a = - < lnp >= - J Dvp(v)lnp(v) (Dv signifies the functional integration), scru
tinizing Eq.(3) as an equation of condition. Of course, it is also meant that the 
condition of normalization J Dvp(v) = 1. Introducing Lagrange multipliers .\;;(k) 
and passing to the problem of the unconditi_onal extreme, it yields 

p(v) = Q-1 exp[-(21r )-3 j dk[vk2 .\;;(k)v;(k)v;(-k) + .\;;(k)v;(k)( v.o,v;( -k)], (5) 

where the normalization facfor Q is independent on v. The multiplier .\;; must be 
obtained from the equation of condition (3). 

To obtain the self-consistent equation~, the action of Eq.(5) may be rewrittell' 
in a more convenient form with local interaction. For this reason, unit operation 
. J IIDU;8( Ui(k) - .\;;(k)v;(k)) at the calculation of statistical averages is introduced. 
The functional_ 8-function 8( u - .\v) can be written in Fourier representation by 
using an auxiliary field w (and then iw --+ w). That allow~ one to introduce the 
'distribution function·' of three transversal fields: the basic field v and auxiliary field 
u and w by relationship p(v, u, w) = Q-1expS, with quantum field action: 

S =.-v(o;ui)(o;v;) + (o;u;)V;Vj - w;).;jVj + W;U;. (6) 

The action is ~ritten in the·coordinate representation; there is meant the integration 
over x , ~ is the operator with kernel corresponding to .\(k) in the momentum 
representation. 

From the Schwinger equation of the theory of Eq.(6), < vi8S/8uf >= 0 ., one 
obtains 

< vk2 v;(k)v;(-k)- v;(k)(v.o,v;)(-k) + v;(k)w;(-k) >= 0. (7) 

Comparison ~f equations (3) and (7) yields 

< v;(k)w;(-k) > = d;;(k) . (8) 

It means that the 'cross' propagator G•wij =< v;w; > is fixed by the relation (8) 
and has the meaning of energy injection [9]. 

· The distribution function obtained has the form of standard quantum field the
ory of three transversal vector fields¢= { v, u, w} with quasilocal action (6). There is 
only one nonlinear (interaction) term, which can be written in the form of 
-( 013u0 )v0 v13 and it does not contain the field w . Therefore, the only self-energy 
functions E••, E••, E1<• and E" are necessary for the theory construction. In one-loop 
approximation these are expressed by the following Feynman diagrams: 

::'. :-~:-:~-~~' -'.~-i. 

( 
;• 
! 

I 
.f 
. I 

E·•=l I(\ I 
2~· 

,;,uv_ I~- • 
~ -~ 

,,,,,. - ,,,.,. + """ - -0-+ r7\ . 
~ - ~1 ~2 - ~ 

(9) 

where following graphic representations are introduced for the symmetrized vertex 
of interaction: 

~ 
. 

= ½v;vj(O;i5js + 8/i;.)u., 

J 

----- =< l'V >= c•••·, 

----1-- =< vu >= cvu' ·=<Utt>= G••. 

The full matrix /{;j (i,j = t', u, w), which follows from symmetrical form of 
quadratic part of the action S, S = ½<J)J{ij<J)j, acquires the shape: 

k = c;-1 = ( 
"'"" 

!.
.~~ \'UV 

V. - .:..J 

-.\ 

,,J.-2 
_ E''" -.\ ) 

-~uu l 

1. 0 

(10) 

from which one can easily obtains the matrix G of propagators: 

.\ v//l _ ~11u _ 

-.\E"" 

c =·c•v I .\ .\2 .\(-111.-2 + E"')-
EV11 I • ( 11) 

vk2 - E'"- .\(-vk2 + E''")- I - v!.·2 + E""l2
-

-.\E"" "11V -~ "UV. "l't' -~ ~ 

Here 
(G"•)- 1 = -Det(G)- 1 = -E'''' - .\2 E"" + .\(2,,/.,2 - E"'' - E''"). (12) 

In Eq.(11) the equality G•• = -(Detf{)- 1 
• 1 was used. 

The propagators Gvv, G••, G"" are coupled to each other by obvious relations 
such as 

G"" = .\G"", G"" = .\2G"", (13) 
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which follow from definition of the field u = >.v. Consequently, it is sufficient to 
obtain a closed set of equations for the propagator cvv and function .,\(k). The 
relation ( 12) becomes the first equation of that set. Substituting < vw >·from 
Eq.( 11) into Eq.(8) one obtains the second equation: 

Gvv(vk2 - E"'' - ,\E .. ) = d(k). (14) 

The viscosity and injected energy may be neglected in the inertial interval. Therefore, 
the dosed set" of self-consistent equations is in the form: 

. (Gvv)-1 = -~vv _ .AEuv, 

G"'(E"'+.,\E"") = 0 . 

( 1-5) 

(16) 

It is very important that all infrared an<l ultraviolet divergences, which arise in 
Feynman diagrams of perturbation theory for E, can be eliminated. Therefore, the 
self-consistent equations are free of singularities [9]. 

3 First order expansion 

For calculation of the energy spectrum (2) the solution of Eqs.(15,16) for the prop-
agator cvv(k) and function .,\(k) was searched in the following form: · 

cvv = G~v + ocv•, .,\ = .,\o + o.,\. (17) 

Let oGvv, o.,\ are neglected in the zero order expansion and solution is searched 
in the form 

G~v(k) = bk_2,,,(P + iBQ), 

.,\u(k.l = ak2"(P + ixQ). 

Substituting these into diagrams (9) one can obtain the self-energy functions 

E~v = (41r)-3f2a2b2k5-4-,+4u(Avvp+ iBv•Q), 

Eiv = (41r)-3f2ab2k5-4-,+2u(A"vp + iB"vQ), 

Eg") = (47r)-3/2b2ks-4-,(A""P + iB""Q), 

where A, B are functions of 0 and z = x/0 : 

Av" = (T4 - 3T5/2)(1 + 202z + 02 z 2 )b + 2T13 0
2(1 + 2z + 02z2

) 

+(T6 - T1)(l + 02z)2 - T16 0
2(1 + z)2, 

B"v. = -T140(1+2z+B2z2)-T1s0(1+202z+02z2) 

+2T11 0(1 + z)(l + 02z), 

A"v = (T2 -T,)(1 + 02z) + Tio 02 (1 + z), 

B"" = T11 0(1 + 02 z) - T12 0(1 + z), 

A"" = 1'1 - Ts 02 /2, 

B"" = T9 0/2. 

6 

(18) 

(19) 

(20) 

~i 

~ 

All T; are written in Appendix I. Using functions (19) the self-consistent equations 
can be solved. They yield the solution with the Kolmogorov. exponent 21 = 11/3 
and 2a = 3, which has a non-zero helical part with x = =t=l.68 and 0 close to unit 
(0 = ±1.03) [9]. Instead of 0 and X the numerical solution yields very well defined 
quantity z = x/0 = -l.628·as well as M = (41r)3l2/(a2b3(1 - 02

)) == 2.50, b > 0. 

Now we will search small deviations from G~v, .,\0 in the form 

ocvv(k) 

o.,\(k) 

bk-2-r+2{((3P + i0Q), 

ak3+2{(aP + ixQ) · 

(21) 

(22) 

Here the exponent ~ and parameters {a, (3, 0, x} are unknown quantities to be 
determined the calculation of exponent~ being the main purpose of the paper. After 
substitution of expression ( 17)_ into Eqs.( 15), (16), and after linearization with respect 
to small deviations, it yields 

G~v[(o_E"v + (o.,\)Eg")] + .,\o(oE"") 
oEVV + (o.,\)(Egv + .,\o(oE"v) 

0' 
-o(Gv•tl. 

(23) 

(24) 

Now the calculation of the self-energy functions oE is necessary. If the expansion 
of the propagators cvv, c•v and G"", as in expression (17), are substituted into the 
diagrams (9), they will contain parts of the zeroth, of the first and also of the second 
order. The last can be neglected in our approximation of the first order and parts of 
the zeroth order are given in expressions (19). Therefore, in one-loop aproximation 
the first order terms oE can be expressed by the diagrams 

0 

oE"" = -+Q+-
0 0 

oE"v= -+0-- + -0-
0 8 0 

8Evv= -0- + -Q+2 --0-
. (25) 
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Here notation o means the variation of corresponding propagator. Expressions 
for the zeroth order propagators G0•, G0u follows from equations (13) and from the 
expressions for the zeroth order propagator (18), i.e., 

where 

y 

L 

cu• 
0 

cuu 
0 

1 + z_02
, 

abk3- 2"[YP + iZQ], -

a2bk6
-

2"[LP + iNQ], 

Z=O(l+z), 

1 + 2z02 + z202, N = 0(1 + 2z + z 202
). 

One easily obtains-their variations: 

where 

hGu•(k) 

hG"u(k) 

abk3- 2"+2e(CP + iDQ), 
a2bk6-2,,+2e(EP + iFQ)' 

C = a+ ,B + ;xO + 00z, 
D = x+B+aO+,BOz, 
E = 2a(l+.02z)+/3(1+02z2)+2xO(l+z)+200z, 

F = 2a0(1 + z) + 2/30z + 2x(l + 02z) + 0(1 + 02z2). 

Variation of the inverse propagator is equal to 

h(G••)-1 = 
k2,,+2e -

b(l - 02)2 [(200 - /3(1 + 02))P· 

+ i(20/3- 0(1 + 02))Q]. 

(26) 

- (27) 

(28) 

(29) 
(30) 

(31) 

(32) 

Below both the tensor structure of propagators and the power of k is obvious 
from the marks P, Q, oP and hQ above the corresponding line in diagrams, for 
instance, 

Q = iQ;jkJ-2,,, p - P·-k6-2,,_ -+----_ I = IJ 

oQ = iQ;jk3-2,,+2e, oP - P-·k6-2,,+2e_ -+----- I == 'IJ 

In these notations, ·the calculated elementary contributions into the diagrams (25) 
for h:E are 

8 

to 

V 

bP 

-0-- a2b2 = (41r)3/2ES30P. 

p 

c5Q 

-0- - a2b2 -, = (4rrJ'i' F(S22 - .':i23)P. 

Q 

hP 

-0- = a 2 b2 ~ 
- - (4rrJ3t2 E.':i1sQ, 

Q 

l.,Q 

-0-- a 2 b2 

= (41rJ3/2F(S24 - S2s)Q", 

p 

hP 

-0- = (4a:lb:1,CY(S6 - S7 )P. 

p 

hP 

-0- 'b' := (4arr)3/2_CZS17Q, 

Q 

9 

p 

-0- = (4a::3
2

1,;JLR30P. 

c5P 

Q 

-0- = (4a:::1,BN(R22 - R23)P, 

c5Q 

Q 

-0- = (4a:l~
2
1,f3N_(R24 - R2s)Q, 

c5P 

p 

-0- = -(4a:::1,iJLR1sQ, 

oQ 

oQ 

-0- = -(4a:t:1,DZS16P, 

Q 

oQ 

-0- = a 2 b2 • 
- (4rr)'i' D}· R17 Q. 

p 



oP 
1~· - ab2 C ~ = (4,r)l/2 (S2 - S3)P, 

p 

oQ 

I~ - ab1 
~ = (4irfJ28DS10P, 

Q 

oP 
_l_f7__ - ab2 
~-= <4ir>'',0CS11 Q, 

Q 

p 

-0- = (4:~:,,BYR11 Q, 

oQ 

/JQ 

1f\1 - b2 . 
~ = -(4irl',,~0SsP, 

Q 

oP 
1f\1 - b2 ~ = <4irJ'',(J0(S26 - S27 )Q, 

Q 

p 

I~ - ab2 

~ = (4irJ'',(JY(R2 - R3)P, 

oP 
Q 

I~ b2 · 
~ = <4:i,,,0ZR10P, 

oQ 

Q 

__ I~ - ab> /J ~ = - (4,rjl/2 ZR12Q, 

oP 
oQ 

I~ - ab> D -~ = - (4,r)l/2 S12Q, 

p 

oP 
1f\1 - b2 
~ = (4irJ'',/3S31P, 

p 

8Q 

1f\1 - b2 -
~ := <4irp1,8(R26 - R21)Q, 

p 

The combinations off-functions denoted by R; and S'; are written in Appendix 
II. Summarizing all similar contributions one obtains the variations 8E . 

4 Corrections exponents 

After substitution of the calculated variations 8E of functions (25) into Eqs.(23) and 
(24), the equal power of wave number k can be canceled in all of the terms. Each 
of tht>se matrix equations determines two scallar equations in reference to P and Q 
contributions. The result is a set of four homogeneous linear equations with respect 
to a, /3, Band X, yielding: 

Cu/3 + C12B + C13a + C14X = O, 

C21/J + C228 + C23a + C24X = 0, 
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:I 

r 

jl 
'J 
f 

! 

M(l + 02
) 2M0 - _ 

(- (l-02) +C31)/J+((l-02) +C32)8+C33a+C34X 0, (33) 

2M0 M(l + 02) - _ 
( (l _ 82 ) + C41)/J + (- (l _ 82 ) + C42)8 + C43a + C44X = 0. 

The coefficients C;i are functions of e and 0, and they compose the matrix 

[ 

8
2

H1 + H2 8H3 • 0
2
H4 + Hs 0HB l 

C' _ 8H1 02 Hs + Hg 8H10 02 H11 + H12 

- • 82 H13 + H14 0( 02 His + HI6) 02 H11 + His 0( 02 H19 + H20) 
0( 02 H21-+ H22) U2 H23 + H24 0( 02 H2s + H26) 8H21 + H2s 

The functions H; depend on z and e, and they are written in Appendix Ill. Nontrivial 
solution of the set of Eqs.(33) exists if its determinant is equal to zero. By equaling 
this determinant to zero, we obtain the equation for e, Many roots of such equation 
exist; we are interested in minimal roots in their absolute valiies, of course. 

The direct numerical solution of this set of equations gives the minimal negative 
root e- ~ -0.30, which is practically insensitive to a change of 0 close to unit. The 
minimal positive root e+ monotonically changes from 0.13 up to 0.15 for the change 
of O from 0.96 up to 0.9999 . The range of change of 0 is chosen for the corresponding 
value Ck not to be far from the experimental estimations, 1.4 < Ck < 2. 

One can easily convinced about the existence of 'limit' solutions et and e0 for 
0 --+ 1. The determinant of the set can be written in the form of a power series of 
f = ( 1 - 02

), which begins from the term proportional to C 2 
• But the calculation 

shows that the leading pole proportional to C 2 vanishes at the Kolmogorov index 
21 = 11/3 . Therefore, the leading term is proportional to c 1 

. one easily obtains 
the equation 

{ 

Cn C12 C13 C14 
C21 C22 C23 C24 I 
-2 2 0 0 + 
C41 C42 C43 C44 

Cn C12 C13 C14 } 
C21 -C22 C23 C24_ _ o 
C31 C32 C33 C34 - ' 
2 -2 0 0 0=1 

(34) 

where the common muhiplicator (M/t) was omitted. Numerical solutions of Eq.(34) 
gives the roots e0 = -0.303 and et = 0.157; i.e. they are close to the preceding 
values. 

5 Corrections of a higher order 

The investigation of error of the obtained roots in dependence on the value 0 seems 
to be an important question, because the coefficients of the set of Eqs.(33) depend 
sensitively on 0. To be sure that the error is in reality relative small, the next 
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correction. to the value of 00 in a power expansion of E = ( 1 - 02
) at E = 0 has been 

investigated. 
The expansion of components of the matrix C in a series of E gives 

C;j = C;j(fo + E6,B) = C;j(fo, 1) + ( oC;j, 

where 0 == (1 - E/2) and 

oC;j = ( ac;j(foa: (ei, B)) l.=o . 
For example, · 

[ 
8H1 8H2] c,1 = C11(fo)+1: (-1)-H1(fo)+(1-o)-(-+-E-

-=- (H1(fo)+H2(fo)) +E[-H1(fo)+6(D1 +D2)], 

(35) 

where D; = (8H;f 8e) leo· After calculation of all D; and oC;j, one can obtaiµ the 
linear equation for 6 in the form 

Det C(fo)/2M - (Cn + Cu)o + L2 - (C31 + C32 + C41 + C42)0L3 

+ (C21 + C22)0L4 +Ls~ 0. . (36) 

Here we denote ( ... )0 · = ( ... ) leo . The functions L;, oC;i and D; are completed in 
Appendix IV. Solving the _equation (36) one obtain the next correction exponent 
value et = -0.0044 and e1 = 0.0133 at the point et = 0.15 and e0 = -0.30, 
respectively. Therefore, the corrections to corresponding values of fo are negligible 
even for non small value of E. 

6 Conclusion 

In the present paper the set of the second order self-consistent equations has been 
used .for calculation of additional corrections to the Kolmogorov spectrum in the 
model [9] of developed turbulence with parity violation. The calculated values of 
both the ultraviolet correction index, e+ = 0.15, and infrared one, e- = -0.30, have 
been also examined by their possible corrections of a higher order. However, the 
high order corrections et become be negligible. 

The rather small indexes e±, especially the ultraviolet one, can make the corre
sponding terms in the general expression (2) to be relevant in the inertial interval for 
realistic Reynolds numbers and they lead to deviation from the Kolmogorov exponent 
if experimental data are fitted by a single exponent. 
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Appendix I 

All T, arP PxprPssPd by thP standard combination of r - functions: 

f( .ri)f( .r2 )f( .f3) 
(.r1,.1·2,i-3;.r4,.rs,.r6) = f(.1·

4
)f(.rs)f(.r

6
): 

T1 = (21 - 3/2, 7/2 - 1 ,3/2 - 1 ;5 - 21,1 + 1. 1 ). 

T2 = (5/2 - 1 , 5/4 + 1 /2. 1 /2 - 1/4; 1 , 9/4 - 1 /2. 15/4 - 1 /2). 

T3 = (3/2- 1,5/4+ 1/2. 1/2-l/4; 1 +1.5/4- 1/2,11/4- 1/2). 

T4 = (3/2- 1 ,21 +1.2- 1;7/2-21,1+1,5/2+ 1 ), 

Ts= (5/2- 1,21,l- 1;7/2-21,1+1,5/2+ 1 ), 

T6 = ( 1 - 1 , 5/4 + 1/~, 5/4 + 1 /2; 3/2 + 1 , 9/4 - 1 /2, 9/4 - 1 /2), 

T, = (-1 , 5/4 + 1 /2, 5/4 + 1 /2; 5/2 + 1 , 5/4 - 1 /2, 5/4 - 1 /2). 
T, - (') · 3/') •) •) .. 4 •) + 1/'J + 1/')) s - -1 - ~, - - 1, - - 1, - ~1• 'Y ~, 1 - , 
'T' - (") 1 3/•J ') · 9/') . •) · + 1 + 1/')) 19 - -1-. --1---1,. ---1,1 ,1 -· 

T10 = (7/4 + 1/2,2 - 1 ,1/2 - 1/4; 7/4 - 1/2,1 + 1/2, 15/4 - 1/2), 

Tu = (5/4+ 1/2,2-1,1/4+-'f/2;9/4- 1/2,1+1/2.13/4-1/2), 

T12 = (7/4+ 1/2,3/2- 1 ,1/4+ 1/2;7/4- 1/2,1+1,13/4-1/2), 

T13 = (21 +1/2,2 - 1-,-1i3-21,1 + 1/2, 1 + 5/2),. 

T14 = (21 + 1/2, 3/2 - 1 , 1/2 - 'Y_; 3 - 21 , 1 + 1. 1 + 2), 

Tis = (21 , 2 - 1 , 1/2 - 'Yi 5/2 - 21 , 1 +-1/2, 1 + 2), 

T16 = (7 /4 + 1/2, 7 /4 + 1 /2, - 1 ; 7 /4 - 1/2, 7/4 - 1 /2,5/2 + 1 ), 

T17 = (7 /4 + 1 /2, 5/4 + 1 /2, 1/2 - 'Yi 9/4 - 1/2, 7/4 - 1 /2,2 + 1 ). 

Appendix II 

S2 = (5/2 - 1 ,5/4 + 1/2 + e, 1/2 - 1/4 - e: 1 , 9/4 - 1 /2 - e, 15/4 - 1/2 + () 

S3 = (3/2 - 1 ,5/4 + 1 /2 + e, 1/2 - 1/4 -e; 1 + 1;5/4 - 1/2-e, 11/4 -1/2 + e) 

S6 = (1 - 1 -e,5/4 + 1/2,.5/4 + 1/2 + t3/2 + 1 + e,9/4 - 1/2,9/4 - 1/2 -() 

S1 = (-1 -e,5/4 + 1/2 + e,5/4 + 1/2;5/2 + 1 + e,5/4 - 1/2 -(,5/4 - 1/2) 

Ss = (21 - 3/2-e,2- 1 + e,2 - 1 ;4 - 21 + e, 1 + l/2-e, 1 + 1/2) 

S9 = 2 ( S26 - S21) 

S10 = (7/4 + 1 /2 + e,2 - 1 ,1 /2 -1/4 -e;7/4 - 1 /2 -e, 1 + 1/2, 15/4 - 1/2 + 0 
S11 = (5/4 + 1/2 + e, 2 - 1 , 1/4 + 1/2 - (; 9/4 - 1/2 - e, 1 + 1/2, 13/4 - 1/2 + e) 
812 = (7/4+1/2+e,3/2-1,1/4+1/2-e;7/4-1/2-(,1+l,l3/4-1/2+e) 

S13 = (S22 ·- S23)/2 
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SH = 52s - 524 

S'i., = (21 t (. 2 - ;.1/2 - 1 - (:-5/2 - 21 - (, 1 + 1/2, 1 + 2 + 0 
516 = (7/4 + ,/2. 7/4 + 1 /2 + (, - 1 -(;7/4 - 1·/2, 7/4 - ,/2 -( .. 5/2 + 1 + 0 
517 = (7 /4 + 1 /2. 5/4 + 1 /2 + (, 1/2 - 1 - (; 9/4 - 1 /2 -. (, 7 /4. - 1 /2. 2 +, + () 
Sis = (21 - :J/2 - (. 5/2 - , + (. :J/2 - ,;4 - 2, + (, 1 + 1, 1 - 0 
519 = (21 - 3/2 -( .. 5/2 - 1.:J/2 - , + (;4 - 2, + (,, + 1 -(.,) 
S20 = (2A: - :J/2 -(,.5/2 - Af + ( .. 5/2 + ,:5 - 2, + (,, + 1,, -0 
521 = (21 - :J/2 -(,.5/2 - Al+ (,.5/2 - ,:,5 -.2, + (,, + 1 - (,,) 
522 = (2, + 1/2 + (, 3 - ,, -, - (; 3 - 2, - (, 1 + 1/2, A/+ 5/2 + 0 

523 = (2At + 1/2 + (, 2 - ')', 1 - , - (; 3 - 2, - (,, + 1/2,, + 5/2 + 0 
524 = (2,+l/2+(,3/2- 1 ,3/2- 1 -(;3-21 -(.,+l,,+2+() 

52s = (2, + 1/2 + (,.5/2 - 1 , 1/2 - 1 -(;3 - 21 -(, 1 + 1, 1 + 2 + 0 
S26 = (21 - 1 - (, 3/2 - 1 + (, 2 - ,; 9/2 - 21 + (, 1 - (, 1 + 1/2) 
S21 = (2,-1-(,3/2-,+(,2-'-- 1;9/2-2,+(, 1 +1-(, 1 -l/2) 

S28 = (3/2'-,,2,+(,-,-(;7/2-2,-(, 1 +1,3/2+,+0 

S29 = (.5/2-,,2,+(,-,-(;7/2-2,-(;,+1,5/2+,+0 

530 = 01528 + /31829 

531 = S'1s + 519 - 820 - S21 

R2 = (.5/2-,+(,,5/4+,/2,,/2-l/4-(;,+(,9/4-,/2,15/4-At/2+0 
R3 = (3/2 - , + (,.5/4 + 1/2,,/2 -1/4 -(; 1 + 1 -(,.5/4 - ,/2, 11/4 -,/2 + 0 
Rg = 2 ( R26 - R21) 

R10 = (7/4 + 1 /2,2 - 1 + (,,/2 -1/4 -(; 7/4 -,/2, 1 + 1/2 -(, 1.5/4 - 1 /2 + () 

R11 = (5/4 + At/2, 2 - 1 + (, 1/4 + ,/2 - (;9/4 - ,/2,, + 1/2 -(, 13/4 - ,/2 + 0 

R12 = (7/4 + ,/2,3/2 -, +'(, 1/4 + ,/2 -(; 7/4 -,/2,7 + 1-(, 13/4 -,/2 + 0 

R13 = (R22 - R23)/2 

R14 = R2.5 - R24 
R1s = (2,,2-,+(,l/2- 1 -(;5/2-21 , 1 +1/2-(, 1 +2+0 

. R17 = (7/4 + 1 /2 + (,.5/4 + ,/2, 1/2 - 1 -(;9/4 -,/2, 7/4 -,/2 -(,2 + 1 + 0 

R22 = (2,+l/2,3-,+(,-1 -(;3-2,,,+1/2-(, 1 +5/2+0 
R23 = (2,+l/2,2-,+(,l- 1 -(;3-2,,,+1/2-(,1 +5/2+0 
R24 = (2, + 1/2,3/2- 1 + (,3/2.-, -(;3 -21 , 1 + 1-(,, +2+0 

R2s = (21 + 1/2,.5/2 - 1 + (, 1/2 - 1 -(;3 -21 , 1 + 1-(,1 + 2 + 0 
R26 = (21-1-(,3/2- 1 ,2-,+(;9/2-,21 +(, 1 , 1 +1/2-() 
R27 = (2,-1-(,3/2-,,2-,+(;9/2-2,+(,,+ 1,,-1/2-0 

R28 = (3/2-,+(,21,-1 -(;7/2-27,,+l-(,3/2+,+() 

R29 = (.5/2 - 1 + (, 21 , - 1 - (; 7 /2 - 2,,, + 1 - (, 5/2 +, + 0 
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R30 = 02R2B + /32R29 

o 1 = 2 + (1/2 - 21 - 0(, - 1/2) - (5/2 ....:_ 21 - ()(1 + 1 + () 

/31 = (5/2 - 2, - 0(, - 1/2) + 2 - 2, . 
o 2 = 2 + (1/2 - 21 )(1 - 1/2 - ()- (5/2 - 21 )(1 + 1 + e) 

/32 = (5/2 - 2,)(, - 1/2 - () + 2 - 2, + 2( 

Apendix III 

Hi = z(R2 - R3 + S'g/2 + S10), 

H2 = S2 - 83 + R2 - R3 + Sis + S19 - S20 - S21 , 

H3 = z(S2 - S3 + llg/2. + R10) + S10 + R10 - Ss, 

H4 = S10 - Ts/2; 

Hs =- Ti + S2 - S3 , 
H6 = Tg/2 + S10 + S2 - S3 , 
H1 = z(-S12 - R12 +Sis+ S19 - S20 - S21)+ Su - R12 + Sg/2, 

Hs = z(Rn + Sn - Ss), 

H9 = Rn + R9 /2 - S12 , 

H10 = Tg/2 + Sn - S12 , 

H11 = Sn -Ts/2, 

H12 = Ti -S12, 
H13 = z2(-R12 + a2R2B + f32R29 - S12 - 25rn + 01S2s + /31S29) + z(-R12 

H14 = 
His = 
Hrn = 

H11 = 

+R2 - R3 + 202R28 + 2/32R29 + Sm+ Sn+ 4513 - 25rn + 256 - 2S1), 

R2 - R3 + 02R2B + /32R29 + S2 ~ SJCx1S2B + /31S29 + 256 - 2S1, 

z2(Ru + R13 +Su+ 2513 + 2T6 - 251), 
z(R10 + Rn + 4R13 - S12 - 25rn + S2 - S3 + 201S2s + 2/31Sw 

+256 - 2S1) + R10 + S10 + 2R13 + 2513 -:- 2516, 
z(T10 + T2 - T3 + Sn - S12 + 4513 - 2516 + 201S2s + 2/31S29 

+256 - 2S1) + T10 + S10 + 4513 - 2s16, 

His = T2 - T3 + S2 - S3 + 201S2s + 2/31S29 + 256 - 2S1, 

H19 = z(Tn +Sn+ 4513 + 256 - 2S1), 
H20 = z(-T12 - S12 - 2516 + 201S2s + 2/31S29) + Tn - T12 + S10 + 4513 

-2516 + S2 - 83 + 201S28 + 2/31S29 +256 - 2S1, 

H21 = z2(-R14 + 2R11 + R2 -R3 + S10- S1s), 
H22 = z(-R12 - 2R14 + 2R11 + R2 - R3 - S12 - 2514 + 2511 + S2 - S3) 
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- R12 - R14 + Sn - Sis + 2Sn , 

H23 = z2(R10 - R1s - S14 + 2Sn + S2 - S3) + z(R10 + Rn - 2R1s + 2Rir 

+S10 + Sn - 2Sis + 2Sir), 

H24 = Rn - R1s + 2Rn - S12 - S14 , 

H2s = z(Tn + S10 + 2Ri1 - 2S1s), 

H26 z(-Ti2 - 2S14 + 2Si1 + S2 - S3) + Tn - Ti2 + Sn - S12 + 2Rn 

-2S14 - 2S1s + 2Sn, 

H21 = z(T2 - T3 + 2Rn + S10 - 2Si4 - 2S1s + 2Si1 + S2 - S3 + T10) 

+Sn - 2Sis + 2S~1 + T10, 

H2s = T2 ..,.. T3 - Si2 + 2Rn - 2S14 . 

Appendix IV 

The functions L; : 

Li = 
L2 = 

C23( 8C34 + 8C44) - C24( 8C33) + 8C43) + 8C23( C34 + C44) - 8C24( C33 + C43), 

(M - 8C3i - 8C32 - 8C4i - 8C42)(C13C24 - C14C23), 

L3 = (Ci3 8C24 - C14 8C23) + (8C13 C24 - 8C14 C23), 

L4 = C13(8C34 + 8C44) -·C14(8C33 + 8C43) + 8C13(C34 + C44) - 8Ci4(C33 + C43), 

Ls = -(8Cn + 8C12)( C23(C34 + C44) - C24(C33 + C43)) 

+( 8C'l.1 + 8Cn) ( Ci3( C34 + C44) - Ci4( C33 + C43)) . 

The derivatives 8C;j : 

8Cn = -Hi(fo)+ 6(D1 + D2) 

8C12 = -H3(fo)/2 + 6D3, 

8Ci3 = -H4(fo) + 6(D4 + Ds), 

8Ci4 = -HB(fo)/2 + 6D6' 

8C2i = -H1(fo)/2 + 6D1, 

8C22 = -Hs(fo) + 6(Ds + Dg), 

8C23 = -Hrn(fo)/2 + 6D10, 

8C24 = -Hn(fo) + 6(Dn + Di2), 

8C3i = -Hdfo) + ~1(D13 + Di4), 

8C32 = --,3His(fo)/2 - H16(fo) + 6(D1s + D16), 

8C33 = -Hn(fo) + 6(D11 +Dis), 

8C34 = -3H19(fo)/2·- H20(fo) + 6(D19 + D20), 

8C4i = -3H2i(fo)/2 - H22(fo) + 6(D21 + Dn), 
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/JC42 = 
0C4:1 = 
0C44 = 

-Hdfo) + 6(D23 + D24). 

-:3H2s(fo)/2 - Hw(fo) + (1(D2s + Dw). 

-lldfo) + 6(D2, + D2s). 

The required derivativt>s Di 

D1 = 
D2 = 
D3 --

D4 = 
D, 

Ds = 
Dw 

D13 = 

D14 = 
Dis = 
Dl6 = 

D11 

Dis = 
D19 = 
Dw -

D21 -

D22 = 

D23 = 

z(W2 - lV3 + vg/2 + Vio). 

Vi! - Vi+ W2 - vl,,3 +Vis+ Vjg - Vio·- Vii·. 
z(Vi - Vi+ Wg/2 + W10) + Vi.o + lr10 - li,. 

Vio, Ds = Vi - Vi . D6 = Vi.o + Vi - l·:1 , 

z(-W12-::- Vi2 + Vis+ l/19 -. Vio - Vii)+ Vii - W12 + 119/2, 

z(Wu + Vii - l·;i), Dg = Wu+ Wg/2 - Vi2, 

Vi1·- Vi2, Du = Vii, D12 = -Vi.2, 

z2(-l1-'12 + W30 - li12 - 2116 + Vio) + z(-W12 + W2 - W3 + 2H30 

+Vio +Vii+ 4Vi.3 - 2V16 + 2(l;,- Vi·)), 

W2 - W3 + W30 + l·2 - Vi + l-'.m + 2( h - Vi·) , 

z2(Wu + 2W13+ Vu+ 2(\/13 + l•;,- Vi·)), 

z(Ww +Wu+ 4W13 - l12 - 2Vi6 + Vi - l; + 2(\-;o + l·;, - Vi·)) 

+Ww +Vi.a+ 2(W13 + Vi_3 - l16). 

z(Vu - ½2 + 2(V6 - V1 + 2Vj3 - l16 + \/30)) +Via+ 4h3 - 2Vi6, 

½ - ½ + 2(V6 - Vr + ½o), 

z(Vi.1 + 2(¼ - V1 + 2Vi3)), 

z(-Vi.2 - 2(½6 - ½o)) + Vi - Vi+ Vio + 2(v;, - Vi·+ 2Vi.3 - Vi.6 + ½o). 

z2 (W2 - W3 + Vio - W14 - Vis+ 2W1,), 

z(W2 - W3 + ½ - Vi - W12 - Vi.2 - 2(l,,lfi4 - W1, + Vi4 - Vi,))+ Vii -

W12 - W14 - ½s + 2½1, 

z 2(Vi - ½ + Ww - W15 - Vj4 + 2\/i,) + z(Ww + Wn + Vio + Vii -
2(W1s - W11 + ½s - Vi,)), 

D24 = Wu - Vi2 - ½4 - Wis+ 2W1,, 

D2s = z(Vio - 2Vis + 2Wn), 

D26 = z(Vi - V3 - 2Vj4 + Vi1) + Vii - Vi2 + 2(-Vi4 - Vis+ W17 + lj;), 

D21 = z(Vi - V3 + ½o - 2(Vi4 + Vis - W17 - Vi,))+ Vii - 2(\/is - Vi,), 

D28 = -Vi2 - 2½4 + 2Wn . 

Here we denote W; = ( 8R;/ 8fleo and V; = ( 8S;/ 8~h0 ; • we have. for t>xample, 

a (5 5 1 1 1 g ,., 15· 1 ) 
½ = a_~ 2 - 'Y, 4 + 2 + ~. 2 - 4 - ~; 'Y, 4 - 2 - ~. 4 - 2 + ~ {o = 
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= '>2(fo) IJ' - + - + ~o + 1p - - - - fo { ( 5 1 ) , ( 1 1 ) 
~ 4 2 2 4 

-If,• - - - - ~o - 1/• - - - + fo , (9 1 ) ( 1.5 1 ) } 
4 2 4 2 . ' 

where the i.·-function is logarithmic derivative of the f-function. 
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