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·1. Introdu~ti~n . 
) 

Collective oscillations in metal cl~sters~ (MC)Hirst of all the dipole pfas- .. 

II1on,' is ~ow a-field of inten~ive investigations (see, ~evi~ws. (1-5))'. The· 
1 • ~ : , ,_..,. , I" ·• l •i · ' ' ' . • , .. , . : 

RPA methods describing the Landau damping are especially.·useful in this . 

; fi~ld:'11-4,6~11] •. Frag~entati~n of the c~llective St!e~gtb, over pa~ticle'.-hcile: 

. ~xcltl!:tions. (L~dau' d~ping) plays an,irn~ortrit r~le in many MC ~har-' . 
·~teristics; particularly in.forming the,dip,ole pla.smon width;;:- ... ·. .-:; . ·.' ..• 

; The SRPA method (other~lse called as the vib~~t-ing iiotentfal;mciciel). 

bas rece~tiy been propose~ for MC ,[9~111:1,This.m~thod,ex~l.oits the s·epa­

rable approximation:when the re_sidual two0 body fo;c~s arn'pre~erited i~ th~. 

factorized form 'through the sigle-part.icle (p~tid~hole) Iriatrix ~leirient~i ' 
' .. •, ' .• . ,·: ,.· ' ... '·• .. : '. . ,.' :_. '.,, !.·. . :· 

V(p1~'.P2;h2,h1) = ~q(p1,h1 ➔<i(p2,h2) (in th.e time-dependen~ formalisni (llj; . 
• • • - . • . . ' ' - - . • ,- . - ' ' • - • ~ ' ,- • ' • ' . • ! ' 

the factorization of the density variation. into: time-dependent and spatial, 
< , , ' , , r, '•• , ;, • ',,' ·• • , •, j. • ' \ • ,• •, ,• /, : '•, T 

parts jB iise~) .. The separable approximation allows to reduce the RPA . 

. matrix to the simple equati~n. tb~t dr~tically simplifi~ the calcul~tions; 
- ' • ' • ' • I ,,, - ', " • 

· .. This ~is iniportantin _the cas~s of deformed or veryJarge MC when· an· iill-
.. ." ' . . '.' .. ' ' . ' ,. _; . . ' . . ' . . . ., \' : . 

pressive particle-hole configuration space is used. The SRPA. calculations 

~ith. th~ Woods'.-Saxon singl;;·particle schem~ and: surface -~elf~corisist~nt, 
, , ~'- , ' 

1 
, , , ' , • ' 'i ~ , , '. ,, ,' . / 1 , • ! ·, : ' : • 

•· residual.interaction have been •performed for a dipole plasmcin in·sphericaL 
' , ,', > ••, ':, ,'. ' • ~-. ' '• \ ' •. I • • \ •f. ,' .. ;: ' I • • 

·.'and deformed MC in (111. and'good perspectives of the met_hod have been:, . 

. demon~trated.· .. However, like many other RPA. methods with~ut explicit .. 
,. ·... • ',,_ ,', • • • . J . ' . ' . '·: ,' • ' .·. ,'\ 

.. treating the. ionic subsystem (4], the calcula.tio'us. (11 J · ~omewhat. overesti~ 

·. mated plasnion energies; esp~cially. for ,smali' clusters .. 1Alsci, for ~i~sters 

'with .N:··;:,; 20 (N~ is_the'riumber ~f valence electr.~ns) too strong' high: 

. e~ergy strength'was pr~dkted; For example, for lf ~~6 a.n(N a40; _the dipole .. 

strength at the e:riergie~'E' >.3A eV e~hausted 30% and 44%; respectively, ' 

' whifo the corresp~nding ,-experimental dat~ (12,13]. g~ve 10-15% for•d~s­

ters of this size and _up to 20~30~ for ,liiger dusters [23]. Sucli ag<:ne~al 
blueshift 'or'the dipole strength led t~ a· considerable· underest.imatio~ of 

the static dipole polarizabilities. . . .. · . .. I • • ' . . . • . ' ' 

'' ; .·. ·1n the present paper, we remove these ~b6rtcciniing~ by uJin~ the Kohn­

Sham singl~p~tid~ s~eiri~ with'a diffused j~lliUill and: tiilcirig into ~cco~~t; 
/\~'. \.' ·.· \ ·;,<· ·: . l', : .1 .• ,\" \ ', • ... : i" :1,\. -.-'.- ,'~~<. .-) ' . 
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the coupling of surface and volume modes. The diffuseness of the jellium 

simulates a pseudopotential folding [20] and, as is shown below, leads to 

the redshift of the plasmon energy attaching it to the experimental value. 

The coupling of surface and volume modes is included to decrease the high­

energy strength [1,4]. The volume modes are introduced following the local 

RPA prescription [14j. As is shown below, such a coupling considerably 

improves the description of the dipole plasmon. This finally provides strong 

grounds in favour of the applicability of the separable approximation. The 

calculations have been performed with the diffused Kohn-Sham [15,16] and 

Wood-Saxon single-particle schemes. The latter was done to demonstrate 

the applicability of the Woods-Saxon potential in the RP A description of 

collective oscillations in neutral and singly charged MC. 

2. Main SRPA equations 

We start with the Kohn-Sham energy functional for a system of Ne valence 

electrons 

E{n(r,t),r(r)} = 1/2 j r(r,t)dr+ j v(n(r,t))dr 

+ l/2 j j (n(r,t)- n;(~)~n~;i,t)- n;(r1)) driri, (1) 

which includes kinetic energy, exchange-correlation (in local density ap­

proximation [17]) and Coulomb terms, respectively. Here, n(r,t) = 
E1< l<h,(r, t)l2 and r(r, t) = Ek' "'<f>,.(r, t)l2 are density and kinetic energy 

density of valence electrons, n;( r) is the ionic density in the jellium ap­

proximation and <f>,.(r, t) is a single-particle wave function. The convention 

e = me = h = 1 is used. 

The time-dependent single-particle potential is obtained as 

6E 
H(r,t)<f>,.(r,t) = 6</>t(r,t) (2) 

and in the small-amplitude limit of collective motion is written as a sum 

of the static 

Ho(r) = - 'v2 + (Tndv) + j no(r1)- n;(r1)d-
2 n n=no I I r1 r-r1 

fk· 1tl 1 :. ,: : ii ... ~1' IJ.; ::1i, ryT ,. 
U~)fjj',.,U: llh.,~l~~il . 

F-..-:SHHCTEKA --

(3) 



and dynamical parts 

1:H( ... t) (d2v) 1: ( ... ) j 6n(r1,t)d ... v r, = -:J::"2 n=n0vn r,t + 
1 
...... 

1 
r1 an~ r-r1 

(4) 

where n(r,t) = n0(r)+on(r,t) and n0(r) is the static ground state density. 

Exp. (3) constitutes the Kohn-Sham single-particle potential. 

The perturbed time-dependent wave function of the system is defined 

through the scaling transformation 

IIJ!(t) >= eial,.1(t)[Ho,b,.1l ••• eial,.K(t)[Ho,b,.KIIO > . (5) 

Here, 10 > is the ground-state wave function (H010 >= 0), both 10 > and 

IIJ!(t) > are the Slater determinants, <r>.µk(t) = a\~1:cos(wt) are harmonic 

collective variables, />.µ1: ( r) = rP• (Y>.µ( 0, </>) + Y,.t ( 0, </>)) ( k = 1, ... , K) are 

local hermitian coordinate operators. 

Having used (5), the density variation is written as · 

K 
on(r, t) = E a>.µ1:(t)(vno(r) • v />.µ,,Cr)+ no(r)t.if>.,,J:(r)) (6) 

k=l 

and includes both the surface ~ vn0( r) and volume ~ n0( r) terms. For 

divergency-free operator with p = ,\, exp. {6) has only the term of the 

surface character. Just this case was considered in [llj. The opera­

tors with Pk > ,\ lead to a volume collective motion. The· importance 

of volume degrees of freedom for dipole excitations was justified for both 

atomic nuclei [18J and MC [1,14,19J. In (14], the set of local operators 

with p = 1,4, 7, 10, 13 was proposed. Our study has shown that the sets 

p = 1, 4, 7, 10, p = 2, 4, 6, 8 and p = 3, 5, 7, 9 are most appropriate for the de­

scription of dipole, quadrupole and octupole oscillations, respectively. Just 

these sets have been used in the present calculations when the coupling of 

surface and volume modes was taken into account. 

Substituting (6) into (4) we have 

K 
oH(r,t) = E a>.µ1:(t)Q>.µ1:(r) (7) 

k=l 

with 

Q>.µ1:(r) = (~)n=no(vno(r) · v/>.µ1:(r) + no(r)6/>.µJ:(r)) 

4 

1r 

I 
. I 

+ J (v1no(r1) · v1/>.µJ:(r1) + no{r1)6/>.µ1:(r1))d ... 
I
.. ...

1 
r1, r -r1 

(8) 

Finally, substituting the Hamiltonian H(r,t) = H0(r)+oH(r,t) into the 

time dependent Schrodinger equation and using the linear response of the 

operator Q >.µk( r) 

• K 

6Q>.µk(t) = j Q>.µ1:(r)on(r,t)dr= - E O).µk'(t)1'~~k' 
k'=l . 

(9) 

with 

rr;::kk' = - j Q>.µJ:(r)(v1no(r) • v>/>.µk'(r) + n0(r)6/>.µk'(r))dr (10) 

one gets the system of homogeneous equations to determine amplitudes 
"'(O) • U.).µJ:• 

K (0) E S>.µJ:k'(w)a>.µk' = 0 
k'=l 

(11) 

with 
S (w) = E < PIQ>.µ1:lh >< PIQ>.µk'lh > f:ph __ 1__ {l2) 

>.µkk' ph f:~h - w2 21'>.µkk' 

The amplitudes a~~k regulate the ratios between contributions of different 

local operators />.µ,,(r) to the collective states. It should be emphasized 

that these amplitudes are not an input parameters but are· calculated, i.e. 

the_ system chooses itself the most optimal contributions of the input local 

operators. 

The condition 

det I S>.µ1:k'(w) I= O (13) 

provides non-trivial solutions to the system (11) and represents the SRPA 

dispersion equation for eigenenergies w,. In (12), f:ph is the energy of a 

particle-hole excitation and I p > and I h > are particle and hole eigenstates 

of the static Hamiltonian (3). It is seen that 1'>.µkk' have a physical meaning 

of the strength constants of the residual forces {8). Due to the surface­

volume coupling, non-diagonal strength constants take place. 

5 



3. Results and discussion 

The Kohn-Sham with sharp and diffused jellium and Woods-Saxon single­

particle schemes were used for calculation of the single-particle wave func­

tions and energies. For both neutral and charged clusters, we used the 

same parameters of the Kohn-Sham jellium: rws = 3.96a.u. = 2.09.A and 

a0 = la.u. = 0.529A. (a0 = 0 for sharp jellium) [16]. 
The parameters of the Woods-Saxon potential Vo(r) = 1 ((Vo R)/ 1 +e:z,p r- ao 

(r0 = 2.4A., Vo= -5.7 eV and a0 = 1.llA for neutral clusters and r 0 = 2.5A., 

Vo= -7.2 eV and a0 = 1.25A for singly charged clusters) were adjusted so 

as to reproduce on average the diffused Kohn-Sham ground state densities. 

The size region with Ne = 8 - 138 was covered. As is seen from Fig.1, 

the densities are well fitted even for charged clusters whose Kohn-Sham 

potentials deviate considerably from the Wood-Saxon form in the surface 

region and beyond. Fig.3 demonstrates that the Woods-Saxon potential 

with the above parameters provides almost the same SRPA results as the 

Kohn-Sham scheme. It should be noted that the Woods-Saxon parameters, 

r0 = 2.25.A, Vo= -6 eVand ao = 0.74.A, proposed in [21] for neutral clusters 

lead to an overestimation of the plasmon energy and high-energy strength. 

Two main kinds of the SRPA calculations are presented in Figs. 2-

4: with and without coupling of surface modes with volume ones. In 

the first case, the sets of four local operators l>.,,.k(r) mentioned in the 

previous section have been used. In the second case, when volume modes 

are neglected, only the operators with Pk=,\ have been taken into account. 

The results of the calculations are presented in the form of the normalized 

strength function 

a(E,\,w) = "i:,wtB(E,\,gr-+ Wt)p(w -Wt)/ S(El) (14) 
t 

where p(w - Wt) = fi(w-w,'j'l~(l!./2), is the weight function with the aver­
aging parameter .6. = 0.05eV, B(E>.,gr -+ Wt) is the reduced probability 

of the E,\ transition from the ground state to the one-phonon state with 

6 

ii 

r 

excitation energy Wt and S(El) is the energy-weighted sum rule 

1,,2 2 
S(E,\) = "i:,wtB(E,\,gr-+ Wt)= -

8 
e ..\(2..\ + 1)2 N < r 2~-2 > . 

t ~me 
(15) 

The expression (14) has a form similar to the photo-absorption cross section 

for dipole excitations. 

Let us consider results of the calculations. Fig.2 demonstrates that 

jellium diffuseness leads to a considerable redshift of the plasmon energy 

and thus improves the agreement with the experimental data. If only 

divergency-free operator (p=l) is used, the calculations give rather strong 

high-energy peaks at 3.5-4.5 eV in both cases of diffused and sharp jel­

lium. A similar result was obtained in ref. [11]. At the same time, the 

experiment [12,13] does supports so strong much high-energy strength. The 

description is improved if the coupling with volume modes is taken into ac­

count (p=l,4,7,10). Then, as is seen from Fig.2, the high-energy strength 

is strongly redshifted and the main dipole strength is concentrated in the 

region 2.5-3.5 eV. 

The main SRPA results for the dipole plasmon, obtained with the cou­

pling of surface and volume modes, are presented in Fig.3 and Table 1. It 

is seen that plasmon energies of charged clusters are slightly blueshifted 

compared to the resonance energies of neutral ones. In clusters with 

Ne = 40,58 and 92, a considerable Landau damping takes place which 

should influence much the resonance widths. Table 1 shows that the calcu­

lated plasmon energies are in nice agreement with the experimental data. 

The correct tendency of increasing plasmon energy with a cluster size is in 

general reproduced. A good description of the static dipole polarizability 

SDP = "E.tw; 1 B(E,\,gr-+ Wt) is also achieved. 

Fig.4 exhibits the SRPA results for E2 and E3 collective oscillations in 

singly charged clusters. It is seen that E2 and E3 strengths are mainly 

concentrated in the energy regions 2.5-3.5 and 3-4 eV, respectively. Main 

peaks are well pronounced. It is interesting that, like the dipole case, the 

coupling with volume modes noticeably influences E2 and E3 excitations: 

the high-energy strength is redshifted and the resonances become more 

concentrated. 

7 



Table 1: Energy centroids of the dipole plasmon iiJ (in eV) and SDP (in units R3 with 

R = rwsN113
, rws = 3.96 a.u., N is the number of atoms). The experimental data for 

plasmon energies are taken from [12] (neutral clusters) and [13,23] (charged clusters) 

and for SDP from [12,22] 

w, eV SDP, R3 

Cluster exp. SRPA exp. SRPA 

Na8 2.59 2.66 1.77(3) 1.78 

Na20 2.67 2.80 1.68(10) 1.57 

Na40 2.72 2.68 1.61(3) 1.64 

Nass - 2.83 - 1.41 

Na92 - 2.85 - 1.41 

Na138 - 2.91 - 1.37 

Nat - 2.66 - 1.44 

Nati 2.68(1) 2.68 - 1.51 

Nat 2.62(1) 2.75 - 1.51 

Nat9 2.8 2.85 - 1.39 

Nat3 - 2.88 - 1.36 

Nat39 - 2.94 - 1.34 
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Figure 1. Ground state densities n0(r) and single particle potentials 

Vo(r) in Na58 and Na'tJ calculated with the diffused Kohn-Sham (solid 

line), sharp Kohn-Sham (dashed line) and Woods-Saxon (dotted line) 

single-particle schemes. 
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4. . Conclusions 

The self-consistent schematic RPA has been generalized to take into ac­

count the coupling of surface and volume modes. Due to this coupling, the 

excess of the high-energy dipole strength is removed and thus a descrip­

tion of the dipole plasmon and static.dipole polarizability is considerably 

improved.- Good agreement with the experimental data is achieved. The 

predictions for E2 and E3 collective oscillations are given. 

The present study proves the applicability of the separable approxima­

tion. The separable form of the residual interaction drastically simplifies 

the RPA calculations and thus can be quite useful for the description of 

E>. excitations in deformed and very large MC. 

The new sets of the Woods-Saxon parameters are proposed for neutral 

and singly charged sodium clusters. The calculations demonstrate go~d 

applicability of this phenomenological potential for the description of the 

dipole plasmon. 
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