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In this 1paper; we dev~lop a consisterit quantum the~ry of liquid H e:....4 ~ttemperatu~es 
T :S To (To is the temperatur~ ~f Bose:-w~dens~tion). The theory is-~aked o~ t~e effective• 

, model of the,Bo~e-,Einstein inte~actinggas th~t differs f~om ~~e B~goliubovmodel fora 
" ' • , • ' ' ' J 

,weakly nonideal· gas (1 ]. Lik~· in the Bogoli~bov model, the liquid ·He - 4 is considered 

. as a ~arefied nonideal gas ~f identical spinless Bose-pa~~icles: . The gas is so rarefied 
. . ' 

that onh. binary collisions of .. atom~ • are ~!lowed .. Let us denote the atomic· mom~nta 

before collision by p"'i. 'and p2 .and those upon collision by p-;.'. and p2'. The method of 
• • J ~ 

., seeond quantization supplemented with the Conservation liiw for a pair of atoms gives the 
. I t .• • . ' .. 
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f~llowing Hamiltonian: · · . · · 

,) 

'' 
• " p2 ·+~ ~- 1 ~ . ' ·+ ·+. • H= L....,-a.afr+- . ·L....,. ·Upa.a.a.•a.• 

,"· : ., 2m. P • · 2V ·." · , , , . Pl P2 P2 · ;2 
p 0 

' ·,A >' • p1,p2,pi•tP2 l l ._•, 

(1):. 

,with· 
.,.... ~ _; - !· ·,' .' .... I --.1; 

P = P1.-·P1.•= P2 ;.- P2 . . . . I . ~~; . 
~here pis theinomentum chang~ in ~olli~ion, 'm is thema~s of an atom, UP is t~e ' . . . ' ' ' ~ .. '· . ' : ' . .. \ 

p~ir pot~ntial of int~ntet.ion .of the Bo~e-g~s at~ms in ti:-emo~entu~ space; at and Up 

are the.,; d~ea~io~". and , ~~nihilati~n" ope~at~r's of af~ee particl~ .J.ith mo~entum p; 'v is' 
/ .' . . . ~ ' '. . . . ' ' . 

, the volume of. the ga~. 

. 'Let us tl:~risform the _Hamil,tonian to, th~ form' 
. ; 

~. c. ' 2 . 1 i I ; : ·. ·;. '· .. -

"·p ·+· 1 """u.' ~+·+· ~ ' . L....,2m aP ap + 2V L...., L...., L...., paPi a Pi ap; ~papltf + 
'#0' ·.. ' . . #0 Pi Pi· . . · . ": 

,,. 

\ 
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. ··uoE·£· · ·+·~· ~· . · + -v' .. ; · a • _a • aP;_ a Pi · · ·) · 2 Pl P2 , 1 
'Pi Pi <. 

(2) 

' 1 ··' • ' ·,\
1 

• ' ' • ' 

We will approximate the Hamiltonian under the following assumptions: 
' . \ ~. . . . ( : . . 

.. L In a liquid He:;.. 4 at temperatures T :S To,thenumber of atoms in the condensate 
' '( .·. . . . \ ' . ·,. .· \ ·, 

_.· No,T isfarl~rg~r ~ha~ }i in this case, the ope~ators at~ No,~1 /2 and _&.o ~ No,i'112 ca~. be 

: c~nsidered, c-numbers. · ' · · ~ ·' ·. · · 

2: The pres~en~e of the condensate in the liquid helium at t~mperatures T :S T0 results . 

in str~ng dominance ~f i~teractions between . qua.lltu~ state with thomentulll p i- 0 

into 'the condensate state fp ~ p"p, 
'- ' . . . . ~' .. . . ,' 

-:~.;J....;.e· .. ~~~· .... ~ .. ,. .... , ."'-!:.-loi'·.· .... •.• ..... -.;_;(, ~i 
'' ·, --- -· :~~z.~·-~;::~'":; ... -~~~, 

; . . ' 

if ::~-;iE~£1~~:~~:·,-1,~~;~,<-- :1 
·~ .<!r~.~~tv.JC •. ·~·.a,•, 
. --~~ ~.. :tt<~Z::~--::;.-.·,., ....... ; 
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where 
i' 

h= ata-p 

is the co~pon~nt o(the density fluctuation operator for the condensate pa~ti,cles with .the~ .. ~ 

momentum p, and the other .term - . ' ... ,I 

' . . """" ·+. Tp- = L a Pi aPi::-il 
Pi:FO, . 

'- . p~ :F~. ~-l ' . . / ' 

is .the operator of density fluctuations of above-condensate particles with the momentum 
.• 

p. •,, 

3 .. Experimental data ·9btained by the ~ethod of ne~tron inelastic scattering on liquid 

He.- 4 ·demo~str!J.t~ 'that .the density of Bose ~onde~sate • is t~mpe~~tute- d~peO:dent .[2]. 

In the ground state ofliquid He - 4; thec~·ndensate contains less than 0:1 ohll atoms. 
. l/ ' . . . . . 

Therefore, at temperatures T :5 T0 , the number of at<>rns in the' condensate 'No,T.is far 

s~a~ler th~n. the tqt~· n~mb~r of particles in the g~~ · N ~-·· Conseqri~ntly, it ca~. b~ assumed 
' '. '\ ' r• ' • ' • I ', • ' , I ,- o ' ,-• \ 

that the total number ~f particles in the gas N is ~uch larger than the number of particles ·· 
~ '• ' ' . 

filling a certain quantum state withthemom~nt'um JVO,~ (N-:t> Np-). 

Owing to these ass~m:ptiori.s; .the mod.el Hamiltonian in zer~th ~ppr~~imation ·as .a 

furicti~n. of,the.Bose-co~densat~ d~ri~ity ~ takes th~ following for~ . . .. · ' 

k 
.. 2.-. . .. . ''._ ( . . . . - . - .· ' ' 

"""" p •+• ' 1 """"u. ~T (•+•+ . • •' . •+• ) , 4--' 2m ap-ap-:f: 2V f.- p-Ho,T ap-,a.;..p-+ apa-~+~apaP -t. 
pio!'O • ,. #0 . . .. .. . 

I . UoN_2 I . • . 

' + --
2V \· 

(3) ·,·· .. / 

Now .w~ will show that the chemical potenu'al of the gas ·model u~der. col.tsideration 

can be :onsidered zero. To ;his erid, we t~ke the H~~ilto~i:m ?fa ~a;~e ~a~~~ical\Gibbs 
ensemble G .. ·. 

G=H'-P,N (4) 
. . 

and transform it to. t'he form 

( 

2 ° ') . ' '· 1 • • 0 

',( ' • • 

0 

' ' I ' ' p. ·+· . . . ·+·+ . . • • . . 
L 2m,-p. ap-U.f_:t 2vLUp-No:T ap-a-il:f-apa-il+. 
"#0 '. . #0 '.. \ ' . 

a 
. · .... ) . . .· U. N2 

·"+ 2a;ap- \- JL_No,T+ ;v . ' (5) 

To carry the Hamiltonia~ G into the di~gonal form, we take advantage. of the Bogoli-' . '• . . 

· ubov transformation 

2 ., ' 

., 
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'1., 
'\· 

;' .. 

bp· + Lp~Tb+ • \ ap-= . · -p (6) 
/ vl·:__ L2. p,T 

where Lj;,T is .a real sy·m~et~~c function of the mom~ntum p; b;, b:P are "creation" and · 
. . I ' 

. "annihilation" operators of a quasiparticle with the momentum p. 
. . . • I . . ' . . ..:.!. 

. Then, the Hamiltonian G assumes the form · 

' '. • . . ' • . 2. . ' . ' 2 

• L · ·+· 1 L:( ' P NoTU:P ) . I · . U0 N. G = c•Tb-.b·+- c·T '-·-- -·- + 11. .:.;_".NoT+-.- (7) 
· · · p, ' P P 2 · p, 2m V r. r " ' 2\' 

·#0 ,#0; ; ; ' 

\' 
where cp-,T is the energy of th~ q~.isiparticle with mome~tum pat temperature T 

. .[( ··2· :)2 I 2~·,· ·u· . . ·u'.]rf2 . ·. P · ·· · p Jvo,T p 2p.No,T. if I 

cp-,T = ·- - p. . + .. - ' 
. 2m m~ - V 
r, ' ' 

\' 

(8) 

' !,' 

(9) 

, :;.__z 

ll can be considered zero. i e 

' .. _; '. ~ ' ' ' ' ' ~ ' ' I .. ' • ' ' ' '• 

So, the Hamiltonian of tlie system and energy of quasi particles take the following form· 
·,,· ~ i ' . • . '' ' >. - ~ "'. '. • '. ,, : . ( ( . ' .. . .. ': . 

·il ~ tcp-,Tbtb~+ ~E(~f.T _ L_.No;Tu:P·).·+ U0 JV
2

. 

, ·#o . · · '1 #O ·, .·. 2m • y. 2\1 .. 
( 10)'1 

,i 
where 

l' 
'I' i 

' i ' 2 • I . ' 2 ' 

2· · ( · ·. P No,TU:P) (' · Jl No:rlfp-) 
Lp-,T =:= -:-cp-,r + 2m +-v-- /. cp-,T. + 2m +--\1-.- (II) 

·[( ;·)~ '· 2~-U-]r/·2·· ·.: 
c• _ p + p O,TI p ,· 

p,T - 2m · m \1 . : . . 
( 12) 

·Experimentally, it is known [3] that the specific heat of liquid helium around the . : ' .. ( . ' ' 

absolute zero is proportionaL to, T3
• In view of this fact., Landau postul~tcd that .in 

the vici~ity of-absolute zero, quasipa:rticle~· in .liquid helium.arc longitudinal phonons . 
. . . ' . . ' . .! . . . . . \ '• ' 

which me;tns that at the absoluie zero of temperature; the erwrgy of a quasi part id1• ·.\,•ith 
•' . ' . . ~ 

m~mentum pis of ,t?.e form · · 
~·; 

cp-,o = pi• (1:1) 

3 



\,,.,.' 

., 

~her~ vis the velocity of phonon~. With (13) substituted into (ri); f~r U/ we derive 
. _.,_ ' 1/ ; 

the following expression 

> 2) v 
'Up-= ( mv

2
- :m No,o (14),' 

where No 0 is th~ number of particles at re~t at T = 0 .. 
, -, , . . .·· ·I , . . . . , . . , .. ,: . • . 

The energy of interaction between a pair of atoms in the coordinate, space separated 
. ·. . ·. . . . . . ; · .. I , . 

by the distance r from each other, U12(r), is of_.the for!D 
_, ·-. . -· -

. . . . 1 • . . . . . (' i27rPi:) .. 
U12(r) = ~v ~Up-exp ~ .. h:,- 1 

. \ p • . ' . ' ~ 

. Since ~ur problem is to study the therrn<ldyna~ic properties of.a ga~, we should alw~ys 
. --- ' .·., -, . . ,..,. ·. - --~ .· . . .·.' . -· .•, ·. '· ~- ·_ . ',.: . . 

take account of the thermody:narnic limit when,V-:> oo:; N ~,oo .;-and thespecific· 

volu~e v~ =. * -r~mains ccirisiant. S~bstitutillg Up-fro~ (14) into (15)~nd p~rformini the· 
• • < I • ' . ', • ~ . ., . ' ' • ' " . • 

thermodynamic transiti<ln, it is easy to show that the sum in (15) dive~ges. To provide the 
• - '. ' • ,1 ) . ,. - ' ·., '- ' • 

(15) 

1\. 
1)' ·. 

. '' ., 

div~rgence·of that.'sum and obtain the expression for the interaction energy U12(r),· one 
.. '· ... · ·, " . ' 

should introduce the cbncept 'of a bou~dary. momentum for the liquid He - 4. atoms .. The 
• > • ' : > . . . '' .·· ··:·.: ·.·. l: . :·: .•.. · '.; . . •.. 

boundary. momentum for particles of a nonideal gas is connectedwith the characteristic 
• ~-'- ' : ' . .1~ :' . • t-. ' 1 • - • •• • ' • ' ' ---:·: •••• - :' ·'. • • •• ,. ·; • • • • \ 

length of interaction between it pair of. atoms that is a minimal distance between two 

i!lteraction atoms. ~tom~ 'with a m~~entum e~ceeding the hound~ry mo~ent~m p0 do 
' . . ". /~I ' ''·'. ·... . . - ,; , .··' .... ,_~·-· .. • ;-.-~ .. ', . 

not participate: iq the process of scattering. Therefore when p ;::: p0: ,Up-.= 0, o\.nd, 

thus,. Up-=~o. ~· 0. · ~quati~g 'uP' obtained by ~ornmla. (14 ),' f~r we obtain for. the boundar; 
• • ' • ' ~ . 1 ; '. •• ' - • ' 1. - : • ' -~-. . . \ ·- . . ' 

momentum the :value p0 =.2mv. ln,this case;.for the interactionenergyU12(r) (15)we. 
. ' • . . • ---. ' . . • ., • . 1-- ' 

arrive at the following expression · 

\ 

., 

!~. 

·· ... 

!, ,; 

.U ·(· __ ) · . Vn? ···1 .. ·(· 2m.·~r) 2 j.( 2~~r)'·;·{2m~r_· .·.· ~ (2m. vr)} ~(· 1· 6.): . 12 r =· 3- -- 1+ -- sm --+arctg --
47r2r5 No om • 1i ·· • : · 1i · 1i · • :- 1i · • 

~. ; . '/ ·.· .. , I ... · • . , \ . ·. ; .. _'· .. ' . ' . 

So from the -Landau postulate it follows that ther:e exists a quantum state occupied 
i . ~ ,',. . . . ' . . . . ·. ,·, :' .. ;-. ,.. . . .··· . 

with atoms with the boundary momentum fti>. It is the boundary between quantum states . 
. ': . ' ) - \ / '' . ., . . . '. . . . .. : . . . . 

occupied with atoms participatmgin the scattering process and ·fre!O atoms. As a result, 

th~ Hamiltonian of the syst~~ can be writt~n in the f~rni' . . . . 
' -,-.!•- ., - - ' '. 

· •• • · ·1 · (, · 2 - · N. u) ' c 2 ,· 
""' c~Tb'tb~+- "· c~T- E._+. O,T 1'. +""Lata~. b p, P P 2 b p, 2m · · 2V . · . L 2m P P · 

O<p$po O<P$1'0 ' , . , · · P>I'O ' 
H= (17) 

,, 
f 

./'4 

., 
·, 

Note that' the model HaJ?ilt~nian and the e~ergy ~fa quasiparticle will be determined 

only when the t~mperature de~endence is kn~wn forthe Bose" condensate.' Now, we will 

. theor~tically look for the t~mperature dependen~e of !{fr-. To this end we ~ill makeus~ 
.·. I . . I ... - . 0,01 . 

of the formula ( N ~ No,T) 
/ 

~ L N p~T+ L N p~T = N . (18)·. 
. O<p$po _ · • P>Po 

~here N p,T is th~ me~n :nu.w.ber of atoms in the quantum stat~ '~ith momentum 11' 

at temperature .T : The chemical potential for the ~odel under' consideration of liquid. . ' - . . '· ' 

helium is zero,' therefore, the mean riumber,~f free atoms with the momentum .P.in the 

~tate of statistical equilibriu~ is represented in thef~r~ . . ' ' 

. 1 
-'- . ·...:.:a+ a~= · ~) 1 NP>Po.~ :-- P P · 'ex~(2mkT ~. 

(19) . I 

with k is 'the Boltzmann' constant: 
' \ 

To find'the mean number in a quantu~ state with the,moment~in pfrom the int~rval/ 
, , ' • ' • ~ • . , I • ' ' - ' • •.• '. • 

0 < p ~ ]Jdat temperature T:we will apply to .the Bogoliubov transformation, which gives 
''. . . ' "/• ~ '' ' .. ' ''.. /)' '.. '" 

·; ~ / 
(· 

. ·' 
- . ·+· . 1+L~.T·+· ·.· ... ' L~T C+'+ ~ L~T 
No<p$po,T = ap-ai,= 1-;P bp-bi+ 1- L2 bib-i> + bp-b_-p} + 1- L2 
\ - , · · p,T __ ; p,T p,T 

(20) 

.where~ 
. 'i . ....-~ .... 

.. 

btb+~ = bpb ~ = 0 
~ .:-P . . -p , 

• ·(21) 

·Then 

· 1 + L 2 • ' .. , L2 . · 
... , · .- . p,T- ' p,T 

I . .. N O<p$po,1' = 1'- L2 np,T + 1 - L2 . (22) 
\ p,T ,p,T 

where np,T .is the mean number of the quasiparticl~.iri th~quantum, state with ,m0:. 

mentum pat temp~rature T 

...--:--1 1 
np,T = btbp-= exp(~) _ 1 (23) 

., ... , . . .·.. . . .. kT . . · : 
Next, insertii1g (22) into (18) and Up- (14) into (11) and (12) we obtain th~ equation . 

£ ·Nor· .. , 
·or~ 

N 1 1 + L 2 . --- 1 L2 . ' 1 
""' p,T- ""' p,T . . · ""'- · 

V = V b 1 - L 2 np,T + V L 1 - L2 + V L N p,T 
O<p<J10 • ' ' p,T O<p<po p,T '· P>I'O - . \ . - . 

(24) 

-"' 
I 

.5 

·I 



'I 

where 
', ., -

'> 

2) ,', (', < L · 2 , 

1 + L2 T _ 2m_+ mv
2 

- r.:) !:!2;L p, "- · 4 m Noo 
1 E2 - < ' ' 

. - p,T '. ' -~ ·F:j!,T 
(25) 

T , , , - I 

:_F:ifT i'i+ '(mv2- L)'!:!!!;r_ 
, • ' 2m . - . 4m No,o 

, 2eifi ·. 
(26) 

- £2 . 
p,T 

1..:. L;,T 
.,...,._ 

< 2 2 < < < '< N. < N.. 1/2 

ei!,T = [(L) ·(1- ~)+p2v2~] ·• 
2m No,o , . No,o 

(27) 

If liquid heliu~ is, in the ground state, ffp,o;:::: 0 and NP>~o-.o = 0: Ther~fore,equati~n 
• ' • , • •• h ' ' , ', I 

C24) assume; the form, (, 

: __ .';' 

N' 1 - 'j} 
-·, '""'·' , p,O v: -:-; v: LJ .1 -:- •£2 < : 

' , O<p$po , , P:O· \· 
(28) 

where 
'<-

···''. 

L2 o = (r.- 2~;)', 2l(1+2m~)- 2 
p, , •, 'p , , ', I' ,p,, ·, ,1 

" 

(29) 

I ; ll In the thermodyna~ic limit,fo~ the ph~no~ velocity at T = 0 we have. 
• ,.! ' • ,·. ,.: • 

\' \ 
,\ 

(30) 
, , l 'I,, , , , , ·, ,. :. , , , . , 

Then the phonon velocity equals v, = 209.4m/ s. that slightly differs' from the exper-
• . . -~ . . ~- . ~ ' ' '. . . . • ; . . .· ' t .• .·. - . ~ i ' 

imentalresult v = 237mfs. At.the value v = 209.4mfs', the characteristic length ,A 
_ • • . _ • . • · · ·, .' ••• _ ! , • :, ...,_ ,. Po 

related to the b.oun~ary momentum equals 4, 75A. 
< I· ' ,•" '' N • ,, ,, '< < ' 

At the temperature of Bose-condensation T0 : :r~:o = 0, equation (2~) becomes 
. . . •' ' '. . . . ,·. '\ ' ' 

4..;27rvo(mk)31ir:'2
- ("' x 112dx = 

1
, · 

. h3 · J~ e:C - 1 · 
(31) 

Solvi_ng.this equation f~r T0,•w~ obtain the known value.'fo ~ 3.1K; To complete the· . . .,_ 
note, we summarize basic ~esults. We. ha~e c~nsidered the .no~ideal rarefied Bose-Einstein:· . \ . ' . . < < < <. . ' < 
gas in which o~ly binary, collisioi:;s are taken int~ account.·· Gas atoms ot~upy quantum 

states of atoms only with the discrete spectrum or'mome?ta which <::~ntains the condensate 

state. For the condensate being not destroyed, it is as~tim~dthat only transition of atoms 

;,: 

~ 

,' ' 

from' the above-condens~te state': to the condensat~ state strongly do~inate wheri two " 
' . 4 ' ' . . . • , • . . ~ . • . - . . 

atoms are colli<;Iing. It is shown that the chemical potential in thi.s model equals zero. 

Using the Landau postulate, we have determined the energy of interaction between two 
/ . .. ' 

atoms ~-an os~illating funCtion of the distance betwe~n the two atoms. Here it is asstirried 

that there exists the. bmmd~ry momentum for atoms occupying the qu~ntum state that< 

' is 'the boundary between quantum states .filled with atoms particip~ting in collisions ~nd 
! ,· ~ . ' • ' ' • ' ·, . • ' 

freeatoms .. The boundarY momeU:tu~ is connected with the 'characteristic length of 

interaction:: If the distimce ~etween two atoms is ~maller t~an the characteristic length,. 
•. : ' ~ ' : • ' , 1,· ,· •·· ·, '• / ' ' 

these atoms are free.· Also we have obtain the model Hamiltonian, quasiparticle.eriergy and 
• > • ' -

.the condensate den~ity as functions of the te~perature of liq~id He- 4 at temperatures 
' '/ • l', ' ' ·j 

T~_To. 
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