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Busa J. et al.. 
The Instabilities of Ani~otropically Driven Developed Turbulence 

· in d-dimensional Case· , · · 

In the present paper the stochastic model of. the homogeneous. developed 
turbulence with strong anizotropy is investigated. The Kolmogorov constant _has 
been calculated and its relation with amplitudes of spectral projections (streamwise 

. and.· cross-stream wise. components) has been· established. in the situations, where 
the competing mechanism between anisqtropy of external forcing and dynami~s 
governed . by Navier-Stokes. equation can have. influence ,on the stability 
of the Kolmogorov regime. An extension to more complex stochastic magnetic 

. hydrodynamics is also considered. . . 
\ . . " ' 

The investigation has bee~ . performed· at the Bogdliubov Laboratory· 
ofTheoretical Physics, JINR. 
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1 Intrbductiori 
,--.~-: ~ -

· Tlie sir~ng no~lii1earity of the. N a"iir:_Stokcs eqti'ation for· high :Reynolds nu~bers . · 
make; the tli~oreticaf ·desc'riptiini. ~f dev~i~ped turbulence very difficult. Fro~ the 70~ "··. 
ties there has been a significint inc:i-ease ofintercst in thetheoreticalinv~stigatiori of . 
Jhe statistical hydrodynamic models, where the pheriomen'ologicalstatisticsof exter
n.ii ~~ndom forcing has been used for the modelling ofvery coinpiex:flow instabilities.- · .. 

· ··In the· present paper.we h~;e discussed the stochastic variant.of-N~vier;Stokes and.· .. 
•. ~nm· eqtihtions in the case when_the axiaJ;ynimetrfof.e,xtemal ra11domforcir_1g . 

. . ; has been taken• into _account .. Let us note, that_ stoch'astic differential equations can 
. '6e·solveddirectly by using. numerical.scheme~ ·[1] .. Iri~t'ead, in.this pape/ we have_ 

applied the analytical approach .lca!_ling dircctljtoJ~e approx~m.ate exrressions for-~ , . 
correlation'functions. :C . . . _ _ .. _ . •· ··. . . . .. 

. . ~The pos~ible deviation of the fuJ!y
0

·dey~loped turbulencefr01nthe i;o~~~pic statis~--: .• 
tics oLvelocity Huctt~ations was corifiimed bya·number of experiments and comp·ut«;r .- .. -. 

- sirri~lations [2}:• The cor1trib~tion.of .dominaritly oriented flucttiatio'ns de;~loped as · 
.a cons~quence of)arg~ .scale an:fsotropy is_ a permanently dis~ussing aspect of- the 

· ~turb~IJncephysid: _ ~: ' _ _ _ . .. . . . . /' .. _ ·· _ . 
> . . Thisdeviation may be"indu~ed by~ presen~e o( sp_ecific initial or boundary con di~-

-tions, intcr~ctions.of fluctuating fields with a mea,n flow gradi'ents or external fields:· 
. lnthe c~ntext of-~easur~r;rientit is known,' that thdiirbtilence behind grid .tends 

. ·, to he ani~otropic with stream wise c~mponent slightly larger. than the- cro.ss~sfream 
~---· :corriponent~ [3] and anis~tr~py coritribut~ons c~uld • be.relevant for: the experimental · 
- : crrorsi~ determination of the turbulent energy di;sipatior1 (4). " . . . 

·. ·•• .. Tlie'fU:ndam~ntal theorntical st~dy of the kinetic energy spectra splitting induced:~ · 
by the presen:ce of axial -sy.mmetryhas been given in the_comprehensi:ye· pap~r,of. 

·. Herring (5), _,vhere applied direct interactionapproximatiop could be con~idered as 
. an important sta;ting point for development of this particular s_cicntific region ... · . 

. • .. Many. authors incline to the opi~ion, that the Kolm6gorov l~cal isotropy po~tu~ 
·, late,·;,~ith th~ ~sst.iII_lption .that developedturbiil~nce of the inertial r~nge_is indepen~ : 
. _dentof tl~e viscous cutoff (alsa"~hape and integral length charii.cterizing the boundary • 

·conditioU:s ); creates oniy the r~ugh. basis for ~he ~atisfac_tory urid~rstanding oLtur-_
bulence complexity. °Therefore,.the ·advanced statistical hydrodynamics tries to give •·
more accu~ateanswer on the. validity of th~- clas~ic'~l Kolmogornv phenomenology, 
which ignores the effect. of ani~o€ropy''inside the.inertia!sU:bscal~s. The~results oL •··· 
;enormalization group (RNG) analysjs; which are presented iri this p_aper hopefuUy 
sheds some more light on this problem> .'. . . 

. / ·. An initial important motivation oCthe_present: work comes from· the study ~f. 
weakly ~nis~tropic stochastic magnefohydr~dynamicl (MHD) [6j.- It show~ that even 

. ,smalLdrivirig anisotropy of the forcing leads ·to an asymptoticaFincrease of iafge 
- ·-scale.•effective; Lo(entzian ter~s . .It was-'found· .th.{t .· the pr'esence. of the .latter.. i~· . · 
' crucial fo~ suppression.of the .Kohnogorov scaling. invariance ( called the inst'ability of 
,critical regime.in;tlMp)ip~~},Jt'ht present work, which sufficiently complements {he 

.· . .,·:,:'.~_;;;.;~t:_H\biW ~~;\;;,.~MY\ \·-- . . :;.·· .. 

\
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< cakul~tions of Ru'binstein and Barton [7]; tries to give a pr~posal how to ,modify th~·. 
stability of critical regi~es of stochastic axisymmetric MHD. ·· ' 

2 - The stability of anisotropic 
hydrodynamic-the~ry . · -

'\ ' ' ,' , , ., . 

We start with thedescription of the random velocity flow v(x,t) (v and x arc d
, dimensional vectors ) the evolution 0~ ,which is governed by the randomly forced , 
Navier-,.Stok~ eqtiation (~odifiedfrom· (8]) · · · · ·· · · 

a - +• (~.)- · "72- ··1-i-d,,.; _ ·1v . tV Vv.V-VvV- .·- , - ' ·- : ..... ·' ,·' ',_ ... . ·: ', •-, 

'v.v;;;:;'v,r=_O. ;,· (1) 

·1 -~\..... ,, • • -~ • • ·., - • 

, The explicit form of the anisotropic -dissipation force. r-d,, .• ( as a consequence -of 
syinmetry',of ]") will be specified l~ter. Here ~e con.tin~~ the generalization of 
the...traditionaTturbulence models based on the ass~mP.tion of thepresen~c _of large 
seal~, rar~doin fo~cing f'( x; t) ~ith_ the ,Gaussian statistics compldely defined by ~he:' 
averages 

·" UJ) = o; _ UJ(:i1; t~)/:(x2;h)) = n;. (xi .:../2;t1 - ti. 
Th~ t;q_0 point correfa.tion _matrix 

,' ".( 
• ·,: « - , -d- . -. ·. 

D;,(x;t/=:h(nI(i~~d DJ!(~)efp [ifx] 
ca~ be pa~a~etri~ed·~ [7, 9] · 

\ ,, ; DJ!(k) ;= ~vv3 A2
' k~-d:_:, ( [l+'.ri1l~] P;,(k)+ ~2R~.(~))',; 

. . . ' ( ·, ' - - . . '• ~ 

(2) 

(3) 

,, (4)' 

·'-

· ~ : in, d-diinensional a~d anisotropic case. In expression (3).vector 'fdenotesthe wave 
- immber and vector n(liij ='l) detern'i.ines the anisotropy ~is. The solenoidal P, K-
and longitudinal PII. operators <1:re defined by relations -

II - -- k; k. . - - - II -
P;,(k)• = k2, , ,P;,(k) =.h;. - P;.(k), 

le. 

-. :•, (-· · ( k~)·· .(" - ,,· k.)·.- . k.ii 
R;. k) = ' n!-: ek-;:; n. ~ fry; ; (k = T., 

The ~ost general parametrization ~f the non-heli~al D;. tensor (dependent on the 
undimensi,ona!'free parameters ~1 and 02 (01 > ....:.1,02> 0) is constructcdto main--

- tain", the. requirement of the incompre~sibility. We emphasize that in. contrast_ with 
-- the stinmlating paper[7], these paramete~s are not c~nsider~d as strictly small .in 
- the~pres~n.t~~,, work.' The parameter 'A. ~i th. the • dimension of _wave, numbc'i'· is. tl,e -

' . . - ,. ,- ·.·. . - ('· .. 

_,• 2 
,- \ -v· 

..... 

,,j 

' 
,, .·.'. -. -

~.; 

' ::: ' 

,,r' /: 
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i 

scale setting p~ramctcr having tl;~ size fro,~i 1;iicro0c_ddy r~gion; g .. is the posit in~ 
undimcnsi6nal co~st~nt.·Thc usual ass11mption of stochasticJhe6ries ~xhibiting the 
Kohnogorov. scaling b~ha,•ior is ti1at ·. the forcing to· be localized aroun~ the ~Pro of 
w,we numher, and physical .value of c parameter is ·c. = 2. · 

, / As usual, I he mc~surablc q11a1it-itiPs in .the _st~dy: of tl;e str_ong _tu"rhulencc ar~ 
considered the statistical d>jects rcp~escnted by N~J-h order velocity correlations 
fui1ctions defined hv_ means of fui1ctional integral . 

• ,.,. . . • , r ' -

' ' 
N . • - 1\J.· ·. ·.•· -----

. (J] ~mvi•'j)}_= :tlj[d~v][ddiil l'm(.Tj,lj)P(v,i!), ni El,2 ... d. 
J=l· · -' ';J=I _,, · · 

(5) 
- ' 

• . cl ,· . - . • : ; - , • - . -- J _._. • • 

, The com:lusions of [IO] enahlc IIS to write the probability distribution in -form 
· P. c=nor,i~ xexp[Sj' ,villi I he ~i-fom 

s = j<1d:.r1di1d'1.r2;i,2H~,A;~ .. 1i)Dj .. (-r1-:;i~,,. ~,2)i\(.r2,1;)] 

J
. .. , ··. -.- , · .. 

·· ·· - ' ::.. .... ' - :..:. •· · - ·..;..'- . · -2-· A.Ji,.:": - . _ d 4
xdl { 1,(,i-,l)[- cJ,"-: (F\")1•/ v'\11, + J. l ](x.t)}. 

.. . ' ,. . ·. ' 

{6) +-, .. 

where auxili~ry incomp~cs;iblc -field ii. wa.~· int.rod~ce<I alqng the \~ay. of tian;f;rmac. 
·· tion of (1) i,ito the fund.ion·al for'n~~ The HNG method here provides ti1e corre;t 
description of the large scale hel!aviour of thy c~rrclatiou fonctioiis (5)., . , 
.·. In order t~-obtai11 power - counting renormalizabl~ theory (IO. 7} \\'(' need to 

.: introdui:c fon11s proporLio,ial to nonzero param~:krs·~c I i1<'Y. will, be dPnokd here 
·,. Xt, X:i a,id XJ), Tlicsc new ·para,~ictcrs, which',arc reqpi'rl'd lo bring the i-antellation 

of diagram divergences arc visc~us tcn;or cofopmicnts r~present iug i lw orirntat ional -
i_-edisti-ihution of cncrgy.~lissipation. The force of anisot.rc>pic ,·isrnus dissipatiop has·. 
the explicit f?-rm - . . -

· ;_,di;:, . ·. [.-- ~-- •2~ ·, , - - ·_::. -· -_ ·."~ :,. - 2 -·"- J 
f · :·=v X1(n.'v) u+x2n~~(n.v)+\'.:111(n,V.)(11.r) 

- ·-:, . - -: ' . , ' . 

.·_,,,From the methodological poi1;t. of vil'w at.,;o,{u~ stag(• of·HNG p_roc~clm:e th~: 
correlations (5) arc expressed intcri11s of scaling function nmt.aining I hi' conlinuos -
cffc~tiv~ yariable-'l g(s);x(.~), which a"rc tht'fuud.i~ns c;f m,~:aled-wan~ numlwi- :;' "'"' 

. -k/A. Th~; scale. dcpcndcn.1:. i~ffcci,ive· va.rialilc~s arc gov<'rtl<;d. by. the ~!'!.. of ~lilfl'r~·nt ial 
equatior1s [ 11 ]: 

, ' 

<. 
s <~~• = -. J~;. (!J.,;xi;, ~1~2~ d)., , :j-~ ·1~i :i, . 
·,dx;, ·_ - -- _ ...... : -
., ils ,,:::: ff,., (!1v,xj; np, d) , 



i 
i ' 

·,, ~,,. /. 

d - a2(1o,01=0· - ---01lro,02=0 ·, 
,t \ 

\ ',-, . 1 • '•,-,. 

2. i {0; 0.00022) . (•-0: Ii; 0.05} 
2.8 (0;0.0034} '(-0.51; 0. 18} 
2.9 {O; 0:0096) , (-0.72; 0.33) 
3 (0; 0.018} (-0.85; 0.49) 

,,...,__ 

Table 1; The limits on the s~lcction of free par;meters {11 2 and d necessary to create tl;e•condition~ 
for formation of the stable ki~etic fix<!d point.' The'.invcstigation ~f stability was made fa two ca~es • 
Oi' ::::' 0 and Oz = ·o. We found that·the size of stable regions of,; - d parametric space in~reascs 
with the increase ~f'spatial qimensicin for 3 > cl >. d;: Fo_r d = de the destabilization occu:rs in th~ 
zero anisotropyJimit. , · 

'The large ~cale·Ji~it of statistic'al t~eo;;is describ~d bythcfixed poi~t parameters .. 
ofRNG . . •. . . - . .. . . . 

- ' ' - • * ' - . - . ~ / ( 10)· 9v(s-o) .. -:-:._ 9v_ '- Xi(s-0) - X1 _ • 

·[39 .(g;,x;?a1;i,d) ~-- O;· f3x,(9:,x;,a1,2,d) = 0. _ 
, •. ',- ' . . .· ',. 1 - ... ' • ' .' :.,... ' '~ .' ··. ,· " • . -_-

The explicit form of rnmplicated /39 and f3x, functions obtained from ·one _ldop 
diagram is p;esented in Appendix.IL Because ofcomrlexjty of (8) only the mimer
ical study of RNG flows· can clarify for u~ the selected aspects of strong: anisotropy 

, problem./, . . --.... . )' . , . 

The ;urrierical investigation confirms· the existence ~f the universal kinetic scali~g : 
regime corresponding t~. stable fixed paint of RNCJ.. The Kolmog6;~v spcciral index. . 

, of this fixed point. remains fixed and insensible to d value: . - .· •· . .. • .. · :. ; , 
_ ; Tlie vario~s aspects" of axisy~metrically driven;turbulence were disc.i'issed b~Ru-c , 

. bin~tein arid Barton [i}.:The presented study reflect~_;, pieliminai;-y effort at analyzing ·. 
of improved: version of their model. A key step ~fa new formulation is recovering of· ·. 
the relevance of the term x3vn(n.V)2(itv) missed"in the consider.ition [i]. Accord~· 

', ing to our investigation 'of {I) in'smaH ~nisotropy, limit, the.existence of nonzerox'; 
. - parameter is irrelevant for the' stability of theory ~t d. =>3. But, as it ~ill be shown 

later,. to· achieve the correct th
0

eory near some <limension.d = de < 3 (where ey~n 
a sinafr driving anisotropy de;tabilizes th~ inertial s~~ling). the inc~rporation of X3 
·~ei:m turns oµt to b,c necessary. ' .·' ' > - ' ' 

/ . Even a preliminary calculations have sugge~ted m; that qualitative changes of · 
.anisotropicaly driven _turbulence. ca~ take place at dimensions somewhere.!>.etwee~ 
two and three: We found the val~e of critical dimension . . 

:, ; 3vJ7 - 7 : .. ' · .... 
de =. · . . ~ 2.6846584384 ~ 

/ ,. ' 2,. ,, ' ' ;_ ,: . ' . '' · (11) ' 

below of whi~h the inertial range (kinetic'{egimc) carinot ~xist under the c~nditions 
of nonzero anisotropy. the. num!!rical ·,studies of equations show that for, d > d~, 

' ' . ' ·, ·. t : ' ' • . ' ,, 

·_.A 

'; 
'✓ ' 

the values ofpararrieters a1,2 must be limited in the stable scaling regime.' The 
numerical studies 'focussed on selected dimensions d .:::::. 2.i, 2.8, 2.9, 3.0 show that 
the range of kinetic regime stability iri ~;.. parametric space increases with dimension ' 
[see t~ble (1)]/For.d =' 3 the c_quations (8) enable to find a stable soluti~n when 
(ai);,.;,:. <a;~ (a1)m~x arid O < a2<·(a2)max.for extremal values 

.· ( 0 1 )max ~ 0.49, (a1)mi~"~ ;__0,85, ' (a2)max ~ 0.18; (12) 
. ' . . . ' ~ ,· 

·~I-'-. 
,, 

, I 

3 - The :effect·-of the induced;'anisotr~py;on the 
effe~tive Kolinogorov· constant ~ . - . 

l 
, \ , ' . . . ,' . , 

Th~ 1:>~sic param~t~r ~har~cterizing the prqperties of the i~~rtial range energy c.ascade 
is the Kolmogorciv constant Ck. Here we discuss ·_the anisotropic case, where the 
dfe~tive ck depend~ on the parameters a1, a:;i. . . . . . 

. In the anisotropic,cas~ the ·equal.:.time two pointVelocity pair correlationfonctioii. 
cari be :expresse_d i~ the f~rm . ·. , . . - ..,. . . . . . . .:· 

:_ ( Vj (ii, t1) ~. (i2~t~) )11,=12 ;~ -1··_. (ddk)~ Gf,(f}' exp [ ik. (ii - i2) ]. "(13) 
. ", ·. ' ·,... .,. . ".: ' ' ' ', ' ' 21r ' ' ' ' ' -c ;, •. "• 

with Fourier,- trarisformation 

. cf. ( k) ,a c. ,! k':'-¥ h:(k)w; ((,;o)+ R,;( k )~; { (,; ~ )0] , 

containing desired largescal~.asym~totic/k2:d~~ a~d. satisf;;~~ ~o~straints bas~cl-on 
RNG symmetry. The p~~arri~te!"~ ca, S~ ar<'! . ', . . .. 

(14)-

',_~ ., - ! --' .. ( .. - ' - ...... ~ ,·. '. -. .. 2 

-.,> 
.· .. (·:-'. 2(21r)d~ ·) 3 

Ca=. Sd(d-l)(l+o~!oz) , 

. ,. 21r1 ' 

'$d ".".r(f) , . (15) . 

' ( 

_.' .. ·· ---·~-~ 
where f( x) is the standard gamma function. The expli~it f~rin of w; ~~d :w; f~ncti~ns .• 
taken_in this section at kinetic fixed point g~, xf, j = 1; 2, 3 is present~d i~)\ppendix I~ 
We expressed parameters 9v, v via measurable dissipation rate e by the relation : > . 

·, , . . I ,: ;. ·, ·; '" '. ' ·. ' ·4··... : . . . , , 

, · t., 1 · {. ➔ • ➔ . ·• • sd A . (' : 0:1·+ a2) 
. € ~- 2(?~)d }k<~ dd~~J1(k).= 9v v3_2(21r)d_4,::._'2€ l+, d .. · .. · , ·' (16) 

. \Vhich f~Howsfr~m the en~rgy balance equation. ., ' ' ' '' ',' ,., 
. ·~. In th~ ~ollowing_text one can find how the. Kolmogorov constant may ht! reached: 
within the_RNG appr~ach using the n~merically d~t~rminea fi~ed point-parai;neters. 

··•.·. : · To b~tter,u.~derstand:the co_meque~ces of_ariisot}opy presence we suggest to.sepir~te .. 
·. the longitudinal.and transversal part ofradial spectral ten~oi- E;.(k) · - · ... _ . · 

.lfi.(k)_= -2~2~)d kd-1 J _dQi cf,(f); j17) 

/ 5 

·1 

. ·, \' 



- where, dr!r denotes the integr-ation o~cr the ang~lar coordii{atcs of kspacc for the 
· .--- fiied amplitude jkj, in agree~ent with formula · · ·· · · 
~ -· ·. . ' . . . - . , ·- ~. .... 

Ejs(k) :::'~ (c.tPj_.(fi)+~11P;~_<ri)} sf 1:1~~·. ( 18) 

-Using P(ii) ~nd Pll(ii) operators ·andexpressions (17), (i8) the scalar arr;plitudcs 
qi1_ a~d. C~ can be ·expr;ssed :~fter some al~eb~aic calculatioiis as · · 

'' ·. ·c;I -~ ';~b 1:3( (1 - C) ~21 _(w;·(~;O) +- (1-" e)r;(c_q)] · . 
\ ' , . .. - ·' .. 

, . . ,. •. , ... · ·, , ... _ ,_, . ' ( 19) 

?:·;, C.t -=· d~l 11~{(1-C??' ['(d-?+e)w;~(,O)~e\~ ~ e)w;(('.O)] >. 

.· 

wher~ ~b = CaSd-1,d/(21r)°''."The~mp~~is~n of tr~ted (ls) with the en,crgy spectruin 
definition · · ·, ·· · -- · · · · -

... · tr(Eii(k))~ ckeh1-¥ · (20) · 

gives 
','dk = (d- 1) c~ +·ell 

, ' - d 

4 .·: The impli~ations for M~D stochastic . 
. . dynamics,: generalized c1ni~ot:ropic tesi~tive 

and ·Lor~ntzian forces · · 

(21) 

-~ 

-.· F~r · completeness we_ sh01.i'ld ~ention that·· there· are many mechanisms ,thrnugh~u( 
which the MHD turbulent rriedia·becomes anisotropic. The anisotropy can be arise 

' frolll the ·presence 9{ an' unifor~ 'backgroun(magnetic field (13,,14], macroscopic 
,. polarization of the turb;1lent. media or may be induced by specific ra:ndom • forcing 

. (9]. Tlie l~st example of the pap.er·de~ls with problem·how-th
1

e arii~otropi~ forcing · 
affects the inertial'properties of MHD with high magnetic Reyn~lds n~-mber. · 

· The_ micromodel of st~chastic anisotropic hydrndy~amics is used ·to constrnctthe _ 
renormaliz~ble statistical theory ~f randorp,ly driven anisotropic :rriagnetohydrody· 

' namics in this, section~ The governing _equationsofthe a~isoh~pica!IY driven ·MHn·: 
fluid [9] may be written as .. - ' ; .,_:_ · . ' -.. · . . : . ', . . . . · . · . 

. fJ1v · + (iJV)v:_ vV?v·- p--fa-<f (b.~)t+ p:~~,.. .• -~ p.,·.; 
aJ +··(J.~)'-;;,~(b.V)v,-uv'v2b-'-f-fa-b•=P · 
-. ', ____ ,,,,;-_ '.- rl, i.'·,·, ' 

<-V.v =;V.b=V,r=.V.f=O; 
' , '' ' , _.'- ' ;. - '"· . '(~2) 

! 

/ '· 
. ; , ,, 

O:t ,' 0:2 'g; Xi - x; x:i Ck :all,.t · aisotr 

0 0.,01 267 · 0.027 · 0.025 · '....:0.184. 2.990 .0.8 0,8 
0 0.015 269 · 0.0-15 - 0.042. .::..o.309 2,992 :1.2 L5 

10 1 0.018 •272 0.066 .· 0.061 
-0.85 · -0, -tOG . -OJ 12 1 0.31!) 

·, -0.460 2.995 .•.. ·. 1.6 ') ---iJ 

-0.662 --2.966 4.4 · -~t:2 
-.; ,,,, -0.5 0 :327 ::.,.0.065, - 0.132. l' • ... :,,Co.'01 0. 26-1 -0.001 . b.0bl 

':_ j ' 0,01 ·o-2G2 0.001 · 0.001 

·J- .. ·0.2 ·/ 0 2:16 o.o:m -0.027 

. -0.183 2.982 2.8 _:1,9 

-0.000072 2.988 0.l , 0.L 
0.00035 . 2.988 _:0,1 0.1 

I . 

. -0.030 ,,· 2.987 -1.0 -0.2 

,i '-

,\, 

'0.4!) O· 2:lO 0.108 :-0.02!) · -0:324· 2.987'.; .:..1.s --0.2 

Tablc'2: ,,:lie examples ;;r-n71;1;erir;,1 vahu:.i ~f thr paramPl~rs a:;sociated,with tl1~ ki1;dic fixp,f 
point of RNG olitain,,ZI for various'" i ;',n2 and d =c :1. ·i'-11~ im110rtanr<' of x:i term •!S compar;,d 
with xi and xi i~ aii _int.cresting ·fi·ature of th;,ory with strong anisotropy. Th,; spectral properties 
ofstrong'turbulcncccharactcrizcd hy thi, amplitudcsC\,Clland c1. arc also ,lt-duce<l from H:XG. 
Conscque~tly/tlic 'relative' ni,:asures ull,1.· an<l ,;.••••~-'of system deviation from isotropic stat<' can 
be c~nst~ui:tc<l in the forin ull,1. = 102 X (C,'il -~ c1. )/Ck an<l-u'"'': = 103 X (Ck;_ ct••r.) 1ct••1

~ •. 
' '. , I ; ~, ' . -, . . - . 

__ where ct•otr =. (~)' -~ 2:9876 .is the Kolmogorov 'constant of the isotropic RNG theory.·, From 
,;rcsente,i'<lata'.wc find limitationsjull,1.1 < 4A and ju'·' 0 'rl < 7.2.Tlie prin~ipal ronrlusioi1 is that 
Ck(o 1,oi)is''not very s,·_i1sit.ivc to•<Ji,2 v;rfat.i;ns.''. ,, · ·, ' ,;_ 

. ,, - where uis diincn~io;1lcssmag11etic:Prandtl number; b(i,-l) is fraliz~ti~noffluttuai'ing , 
1~iagitctic field. The magnetic forcing correlations satisfy the standanf as~11111ptimis 

' , : - . ' ,_ - .,__ 

(fb(-·t)f''(--l)) - Q'·· ··. ··('13) · X1, 1 11 X2, .,2 ~ , . ! _ ." -
J J/ •• '.,, • • • •• y~·- ."' . • '. ,, . l ,. l '· . , -

UJ(xi, ti) J!(i2, l2)) . ;==, 'Djs (:r1 ::,_ i2, li -' l2)~,-'-Yb,<>1-~3.02~0,,,..:,: ,' ' ' ' . ' <· ' ' '· ' '' -~< . ', ' . . . : ; ' '' . 
adapt'ed from (3) and[!l]. hi expression (23)n3 , a4 'aiid exponent c'. are additi911al 
t rec.parameters; 9b i~ a new. coupling' parameter: The magnetic forcing ar,isottopy · 
net!di the suitablcin<;l11sio~1 ofj:~rni's wi~h lower symmetry ( not appearing' .in. th<' 
stan~lard MHD ec1uatioi1s): Thc __ auisot1:opic magiteto'dissipatimi force analogoi1s.to. 
(7)i~ ' : ' '' ' ' ' ' ' ' ' ·- '' ' ' 
· · · p-di,-b·-.== uv [x4(ii.V)2~ + xr.1iV2(ii.b) + _x1i11(1i.V)2(1i.b)] , (:fr) 

'. where Xi,i ~ 4, 5, 6·arc newp:i.r;;;ictcrs: P1;rforming tl;c syst~1irntic 'RNb pr~ress, 
which complcments,thc i11itial r~~~ult.s (!l], Ile\~ term~ areg;ncrat.ed ~ith ,\j 1>a~amelt•rs 

:'coining into definition<>f-modificd Lorentziai; force · , .; · 
..... _ .-- ·, ' ·• ,- ,_, . ,/ ' ·_ " ·- . ' 

'J1-1 
,L 
.p 

,:r~I 

ACLo,r~j,· - ,\. -{ (- -)(- -b)' •,\ -(- n) b2 f = 1 i n.v'. n. + 211 n. v . 
. . ·- + x,~(b.V)(ii.i)+ ,\4ii(ii.b)(ii.v)(ii.b). 

-, ·- ' I •, • ' • - ' ~ 

• ,· ••. ', .> , ,. '" '· • - ' • \ ,\' .- -: .• t ' . . ·~ -~ 

(25) . 

\ 

·, -r 
1 

.. 'l 

· - · In the .work [!l] the rc11orm3tlizable variant.(iftlie'.MIID tlwory with si1_npl~r forces 
110:u"''' f':~; . .'., ki._o,\u~O 'h,is' beci1 st.tidie;rin det;~iL Tl1is consideration has Deen I 

, , ' - . / 

_,.,. 
7· _ ·, I 

.,_, 
·1',. 



f-:-' 

_ limit,id bS· the fact that anisotropy (i.e. fre..r~ri.aranidi.!1:s Cl/,(= i;2,3,4 and con:.._. 
sequently fi~ed x;, j =;= l, 2, 1; 5; ,\;", i, ~ 1, 2, :3) arc srnalL It ~vas shown th~t the 

.. investigation of ;,.HID in the weal< anisotropy. limit leads to the Kolmogorov's specs 
·• tr."i.l predicti~n onh: ( fo~-the kinetic and ti;e m~gnetic e1;ergy sp~;tra) if the f~rcing· 

exponents satisff inequality c'.·< 0:65c Nmvthe results achieved in the hydrody
namic theory allow to speculatc·about the cor1sequer;ccsfo; MIID and_MHD possi_blc 
~tabilizationb'yineans,ofsyrnmctry and c<impleteitcss reqtiireme_nts. ··. . . •. 

.. - . We believe that the: presence of_ xi; mag~et~ - ~issipativc term; analogous ~o 
previously dis2usscd ·viscous x3 term· will have _also an immediate implication for the 
large scale effect of F-Lo«n•,._and therefore will pla/an important role in stabiliz~tion 

.· (. eventually cfestabilizatio9 ) of critical sc,ali1ig i~ ~Hfl_?. . . . 

~5 : .,Conclusion· ,,.,- .... , 

Thi;~aper deals \Vith th1 R;·d .·st~dy of ~Ilisotropically drive~--hydr~dynan~ic ~nd 
MHD.turbulenc<'!:. It examines the Kolmogorov icali~g regime; The principal c'on-
~lusion of paper.is that the scali~g can h~corne-unstable thr6~ghout the spatiaL 
dirn,e_nsion changei 0~ eventually.'by anis6tr6py variations. In this context the 'reh . 
vance of x3 .term:has been discussed: Tliese results lead us to hyi:>~hctical buil_d.up 
of the irnptoved anisotropi~ally driven fy!HD theory. . 

The authors wish to thai1kDri L.Ts;Adzh~rriyardor-usefol. discussions. M.H. 
and D.H. are grateful to I).I.Kazakov. a:nd'fo dirdctor D.V.Shirkov.for hospitalit}' at 

· .. 'the ,Laboratory of :rheoreticarPhysics; Jinr' Dubna: - . . . . 
. This ;ork was supported. in p~rt by Slovak G_ran_t agency for science (grant 

2/550/93), - , , . ,.·: 
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6 . . Appendix I: · Renorm~lization: of" anis<:)tropic _ 
_yiscous dissipation. 

. The reno~inalization of ti1e'J":d;, .• fo;ce·h~s b~en p'rforrried after the.ter~s (~ingular 
·in the limit i: ....:+ 0) of the oid~r -.· . . · •. _· · · s'_ · _ ' ' · ·· 

"• 

. d(k28~b/c)-, · 0 ((k.n)t8ab/t:)', .. ~O(k2nanb/_(j-, -.__o((k:~)2~~n;/t) ·· ;{26) 

.. _ were extr~ded from the one-loop irreducible F~yn{i;_~n i~tegial. · 

. ·,· r~!l(}{= ·1·(. ddp)_;d1· =dt- ~ap(p,t)Li~s(k~·p,t)(aij;)¼:bp(k --i·. --(;!) 
. ,.·-. . 21r O •. -t· ' .· .. ,.- .. ·'..- :,'.- - .,_,_., . 

inagree~ent with quite standard rules ~f ri1inimaLsubstr'action ~~heme (is]. From the' 
bilin~ar,term~ a'nd triple iJ'vv part of the acti~n (6) the basic elements (prop~gators 
~nd vertex) of the perturbation analysis have'.been obtai~ed'. .The propagators Li, ~- . 
and the symmetrized vertex _V are ~ritten in k, t (for t,> 0) repies~ntation as. . 

~,,(k: ,r ~ /;,:w,k'."'" ,,-{,,,, (2,i)P.,( k)·+;,;,((; \") n.; k/}, : .. ·• 
fi 0 p(k,t) =: 0(t){w3((k,;k)P:p(k):UJ4((k,Tk)~Rq;(k)}j· . __ 

- V;p/x\· ~ "{ {Paptk)_k~ ~ Pa:r(k)kp}\ -.. . . .. 

where 

with c~efficients 

ui(1,1) 

···_. _<,'w(2,1) 

. _ --rA + --rB ·' .. r . 
Wj -:- e W(j,l) · f . W(j,2), 1or 

< • 

1··+-a1e•· . .. . 
_ A .. ,. · w(1,2> = o" 

· _!__•c. (az __ M-'c(l_+_· ._.a1_+_; -'--(~..::../-'-·_~--_ci=1)..:...(1_·• ·.:....--'-·_;~:___2)~) )·. ·_ 
A · ·•_·.· · (B-'-A) ·. >· · ·' -

W(z,2). 

_. M· ,. . _.·: . --~.,. . - .. '. ,_ . 

= B(B _ A) (1 + a1 + (az- a1)(~-, e2))_,_.-. 

W3 
~iA 

··e·"_ ' . 
· ·M-- ·(. -TB .. --rA) 

...:, _· --, e-. •.:--_e . ' ··~:-·1 ·. . ..... 
1 +x1(, 

. W4a,=. 

.. 2:. : ·,. 
B =A+(l :_l )M.. 
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7 /. Apperidix If:. The derivation' of /3 'functions ; 

I •._ ) .•. "· , . , , . .. . 

In order to cla~ify the ~alculations and reduce the number'of "t,h~ terms under inv~s- -
tigation of (27) through the analytical computational stages' as ~uch 's possible WC . 

- have made some preliminary identities' and ~~lat'ions. At first; we specify the forrri, . , '· 
in which th~ iunctions W3(~k-p, Tk-p), w4.(~k-p, TL,p)and also operators P(k-p) and 

"""', - ·- \ ' ,_,; ' . ' - ' -
. R(k -'-.p)' will be expanded into the Taylor·series in powers of k [ the_ extcrriaJwavc'. 
. number 'of integral (27)L Using th~fact that V~a,y{k) ,.:; k, the final ·cxtra:~tioi'1 of 

qua&atic t~rms (26) needs the Taylor expansi?P of product· ii,y5(k :- P., t) Viib~( k _:;p) 
up to the first order in k only. ·- _ - · · . . . .·• · . _ · __ · · · 
. . If w~ define the coeffi~ients w(i,i)\ i_~ .a: 1, 2, 3 ( 4cpeddei1t Ori scalar-~p) as. tlic I 

-first order derivatives [at zero of scalar pi:oduds k.ii a~d k.p] -,·, - . : .. . -
• - - • ' f 

'W(j,O) 

I 
' wu,1> 

= · wil(;;~n;k.p_:o); 
. \ ·._ .; owy- . -·•· . 

w(j,2) = P o(k- -) l(k.n;k.f~~)' 
. .n ··' .. 

_ 2 0Wj .· ·. ' .· . 
p,. -----1 ~ . . 
. , o(k.p) (k.n;k,.p-:--0), \ 

. . th.en the me~tioned expa~si6n of W3, W4 ]~~ks like . 
, - ,_., . "· .°"':' . ' • - , 1. J, 

.•• · '. -• • . ·. •1 ( k.fi.)·· -•. --< (·· f .ii)' w:= Wc!,o)+w(j,IL .· p2'.' +~u:2L ';-P •.. 
. ' ,. ·, ·. t ' '\ ' 

, for .. j = 3, 4 . (30) 

. T~ perf~rm thti differentiation of W3 and W4 a~cprding t~ (30Lwe use·tlie identities 
~ . ' . ' - - . ' ~ 

' I 

(31) · ~ aw(A(ek p), B(ek p), M(lk-p), 7k-p) 
1 

~ ◄ ◄: >·• 
p . . . _ . - . · , (k.n,~.p->O . . · · o(k.p) · · 

- [2_ e◊A_._MBp_· - 2;:a·a_ ·1 tb(Ap,Bp,~p,Td_·_. {·: 
P .. _ . _ _, ; Tp , _ ,, ,.-- , 

Bw(A(ek p), B(Ck-p),M(lk-p))1.: ◄ ~ ~-,' > ~ -2e1' ◊AMB~w(Ap,'Bp; Mp), . 
P :, • · a(f:;_ii) ·• ·. '• .. (k ... ,~.p_,o --· · - · 

w_ith operato~ 
/ - . . -_---_.· • - · ·a· --- ,a · ·, ·tr . , · . - . 2 .\_ ~ 

·VAMBp =x~qAp + X3/)Mp + BP/)Bp'., .··. BP =x1 + (1-ep)X3-: M.;, ·., 

wh~re ~ i; eith~/of fo~cti~n (w3 or w4 ). The·furthercomputaticmal purposes m~
ti".'ate us to sepa.~ate r' depeIId~nt terms writi_ng alge~raic structure_ of W(x,y) in ihe 

- _ form ·. · ' · · .. • · · 
. ,,.-_/. . 

w(j,s) 
· , --rAur -· + --rBtiT -= ·e_ r H.(j,s,t) -_ ._ e, · H(j,s,2) · 

,· ffe::--rAW(j,:,3;·+ re":°-,BW(j,s,4)• 

(32) 

~ 

10 , I 

'i 

The cxpr:s~ions (2!J) a;1d_ (;!J) allow-i 11(' explicit dc~ivation of coelfici~nts appearing 
in (32) · · · · ' · 

W(3,~,I) = . ! , . \Vp,0,2) ~ W(3,0.3) = \i1(:l.ci,:1) ~ 0,. 

, . 11i(3,1,i). = IV(:u_j) = Wp\,1J ~ o. H:(3,1,3) = 2(A - ex1), 

,. 1v(3,2,1J'., = .· 111
(3.2,2) = w(3,2.1J ~ o, 1t:(:1:2,3) = 2(x;; 

W(-1,0,1) = _:w(,1,0,2) =-M/(B.,-.•A),_ l\1(4,o,3) = W(4,o,4) = 0, 

. w(4,1,1> · ':"' . ..::.w~1.,,2i:::; -cw(4,2,1), _ . .::._ 

H1(4,l,3); = W(,.o:l)w(:l,1:3), . 1r(1:1,4)~ 21F(,i,o,1)(1{ e- B.), . 
< -.::,v(4,2,2) :== 2((//J/-:- Mx1+ 11\,:1 - By_3)/(B '-A)2, 

- H'(1.c1,11H't:1\,:1)• ll'1,1.;.1> -~ 21r(-l.o.l)(B
1 
. 

:; l,V11,2.1) . 

. W(·l,2,:1). 

- (33) 

- · For the operatqrs /> and, U ai. w;vc·11umli6rk .:....7;,,.~Ji11dsirnp_ly the.'cxp~1ision 
rules . - _· , .. _. · 

, jJjs (f-~-;J. ~ _:jJ;s (J~ -·2,,-:'1:(f.f;}J:jPs + JJ- 2
( J.•~pj+hPs ), .. ·.'y( 

'Hj,(k-:-;.fi). = Hj,,(;i) . _: ;, . . . _ (34) 

-+ .. ( · . ' -1I c . ). [ -, I c ,. ~2 ,-.& . ,. , :) -3 c -(,'. ._.). ] 
; , 7/.j - P: ''sP Pi P .<,p ~• + P 1'<,kp;,-; -P ',p , ,-.p __ . Ps 

. + (n; -:- :;;c-l,f,p i;.,y [P:1 (p ki,+; />-,2 /.., <kl'i-:: 2j,:03 e: (l.p)p;] 
, , t ' ' ' . 

Usi~g these cxpres~ns and (30}'wc f'in<l ti1e ;1i1~cli-atic part of kenfol (27) in the .. , form·· . . . ', . , , , ,_ . . , , .. . , . 
. - 7 ·-·., 

l~~af3(p)iS.:.,s(k -,fi)Va,~-y(k)Vibf3(k-:: p) _ . . ... __ . . (35) · 
- ; .... - ' ' - . ·. - - - .•,-,:: -.. .- ,.-,- - : -' .,._:- . - ' 

~of3(p}~,ys(;i) Va•o-y(k) Vibf3( k) + ~011(,ilk, ~,y,51(i>)_V,,a,y( k) ½6~( -p) 
. . . - ,. - ' . . . . ' ; ' ~ '. - . 

+ ,.nonquadratic in k part, 

'\Vhcrc -we }~ave used -dc~omposi 1:iorn; 
l, - - ~ .·. ' ,. •., 

· ii~s(k -F) = iS."Y5(fiJ tk,ii~;i(fi);, . (~G) 
- ,, · ·. .. (1) Pl . (2) .. 
~,y5l(p} =-nl~-y5_(ii) + -;~,y5 (p), 

', : •. • _1 , . ' . . ' ·," . . ' , 

f}.~t= 5,;5W(3,t)+ri,ynsW(4,l) + ,;:--i(n-yp5 + 11,5p-y)(W(4~0) -(ptv(1.1)). 

+ i 2p,yp5('-W(:i,1i- 2~pW(.i.~i+J;W(4.11), · .· . - . 
(2) ' , '· ,· . . ,• · . ' , · . 1: ,. ; · . ' .,. -, 

~"Y5 =:: 8,ysW(:s,2J + n"(n6 W(4;il-:- (vp-: (11-yp,5 + nsp,;)(2W(4,o) + W(1.2)) 

+ p-2P-y/Jli(-2W(3,o) _-.:.· ·w(J,2) + 4(;W(i,o) + e;~v(4,2))- , ' 
, ·,' , , ,. ' 

• In the following we ii.resent procedure, which coi1sider~hly reduces th~ computa
tional effort' and'replaccs'the ir'1tcgration,with dd 7,measurc' by singlc:integral over . - ···.. . . . ., ; ,. ~ - -



'\ 

\, 
1· 

, I ,/ 

\he i. variable. The integral ca~ be' cal~1'ilated nut~~rically. If an arbitr'ary function• 
,of 11.if./p = (p argument is d~noted by 'w( ·), then the follo;;ving rule~ forthe cxtractim1 ' 
of 1/ t poles ( right hand side of the following ideritities) have been derived from the ' 
mi~imal subtraction procedu~e [15] . . 

, \ . __ P_ 
1 

·• PiPjPsPm ..:_ _ ·· · . _ 
·1· dd - ; . . .. 1 ·, . . . 

· (2r.)dq ((p\ p4+d+2, - .· 2i. [1(4,t){_lll} n,n1n.n'.'.'. 

+ J(4,2i{\It} (n;niDsm + n;nsc5im 
+ , ~;nmc51; + ni;,i~c5im + ~inmc5;; + n;nmc5;1J-

!
. ·dd'.. . 

, P· . ·· PiPiPs · 
• (27r /1' (~p) p3+d+2<, 

+ {c4:3){\It} (c5_;p5sm+ D;~Djm +<LDsj)]. 
. '. 1 ' . '·. . ' . . . . ~ ... 

-·[ /1:i,1) {\Il}n;njn/· 
2t - · - . .... " 

+ './(3,2){~} (n;~~: ~jDis +•~s~ij)}' 

C: 

·1··· dci- . - ·._ . · ... . P - . PiPi; · 1 ·. . , .· _ • .. • · · 
. . ;(21r)d W ((~) pHd+2< = 2t [ic:y{W}n;nj +f(2,2){1J!}c5;j] 

·J. 
..,... 

. • · ·; d' d - . ' . . _; . . 1 · . . , · · .. P · p; .·. · · · 

7r . . •· p -·· l 
-.;,.. . ·. ---(-2 )'d\J!\( __ P) 1_+d+2_,_·_·-= -2 nJ/1,1){\JI}'._ 

-: > -~-:/ .... (-2ddp)~-\V- ((p)·_d~2, ·_= -. 21'/o{W}.:. '". 
. ', . 7r .·· ' • p . . . (. . . 

With mini~~l.subtraction ~clieme; there -i~_no co~tributio~s fromJinite,(for t ~ 0) 
part-of integrals. All lin~ar ii1 \It functjon'ai~ lex.~) {IJ!} are connected with tl1e basic' 

. functional defined as . . . . . . . . •. 

/?{\Ill= Ic~:o){\It};; (~:-)~ 1:d( (1,-e)d;J \Il(O/ 
' . . . . '~-~ ·. :· ' . . - \. ~-:•,,, 

by.means of relatioi-1s _ , · 

. lc.i,1i{\ll} 
/(4,2){11'} 

= '(d4d2fo{.w('}- 6d:i./ci{11'C} +"3/o{w})(d2 
.:_ lf1 ,· ' 

( - d2Io{\Ile}+:d3/o{IYe}..::1o{W})(d2 -: 1r:·1, . . . 
_ _ I11,3)tw} 
·"' Ic3,l}{w} 

/(3,2){11'}_ 

..._ Ic2,1J{\II} 

-~ fo,2){11'} · 
.;,. ·. ,/(1,1){'11} 

( fu{W(4}-" 2/ci{we} + io{we})(d2 - 1)-1 
, 

(/u{Wt}d2 '.'...-3/o{'_ll~}}(d~/)-1 ,; :· ' . · 

= . (. __:_·/o{IJ!t} {I~tq,0 )(d-:-1)-:- 1
, . ·/: : -· 

=:' (1o{wC}d .:_ fo{w})(d-ci):-1, '~. 
. (Io{W}-;-/0{'1',C})(d_1),-i, :~ 

/~{\II lL . ,__.. . 
where WP. used th~. notation l 

··-1 
, d; =:'. d + j , . :j ~; 2, 3, 1 . 

'- I 2 
·,,, 

__, 

\ 

(37)' 
-·-

-,., 

- : The renormalized action 

V 

. . . . ·. < .• . (. 

sR = jddi1dt1d.dx2dt~ [½v;(i1,t1)D;.(x1 -x2,t~ ~t2)ii.(x2,t2)] · 

_ + /d'xd,{iici.,J[-~:~-<;;\}W · · · · ·· · · · · 

· + v[ Z1V1u,+Z2ii(ii.V)2ii+ i3x2iiV2(ii.ii) ·-

I 

~,~/ , 

. + 'z,x,n(n. V)'(i1.ii)] J} 
' 

(~8) < 

cor;espondirig to (6), includes Zi ( ~ l) terms [12, 16] providi~g the cancellatiori ~f 
• . . : ', ! .. J ·- • - • ', • ' 

the divergences in (38). They can be obtained ·eq_uating of corresponding coefficients 
· ofdivergent part ,of integral (27), (35) with expect~d form . ·. · · \ ' ' 

. ' ' . . '. ,· .. - •, ·- ,-.-_--

.r<2>(f) = ab . vk2_Dai, (1 ..c:·z~)'-_v(k.n)2Dab (I, Z2) 

',); 
vk2na~b (I - Z~) ~ v(k:n)2_na nb (1 - Z4) . •,• 

- Va.iif)V.bp(k) J(i:fd -1~dt:-~i;(f, t)ti~6(P, t) .- ~-:' 
• \ . - · .. . d ~ "" .. · : ' - • . . 

' + k1 Vaalk)I'ci~d :1. dt_~~p(p, t)li~61(ff, t)¼bp(-p)>· (39) 
' \ '' --:- . ' ' . . 

In order to keep the number of terms in Z; I as sm~il as pos~ible j!_is usefull to 
define the fol!owing la,~2b1b;c:c2 tensor . ~( . . 

-J;, _; •• e" " :, :;l,.,_,,f ('• t d, w"( (, ,) w,~ ~i(f, ~)}.. •. ( 46) 
, • •• ,:I • ,r 

'After'the substit~tion ~f (32) 'into (40) it is simple to sh~w that integration over' the 
, ' / ~ . ' '-

- ,T gives . 
. ' "· 

la~ a2 b1 b2 c1 c2 = :f l(a.1 ,a2}{ {~; t. [(;Af~"W(c1,~2,2s~1}W(b2,l) 

1
-.. -. • ' s=l,~ . . . ·._ , 

"(41) 

+ (A+ B)-• [W(ci,c2 ,2s-l)W(b2 ,2) +;W(c,',c:,,2s)W(b,,1)]; 

+ c2nJ-•w,~
1 
•• ,,iw,~.,i] }, · 

\ 

In this expressio~ only the single integration over the { variable remains (not~ that 
• < A,{1, Wix.~.Z) are' 'Ullderstood 'as the functions of e v1:1riable here) and-this pr?bl;m 

is possible to solve numerically, . . - . · 1 
; .. ' . ,,• 



.The expressions (30) and notation ( 40) have been used to bro~ght the c~cffi~icnts · 
· Zi,:-·?4 in!o th~ compact forms . .· ' . 

Z1 -:-.1 = · -J222140..:: 1222240 + J224;10 .,-··2l,i301~ ---:..J13o~32 . . . 

+ 41432140 +·j432142 +21432;30· + 14;2232+2143~240 +· ./432242 

· ·z2 ..:.1 · = 

. 4j434240 . ..:... 1434242, .. 

.'.:..l:221141 :-:. ,!221231 - J221241 -2ln2240 + _122;241 _ · · 

J3;0131 _:_ 31321140 .:- l:i21142 ~·2.1321230 - 13~1232 - }321210 

J321242+ 1322141 + .. '3~22:i(+l322211 + 51323240+ 1323;42 

J324;1t'.:::.. 2l4i0130 ~)420132+ 4Jm;:o + 1:2;112 + 211222~ • 

+ · )422232 -f 2Jmi:o + 11222~2 ~ 4112424ri ~ 1424;42 , . 

. z3 -:-r = 1112140 + 1112240·~ 1114240- 121d1~~ -J212210 
. + J2~~;40 ·- 1222240 ,_.:. 3]3211~0 ~ 1321142 - 2J321230 ..:· )321~2 

2J3;~240 - )3212~2 :+ 51~23240 + J~23242 .::._· 2J420130 :--' J420;32. 
. :~:-· :· . . . .· . / . .-. . . . . : 

_, + .. 4Jmrni + lm14;;t 21122230+ l.i22232 + 2J-12224ci +l4222:i2 · 
t - 4}4~4;40 ~ J42424~, ' 

·Z4-!. ~ 
.. ·. . ... • . "F.-

-Jooci240 + J111141 + J1i1m + 1111241 + 5J1i:1210 / 

. · J113241 + 21210~ + J2fo142 + 212rnz30 +-J2rn232 + jfiimo 
• •' . . .. -- . -•. • • . . . i • ~ I 

. + . 1210212 _:_ 21211141 - 2J211231 -: 2J:i11211 ·:- lOJ21;;10 - J212212 

+ 2J213241 - J310131 - 6J3111~~ - 2J31'mi 7" 4J311230 -::- 2h1123; 
·; 3J3112~0;.: 213:1m+ 1312141 +·1312231+·1312241 + 10131324~ --~ 

2J313242 _' J314241- 2i110130-,- 1410132 + 4J41;14~ + 1112142 + 
+ .. 2.lm230+Jm~32 +2Jm21o+"J412242 ;_ 4J41424~ ' 

...,. .-J414:;~.;,. 

·--

_ In the ~onstruction of betafun~tions appearing in (8) (for dc_tails sec [10,·16] ) · •• 
the one loop connection of Z and /j functior1s cari be easily cletivcd 
~' ' . . ,_ - . _,_ . ' ; ·- ,· -' 

~P9 .·=2g~E.(~2+:iz~), A =2x;£(Z;+i.:_z1), j=l,2,3. 
. \ -, '-,. ~ . ·.' . J -

{-12) 

., . - 14 
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