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‘The lnstabrlmes ot Anrsotroprcally Drrven Developed Turbulence '
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| ln the present paper the stochasnc model of the homogeneous developed'
turbulence ‘with strong amzotropy is- mvestrgated The Kolmogorov constant has
!been calculated and its relation with amplrtudes of spectral projections (streamwrse
,and cross -stréamwise . components) has been established in the situations, where}
the competmg mechamsm between amsotropy of external torcmg ‘and dynamrcs
_governed - by.- Navrer—Stokes equation ‘can have influence - on -the stabrlrty
of the Kolmogorov regrme “An extensron to more complex stochasuc magnencj
;hydrodynamlcs rs also consrdered S O R R (s :

_ The rnvestrgatron has been performed at the Bogollubov Laboraloryk'
;of Theoretrcal Physrcs JINR w , : :
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lntroductron}

Fhe stronrT nonlmcarrty of the Nav1er—Stok<,s equation for’hig h Reynolds numbers :
‘mal\cs the theoretical dcscrrptlon of developed turbulence very drfﬁcult From the 70-=
ies there has been a slgm‘irant increase of interest in the theoretlcal mvestlgatlon of
R he'statlstlcal hydrodynamrc models where the phenomenolocflcal statlstlcs of exter- =
. nal random forcmg has been used for the modelllng of very. complexﬂow 1nstab111t1es
n the | present ‘paper-we have dlscussed ‘the stochastlc variantof- Nav1er~Stokes and
: 'HllD equatxona in the case When the axxal symmetry of - externa.l random forcrng e
as-been’ taken into account Let us note, that stocha.stlc dlffererltlal equatlons can’
“be-solved: dlrectly by using numerrcal schemes [1] Instead in this paper we “have
applied’ tllc analytlcal approach lcadlng d1rectly to’ the'approxrmaterexpresslons for
'orrelatron functions. : :
" The posslble devxatlon of the fully’ developed turbulence from the 1sotrop1c statis-
tlcs of velocxtv ﬂuctuatlons was conﬁrmed by a number of experlments and computer

}’l his devratlon may be 1nduced by a presence of specrﬁc initial or boundary COndl- .
~trons mteractrons of ﬂuctuatmg ﬁelds with a mean. flow gradlents or'external ﬁelds
In the context of mcasurement it is known that ‘the: turbulencc behlnd grid- tends
0°be’ uIllSOtI'OplC with streamwrse component sllghtly larger than the. cross—stream
components [3]:and anlsotropy contr1but10ns could be: relevant: for the experlmental
crrors Ain determmatlon of the turbulent enlergy d1ss1patlon [4]: :
;,The fundamental theoretrcal study. of the Lrnetlc energy spectra splitting mduced ,
_b) the presence. of ‘axial symmetry has- been given in the comprehensrve paper - f L
: Herrmg [5],-wlhiere apphed drrect interaction approxrmatlon could be’ consrdered as

'rmportant startlng pomt for ’ vvelopment of this partlcular sc10nt1ﬁc Tegior e
Many authors incline to’ the oplnron, that: the Kolmogorov local 1sotropy postu
“late, with' thc assumptlon that ‘developed: turbulence of the 1nert1al range is indepen
dent of the viscous cutoff (also shape and 1ntegral length characterlzmg the boundary :
ondltrons), creates only the rough ba.31s for the” satrsfactorv understandmg of: tur
- bulence complex1ty Therefore ‘the advanced statlstlcal hydrodynamrcs tries to’ glve
,more accurate answer on: the vahdlty of the classlcal Kolmogorov phenomenology, =t
“which’i 1gnores the effect of- anlsotropy ‘inside the mertlal subscales “The results of:

: renolmahzatron group’ (RNG) analysis; whrch are presented m thls paper hopefully e :
~sheds some moré light on this problem : - L
~An initial important: motivation of ‘the present work comies: from the study of
“weakly anlsotroplc stochastlc magnetohydrodynamlcs (MHD) [6]- It shows that even
small driving. anlsotropy of ‘the forcmg leads to an asymptotlcal 1ncrea.se “of large i
““scale effectlve Lorentz1an terms It was found that the ‘presence of ‘the latter: is .
g 'cruclal for suppres.,lon of th 'Kolmogorov scalmg invariance (called the 1nstab111ty of -
critical regime.in-this'p er)';j'lfhe present ‘work wh\ch sufﬁcrently complements the
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= calcula.tlons of Rubmstem a.nd Ba.rton [7], tries to givea proposal how to modlfy thc
stablhty of crltlca.l reglmes of stochastlc a.x1symmetr1c MHD LA ‘

’2 The stablhty of amsotroprc
| hydrodynamlc theory

Y

‘?scalc sctlmg paramot(r havmg lhc sl/c l'rom mlcro de) r(‘glon o is. lhe posrtnes,
undnncnsronal rontht The usual assumpllon of stochastic theories exlnbrtlng the -
= l\olmogorm scaling. b(‘lmvror is that ‘the: forcing to be ]ocahnd around the zero of
PR wave mumber, and ph\arca] value ‘of ¢ parameter is €= L :
“ <2 As usual, the measurable quanhlns in the sludv ol' the slrong turbulencc aro' Ry
4(,0!191\10!‘(‘(] the slallsll(‘dl objects e prmcnt(‘d b\, V th order \elocrlv correlahons;‘

S ,l'unrhons dcf'nod bv 'noam of fun(llondl m[cgral

: "We start wrth the descrlptron of the’ random velocrty ﬂow v(z 1) (v a.nd Z are d-
. ;drmensrona] ‘vectors- ) the e\olutron of which 1 is governcd by the randomly forccd
,ﬁNa.vrer—Stokes equa.tlon (modlﬁed {rom [8]) : v R :

,

Um .r. 4‘ ) ddr' ddv um .r,t 'Pv v 5 mE l,.. d 'r)
ZE : i B S

l'h(‘ conrluslons of [10] (naok' ua lo “rrt(‘ the probabrh!y drstnbuhon m fo.nr‘f@if
-/’P_-normxoxp[ﬂ \vnl:lh( achon . R CE

,The exphcrt form of the,a.msotroprc dlssrpa.tlon force f e v (a.s a consequencc of ‘ ;
: symmetry- of . f”) will be specrﬁed later. Here we contmue the generalwat)on of :\T, B
. the\tradrtronai turbulence models based on the aesumptron 'of the presence of large ..~
sca.le random forcmg f"(:z: t) wrth the Ga.ussm.n statlstlcs completely deﬁned by the . o

avera.ges i “

wlicre auxrlrary lnCOlIlpI‘CbSlbl(‘ hdd . was mtroducrd along thc way of transforma
;".tron ‘of (1) into the functional [orm T le RN(‘ mclhod here proudoq 111(‘ corr('r
d(.scrlptron o[ thc ]argc 'sca.lc belm\ iour of the rorr(‘latron l'unchons (5)..

CoIa ordcr Lo obtain: power 2 countmg r(‘normah/ab]o lh(‘orv [10. 1] we u(‘r'd 10(
. g:mtroducc terms proportlonal lo nonzero pammrl( s ( they: will b(‘ d('nolvd here
‘,X|,)(2 aid x3). These new paramot(‘rs \vlnch are 1e qurr(‘d to brmg the canrcllahm _
: - of diagram. drvergcncca arc visceus tonsor componcntb represe uhng llu om‘ntalloual‘
}'rcdlstnbutron of cncrgy, (hstupdhon 'l lw forcc of amsol roprc \N’ous (hsslpahou lm
.'5‘the exphcrt form: - ‘ :

2“’; b"m‘e;(s H ’

A i in d—dlmensronal and a.mcotroplc case In expressron (3) vector k denotes the wa.vc
e number a.nd vector n( (lfil = 1) determmes the a.msotropy axis. The solenorda.l PR

i ('ﬂ'('ctwc va.rrablos q(‘:), \( ) wlnrh are tlw [lrlxct|0|l'; of r('xr a]r d.wave numln-r s=
k/A 'l ll(‘ :.ca.l(‘ d(‘p(‘nd( nt e [l'('(hvr \arlabh's are: ;,ovr'rn('d b\ th(‘ Set- of'll[l'( r(nlml

k k
e \P,,(k) = 5,, = P" (k)

D ? ("" 75"_) (’f’, “5*?) : f;,ff’f TR
The most general pa.ra.metrlza.tlon of the non—hellca.l DJ, tensor (dependcnt on the
Jundlmensmnal free parameters o a.nd [ (al > —1 , 00 > 0) is constructcd Lo main-.

R tain’ the requrrement of the mcompressrbrhty We emphasrze that in contrast with .
g the stlmula.tmg paper [7] these pa.ra.meters a.re not consrdered as: strlctly small in-

n




.. parameter is irrelevant for the’ stabrlrty of theory at d = 3. But, as it wrll be shown

d - @fgaizo " @fwagmo | L
[0 {0;0.0009%) {—0.17:0.05).
- [28 (0;0.0034) (=0.51;0.18).
59
3

‘ <0-0'0096) {072,033y |
<0 oors) (:0.35;0.49);

Ta.ble l “The lrmrts on the selccuon offrce parameters ajz and d ncccssary to creatc the condmons SR

v for formatron ofthe stable l\mctrc ﬁxed pomt "The mvcstrgatron of stabrlrt) was made in two cases .*

a{* 0 and: az = 0: “e found that- the sizé of stable rcglons of o — d parametric space increases . . o
: thh the increase’ orspatral dlmensron for 3 > d > d For d =d; thc dcstablhvatlon occnrs in thc L Cen A

- zero amsotropy lrmrt

P

of RNG

ﬂx,(gurx_nal 2,d) —0

; V/;ﬁgu(gux XJaal 27d)

The exphcrt form of. complrcated ﬂg and ﬂx funct1ons obtamed from one ldop\w”

dlagram 1s presented in: Appendxx IL Because of .complexity of (8) only the nimer- :
; “ical study of RNG ﬂows can clarlfy for us the selected aspects of strong an1sotropy’;f P

problem.

“'The numerlcal rnvestlgatxon conﬁrms the LXlStenCC of the umversal k1net1c scalrng ‘if;l o
' '1 regrme correspondmg to stable fzed point. of: RN(; “The Kolmogorov spectral 1ndex';}"’.’

2 of this fixed point remains’ hxed and msen31blc to d value.

The various aspects ‘of axrsymmctrlcally drrven“turbulence were d:s(;ussed by Ruw o

bmstem and. Barton [7]-The presented study reflects a prelrmmary eﬂ'ort at analyzmgﬂ ;
: of rmproved version of thexr model. A key step of a new formulation is recoverlng of -
the relevance of . the term x3un(n V)z(n ) missed in the consrderatlon 7 Accord-
! mg to our mvestxgatlon ‘of (1)im’ small’ anisotropy llmrt the’ exrstence of nonzero X3

later to_achieve the correct theory near some dlmenSIOH d =d. <3 (whcre evenI}!
a small drlvmg anxsotropy destabllmes the mertlal scallng) tlre lncorporatlon of X3 !

term turns out to be necessary. Y : B R r O N

“Even a prelrmrnary calculatrons havc suggested us that qua.lrtatlve changes of -

anlsotroplcaly driven: turbulence. can take place at dlmens:ons somewhere between R

;two and three VVe found lhe value of crrtlcal d1mens1on

R j,~-‘{*"“"a’; 3‘(— ,\7\-—26846584384

f i—?'bclow of wh1ch the rnerhal range (krnetrc regtmc) cannot cxrst under the condrtlons
. of nonzero amsotrppy.. Fhe numerrcal studles of cquatlons show that for d > dc,

BN

Sne P R S : S e ' g% : \ eﬂ'ectlve Ck depends on the parameters al,ag T L T e e
The large scale hmlt of statlstrcal theory Is dcscrrbed by thc ﬁxed pomt parameters’v I 5

- ,where F(z) is the standard gamma functlon The exp11c1t form of wl and w; functlons "
,:taken in this section at: kmetlc fixed point g, X_,,] =1,2,3is presented 1n/Append1?(I e
We expressed parameters g,,, v via measurable d1551pat10n rate 3 by the relatlon T

: w1th1n the RNG approach uslng the numerlcally determmed fixed p01nt parameters —
To hetter understand the consequences of anlsotropy presence we suggest to separate, o

the values of parameters al 2 must be 11m1ted in the stable scalmg reglme The

"~ numerical studies ‘focussed on selected d1mensrons d.=.2. 7 2.8,2.9,3. 0 show that
o the range of kmchc reglme stablhty in o~ parametric space increases w1th dlmensmn o
 [sce table (l)] ‘For'd =3 ‘the cquatlons (8) enable to ﬁnd a stable solutlon when o

(cq),,,m < al <. (al)mur and 0 < Qg < (crg),,mr for extremal values B

(al )maz: = O 49 (al)mm

‘_—085 \(az),m_()ls ;‘(12),“

The effect of the 1nducedl amsotropy on: the_’,ﬂ‘fv
effectwe Kolmogorov constant .

The ba51c parameter characterlzmg the propertles of the 1nert1al range energy cascade_f g
is thc Kolmogorov constant- Cy. Here we dlscuss the anlsotroplc case, where the\

In the anlsotroplc case the equal ’t1me two pomt veloc1ty palr correlatlon functlon

o 2(27r i S
Sd(d—-l (1+m)

coIn the followmg text one can find how the Kolmogorov constant mk y ! be reached SR
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(18\

Usmg P(n) and P“(n) operators a.nd expressrons (l r) (18) the scalar dmplnudcs ;j

C'” and C'L can’ bc expressed after some algebrarc calcula.tmns as L

e

’ 7“;?: where cb = ca.S'd_ld/(.‘Zw)”l ~The comparlson “of- tra.ced ('18)
‘deﬁmtron :

ﬂ and Lorentz1an forces

' “».'For completeness we should mentlon tha.t there are many mechamsms throughout

~which the MHD! turbulent tnedia’ becomes anisotropic. :The a.n1sotropy can; be arise

‘-»;'from the- presence of an’ unrform ba.ckground ‘magnetic ﬁeld [13 -14], ma.croscoplc

S \,‘.polarrza.tron of the turb 1lent medla. or may. be. induced by spec1ﬁc mndom forcmg
.0 (9] The last exa.mple of the paper- deals. with problem how-the’ a.nlsotroplc forcmg

o j,a.ﬁ'ects the inertial properties of MHD wrth high magnetlc Reynolds number, .

“ v The mlcromodel of stochastrc anlsotroprc hydrodyna.mlcs is used to construct the -

o renormahza.ble sta.tlstrca.l theory of ra.ndomly driven e.nrsotroplc magnetohydrody—
" namics in this. sectron The govermng equatlons of th amsotrop1cally drlven MHD B

ﬂurd [9] may be wrrtten as:

/ma.gn(’tlc ﬁeld 'l he” magnehc forcmg correlations: satlsf\' lllv

,ada.pted from (3) and [‘)] lu CXplChbl()ll (23) (y«;, ay dnd uponcnl dare a.ddltlonal
ffree pa.ra.metcrs, gb is a‘new couplmg parameter T hc mdgnetlc forcmg amsottopy‘ :
rlceds the suitable. mclusron of: termx w1tll lower sylnm('try (1ot appearing in’the
' ,’s(anda.rd Mlll) equa.trons) 'lhc amsottopl( magnetodlsslpdllon force analogou.

Z:there x,,] = 4 5, 6 arc néw: param(‘tcrs P('rformmg th(' syslemallc R,l\(n procvss f
S ;whlch complcments the mltlal r(’sulls [()] new tcrnls arc g(‘neral(‘d vnth bY pardmcl( rs,

P lomm. : f/\ dbinew |00
: ,\‘-—0 2 : \-\-—ol)

’ PR (I:, \; SO X‘}l : E \;}- .Ck »v.‘a‘,”,_‘L”’ o,zsotr ‘
© 00017267, 70.027 70025 - =0.184 2990 .08 08| . .
S0 0.015 269 °0.045 -0.042. —0.309:2.992 1.2 - 1.5 ¢ -
/070018272~ .0.066 . 0.061°. " ~0.460 29957 1.6 25|
=085 -0 ,_._1709 .~—0 1127503190 =0.662 ~2.966 4.4 ~—=7.2 :
20500327 20,065 0,132 —0.183 2982 2.8 =19 |
=001 0. 264:°=0.001" - 0.001. —0.000072 2988 - S0 0]
0,011 00262 - 0.001: © 0.001 7 0.00035" 2988 —0.1- 0.1 |
020000 216 70,030 '—0.027?(; 720,030 - 2987 =1.0.—02|
049 7700 230 0.108 - =0.029 - - —0:324 2,987 ~—18 —0 2

' Pal)l( 2 lh( (J\amplcs of° mnm nm \'1lu(s of the p'tr(un(lors assocnat(d \\rth lh(‘ km('tlc ﬁxed" o
L pomt ol' RNG, obtdm( ed - for - various oy, oy and d = lh(‘ unporlance of Y3 termy as. comparod" o
with x} and x5 is an mt( resting Teature ol the ory \\ltll strong anisot rop\ -Thé spcclrdl properties’ Lo
=+ of strong ‘turbulence (hdrac((rm d by the dmphtml(w (,k,("" and C*are also deduced from RNG.

S ;‘Consequently, thie relative nie (lblll‘(s 01‘ “and [
Cbe constructed in the I'orm olld:= 10~ (( R (,l)/C;, and- :7'“’” 103 x (Ck ("“’") /C""":

vwlrerc C"””r : (“0) 4 ~ 29876 is (lw l\olmo[,orov consmnt ol' lhc lsotroplc Rr\(x theory. . l‘romfl
L presented daLa we find lnmtdtlons Iall J'| <44 dll(l ]a""“’[ < T. 2 Iho prmcrpal concluslon ls Lllal b
';;~Ck(a|.a2) is’ noL very se nsmvo Lo nl 2 varmtlons g1 LT e

yizotr -of systcm devmn(m rom isotropic state can®. i

where uis dlmenslon]ess maguetl( I’randtl uumbcr, (&, l) is roah/atlou of flu¢ lualmg
1(la1 d assumptlons :

Ui )f"(é“ 5
) |

Tla’l

L, )q. -—og,, 01—'()3 a;—m. r—u N
i ‘--':\ '

ln the worl\ [()] th( l‘(‘ll()l‘l]ldllldl)l(‘ \armut “of tll(' Mlll) theory wrth smlpler forces

;_.u Ims l)un studl( d'in d(‘ «ulv Ilus consldordtlon Ilasb been



: hmxted by the fact that amsotropv ( 1.c. free [nrdnu tels ar l =1,2; 3 1 and con--
L sequently fixed- X1 =1, 2,4, 5;07,1 2 '=.1,2,3) arc. small It was SllO\Vll tl~at the ;‘ o
1nvest1gatlon of MHD iu the: weak amsotropy limit. Icads to the I&olmogorov S Spect -
tral predlctlon only (¢ for the kinetic and the magnetic cnergy spectra) if: the i forcing”
4 exponents satisfy 1nequahty < 0.65€. l\o“ the results  achieved in the hydrodv
" “namic theory allow to’ speculate about the conscqucnccs for MI{D and MHD possrble
' stab lization by means,of symmer ry. and completcness reqmrements : T
S We bcheve that the presence of X8 magncto - drss}patlve term), analorrous to ,
prevlous]y dlscussed v1<cous X3. term’ wxll have also; an immediate 1mp"hcatlon for the j;
. . large scale effect of fA Lorentz 'and therefore w;l] play an lmportant ro]e m stah)luat)on :
: ( eventually destablllzatlon ) of rrltxcal scalmg in '\/II{D Solel '

PR t»’:abw ’ . (27{')’1 5 ;

m/ agrecment w1th qu1te standard rulea of mlmmal substractron scheme [15] From the
?u’/i,bxlmear -terms and trxple #0v part of the action (6) the basrc elements (propagafors
,and vertex) of the perturbatron analy51s have: been obtamed The propagators A A
"'fand the symmetrlzed vertex V are wrltten 1n k t (for t > O) representatlon a.s Conel

| 5 Conclus10n

Thls paper deals w1th the RNG study 0{ amsotroplcally drlven-hydrodynamlc and
;_\/IHD turbulence ‘It examines: ‘the’ Kolmogorov sralmg regime; The' pr1nc1pal con- o
“clusion’ of ‘paperis that the: scalmg can: ‘become, unstable throughout the. spatlal
: dlmcnsxon changes or. eventual]y by amsotropy varlatlons In’this context the rele-
»‘}-vance of xs.term-has: been dlscusscd “These. results lcad us o, hypothet:cal buxld up

~of the lmproved anxsotrop:cally driven MIID thcory ’ S ;

°@H@xanﬁ@@ﬁ
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7 Appendlx II The derlvatlon of [3 functlons ‘

o ]'lhc (Y[)rcsslons (2‘)) dnd ( , ) ull()t\'.-—{llc‘ .’c,x"plifcitg d'eriyetion‘of coe{ﬁcrertts appearing S

. '_ \ In order to clarlfy the calcula.tlons and reduce the number of thc terms under mves—” BRRRE Y 00l

S trgatron of (27). through the a.na.lytlca.l computa.tlonal sta.ges as “much as possrble we |
‘Vhave made some prehmma.ry identities and relations.: At ﬁrst “wé specrfy the form, "

Sin whrch the tunctxons w;;({;,_,,,'rk P), w4(§k_.p,'rk ,,) and also operators P(L 7 and

e R(k ) will be expan\ded into, the Taylor series in: powers of k [ the extcrnal wave‘v,” _»:".""L .

: ‘.:"r;number of 1ntegral (27)] Usmg the fact that; Vam(k) <k, the final extra.ctlon of .
qua.dra.trc terms (26). nieeds the Ta.ylor expansron of product A,5(k p,t)Vow(L ;3') B B
s up to the ﬁrst order in k only e »:(' :

= “’(mz)—_”(J()J)-—W(mr)—o : S

-7‘A'W(nz)~”(sr1)—0 't;”/(:n:s)—— 2(A f\l)

2.2 ”(523) 96\17
”(4oa)~”(4o4)—-0

13) ”(41:—’”(101)(35 —B) EE
(If \/ - w\», + 4\,- BYJ)/(B——A

| VUsmg these expressrons and (‘30) wc rnd thc qua(hatu part of l\ernel (
B form L - : s : Rt

7) mthc- el

aw(A(fk—P)v B(fk-p), M(fk—p), Tk—p)l e “ o :
(kD) ‘ "V"“"i ) s

‘ e <. L
2{ VAMBp peet QTpa ] w(Apom MPvTP)‘ =

) ‘( (fk-p) Bléy), M(:k_p»,
kA S

.aa(if)AwS(k mm«nu)vmu e s
DA 5(7) Vo (F )vsbﬂ(AHAaﬂ(nk: Wal(m.vﬁ,;.i(ét)mr}"({i); S

e ;
+BpaB Yo B

R ‘Ag,s‘_ ,,5W(31)+n.,n5l1/(“)+p (11.,p5+1l5p.,)(1v(40)—fpu(/“))
f}';:_l-f P PWP&( W(-,l)—Z§pW(40)+§W(“)), : R

ﬁ-”where w is e1ther of functlon (w3 or w4) The further computa.tlona.l purposes mo- :
tlvate us to sepa.rate T dependent terms wrltmg a.lgebra.lc structure of W(I y) m thc ey

W(:,a 2"

i ‘ “,ln the fo]lowmg we: prcsent proa durc, wlnch (ons1dcra.l)]y reduccs the computa.‘ o
W(] . 3) + TC W(J,s,4

tronal effort - and: re p]acu the mt( gratron wrth d p mcasure l)y smglc' mtegral over.? Y




.\' - 7 T : “ -
) ;‘v";‘theé varra‘)le The mtegral can be calculated numerlcally If an arblt.rary functlon me o ‘ !
- of 5iip = & argument is denoted by U(+), then the following rules for the ¢ xtraction e :
“iof l/c poles (rlght hand side of the follomng 1dent1tlcs) have been derrved from the -

'mmlrnal subt ractlon procedure [}o]y Gl A R S e f

L A T S :j‘f Y i:_:’+¥ / d‘fdt (& t) av— (W)v S {f:; R
P ‘\: / (2 ) (Ep) ])41,“_2( »' [1(4 1){‘1"} n; n_,n Tlm ) T o v < o o ,; [ t S ik
L ' ' : : R + V[71V v+ Z2X1(n V) + Za\’znv2(n v) , ‘ Lot

a9 m}}‘a e

.1-1(4 2){‘1’} (Tl Tl_,ésm + n; ” 6,1171 ; N - fﬁ :

. nlnméjs + TlJn 6"11 't‘ n]nm‘sn + Tl_,Tlm(S,J) G ,‘ -

: 1(4 ”{q:} (5,155," gr 6,36,,,1 " 5,,,155,)]

+ & +

: 'correspondmg to (6) 1ncludes Z ( ) terms [12 16] provxdlng the cancellatron of
& the dlvergences in (38) ‘They ca.n be obtalned equatlng of correspondlng coeﬂiments o
k .TMOf d1vergent. part Of 1ntegra.l (27) (35) w1th expected form 1_, Lo e i

: p3+;+2< ST [l(“){‘p}" an’ el f PR

.}f](a 2){‘1’} (Tl J, + n15,5 + ns ”)]

F(2)(k) = uk26ab (1 = zl) - u(k ) 61 (1 L 22)

— vuk nan(, (1 — Z3) = V(k ii)’n, nb (1 - 'Z4) .
oy 0

Vol Vs ) / (;*T’)’ /m it Bep(7 )Aqé(p,i)} |

kl %m(k _/(g ;d"/ tit A"ﬁ(p7 )A181(p’ )V‘”H(-ﬁ) o ( )

2+d+2c

(fp) pth :‘v : {1(2 1){\1’}714711 + 1(2 2){\1’}611]

: 1
(fp) 1+d+2[fl‘:;‘ 2 Tl 1(1 l){q’}

; ) pd+2< : "’10{‘1’ }

; Vlth mxmmal subtractxon schcrno there 18,10 contr]hutlons from ﬁmte (for € 0) _' :
'f{'{'part of mtegrals All llnerxr in lIl functlonals I(X y){\II} are conn(,cted wrth tlle basw

: i 7’*1- e
by means Of relathl’lﬁ oS ) e 0 : A RPN

1(“){\1:}:.{5:}," d4d210{\115 }—6d210{\1/§ }+310{\I/})(d2 1)-

O Hun{¥) = (= dalo{ V) + dals{ W€ }~Io{W})(d2—1)“

L Taa{¥) = ({ e = 206{E) + R{YEN @ - 1) ST
1(31){‘1’}'{\1—7 1o {‘I’EJ}dz—iiIo{‘I’E})(d—:)' b el

eV} = (~{(Ve) £ (e ()T

S den{}) =: 10{‘1’5 }d—fo{‘l’})(d—‘)_ ;’

vil(n){‘l’}? =" 10{‘1’}~Io{‘1’€2})(d ) e

o 1){‘1’}"5"7\» 1"{\1' :E}? Lo

g whcro we used the notatron 1

: After the substltutlon of (32) lnto (40) 1t is s1mple to show that mtegratlon over the
R \‘r glves N - EES : LR

o .Jax aivb{b'z"q;cz : e I(a, ag){ 1 Z [( A) W(cl,cz;Zs;l)w(bz,l) Gl

. :s—'12 SIES

o

—

. (A —|- B) [VV(q,cg 25— l)w(bz 2) + W(cl P 23)w(b2 1)] rv ;

(23) I/V(c“c2 2,)111(1,2 2)] }

»ann thls express1on only the smgle 1ntegrat10n over the f varlable rema.ms (note that
Pt AB,W X.Y,z) are understood as the functlons of E va.rrable here ) a.nd thrs problem o
R ;Lls possrble to sol’ve numerlcally ST I e ’ S

f\/\‘/\/\/\/\'/\

Y




2 The expressmns (30) and notat:on (40) have becn uscd to brought the cocfﬁc;cnts
Z Z;mtothecompactformq""Y,_. A BT L e T A

P

= ,’—Jgnuo = J222240 + J22424o - 2J430130 -—J430132 S
4-]432140 + J432142 +: 2-]432230 + J432232 + 2J4,2,40 + ]432242

- 4J434240 - J434242’ .

~J221141 _'J221231 - 1]221241 - 2-]222240 + J223241 e

2J321°30 — J321232 = Jazlzm e

, VJ320131 = 3J32u40 - ‘J321142 =
: J321242 + J322141 + J322231 + J322241 + 5-]3.3240 + J323242
J324241 = 2-]420130 - Jums"» + 4-]422140 4 J422142 + 2-]422230

J422232 + 2J4zzz4o + J422242 = 4J424240 - J424242

= J11214o + Jmuo - J11424o = szzmo - J21224o ; _
ok J21424o J222240 - 3-]321140 = Jsaiiaz — 2J321230 Januz

S \{‘2-]321240 = J321242 + 5-]323240 + J323242 - 2J420130 J420132, :
4Jazzi40 + J422142 + 2J42223(1 + J422232 + 2-]422240 + J422242

; _’4J424240 = J424242,

‘?—Jooouo + J111141 + J111231 + J111241 + 5-]112240 ; :
‘;J113241 T 2J210140 + J210142 + 2J210230 +- J210232 + 7210240 4..':_

. J210242 - 2JleHl - 2-]211231 = 2J211241 - 10-]212240 T J21224 ‘

- ‘_2«]213241 = J310131 - 6J311140 - 2J311142 = 4J311230 = 2-]311232
= A";,3J31124o = 2-]311242 + J312141 + J312231 + J312241 + 10J313240
,Af'ij;':QJslszv - J314241 - 2J410130 J410132 + 4J41214o + J412142
+ ““'2«]412230 + J412232 + 2J41224o'+ J412242 - 4-]414240

In the constructlon of beta. functlon appearmg in (8) (for deta.lls sec [10 16] ) :
the one loop connectlon of Z and ﬁ functlons can be ea.sﬂy derlvcd : o

ﬁ - lransfer in AHII) ﬂows (l.)()l

\‘;/ e
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