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·. The developed· turbulent flows considered in this report a~e assumed to be 
isotropic; three dimensionaC decaying .and incompressible. We extend the results· 

· of Adzhemyan and collabonill?rs [L.Ts.Adzhemyan et. al.; Preprint PI 7-94-31 ?, 
Dubna, 1994; Czech.J.Phys. Vol.45, ( I 995), No.6, 517] obtained for renormalization· 
based closure of statistical incompressible hydrodynamics, where the closed forms• 
of second Order velocity statistical moments· provide the brisis that is needed 
to formulate the theory of. universal turbulence decaY:. In. the• presented report 
the decay process has been characterized by ri1eans~of p~ir velocity correlation 
function. trimsforiried into. the coordinate' repre~entation. The• parametrization of its· 
scaling form (in the energy containing n1nge)· has been foiind using numerical" 
optimization... . . . 

. . 

.The investigation , has been. performed at the Bogoliubov 
of Theoret_ical physics, JINR. · 
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The experience in use of powerful analytiral methods and renormalization· group tech
niques applied to statioriary statistical hydrodyn·a,nics [I,, 2] and_ their .recent extension. 
to desci;iption of associat~d prohlem of -tt;rbulenc1{ dec"ay [3] has· demonstrated the'. abil: 

- ity .of statistical theories to explain the ·results of p_ast· grid experiments. summarized and 
interpreted by George [4]. . . . - . . , 

· The analysis details and physical hark~round of the derivation of closed set of equations 
for. second order velocity moments have .been given in (:l], here we-briefly summarize som~ 
·details of their derivation exploiting the assumptions about the s~aling invariance of the 
velocity field correlations, energy transfer and power laws_ of time evolution o( certain 
integral decay characteristics_ in- the energy containing range of wave numbers k .. 
_ The governing equations for scaling function cai1 be derived from the assumption that 
the_ non-stationary energy s1,ertrnnl J,;(k, t) [5] (whicl! ,is one of the possible measurable· .. 
quantity_ available\from ofthe past grid expcriments)-at high Reynolds numbers can be 
written in universal form · · 

i(k,t)=Ckci(t):,/f<1>(.\)k_;~--= fck1l(t)l(t)x 2 <1>(x), x;kl(t), (I) 
.. . , : 3 . . , : 

· where Ck is the Kolmogorov constant; <!>(:) is the scaling. ft;nction of single vari~ble with 
_normalization <I>(oo) = 1. The calculatio_ns arc c.u-ried oitt usirig standard variables (5] ~ 
the characteristic length of the energy containing eddies (Von Karman scale) l(t), mean 

- square root velocity u(t) and the <•nergy dissipation per unit mass c(t) undergo the power·· 
like time dependencies at intermediate 'tirrie, 

\' . • 2 

l(t) ~ t•, 3 
,u(t)~ i-,, 

' " ,' 

c(t)~ i-¥-. ·(2) 

The model of universal mean enc~gy transfer is· obtained by using definition ofthe 
quadratic in cl>('.), non-local funct_ional 

I[x; <I>] = x1f l,CX) cl~ in :10 ~(Ol(q;~) 
, 0 ' 0 . 

,· 
x { K_(tl(q, 0) ~ (xq) <I> (XP!q, ~)) + K< 2l(q, 0)~ (xq) 4'. (x) 

+ K(3l(q, 8) cl> (xp(q, 8)) ~ (~!:} 
· p(q,8) ·.=- ✓1--: 2qcos0.+ q7 • 

The ~on-lln~ar integral kernels 

K1°l( q, 0) 

K{ll(q, 8) 

. K<2l(q,8) 

Kl3
/( q, 0) 

. ·' •. 2 

2sin
3

8 (q)· 
I+ qf + pl p -

= l - 3r1 cos8 + q2 + '2q2 cos2 0;, 

_ -p2 +lo...:. qcos0), 

q(p2 cos 8- q) 

(3), 

< 

( 4) ' 

;, 

stem from the terms describing the interaction ofhydrodynaniic modes of the Navier-Stokes 
e·quation. · · · · 

The iime d~rivative of E(k, t) can be obtained froin expression (1) using (2) .. 
' • ', •. ' • , • ', - ,': ' ,.,• I 

-aE -_ ~C u3(t) ~ d<I> - . . (5) 
,. at -_27✓:i _k • X dx' . 

in addition the.mean energy transfeds · 
. - . ~. 

/ , . 
. 

-... yS·,l,3 .. 
T(k,tf==-· Ctu (t)[[x;<I>]. 

- . 18 . _ . . 
' ; ' '(6) 

./ The s~ale i~varia~tf~rms (5) and (6), both mutually conn~cted by means of the inea'.n 
energy balance equation [5] (in t_he wave number -time r~presentation) · -

... ·aE(k;i) :·= T(k;t), 
. 'at· . 

., (7) 

. became the basis of the self - similar,description of decay pr~ccss i~~ide the energy con
taining scales' (which allow_ the: viscous term; neglecting). The equatfon (7) enables the 
separation 'oft, x variables and description of scaling by the following-set of equations_ -

- . . . ... ·- . ,3d~ ·_ 3v'15ct·;[ :~] -. - ·,., , . - -

X dx .-:- - 4 ,- - k · ~'..- ' 

(8) 

2G 1· oo . . - . 

Tio, dx 'x2<I>(,x)_ = ~.-

f~runknmvn func;i~~4>() and parameterCFThe set ofequations (S)is supple~eiited b~ 
the ~symptotic conditions . . . -, , · _ ·· - . _ < __ : : .. __ ·· - , . , 

,.,_ 
xlf<I>(x) ~ .1+ 0 (x-lY, for .X:~ 00' 

<I>(x) · :=:: _ a (1), -· foi: x-:-+ o. :--,.. 

-, 

- (9) 
·~::--- -

- ·, • - ·-,, • •• _ ,· .... ..__. - - ·" • •• '· ., : • < • •' ,,.. ' : '_ ,_ • 

The non-local and rion-line_ar character_ of above set of equations makes the e_xact calcula-
,. -tion of cl>(,) difficult;·b~f allows obtaini~g its approxiinate forIIl. - . . 

/ , - -_~(X; = (X~ +~:863x2+?~;6,ff½::[1+ 0:6!3~X2•~i;;Q54)-½, rl.: 
. ._ .- . - ·, . . -.. - .. -\ . . -- ' 

with quite realistic value ck = 1:577. _ ·, _ _ . 
Iri this reportwe toinplete picture' aoout the turbulence decay process transfornting 

E(k, t) into the· ~ot:mlinate representation. -In: the following the two point, equal-time,' 
radi,al, pair correlation function of.the velocity field v(x,t), defined by tlte average: 

· G (~, t)~ { v(x +e~, t) .v(i,t)) , .. · : .. (!1)·-· 

where e°is; a ~nit ve,ctor; r'is a.distance between x ancl x+·e~ p6ints;is con~idered ~"the 
central ~tatisiical object in question. - . .. . . -. 

. . · .. ·,·• . '--.. .· 
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.From'the definition: 
',. 3- ' ' 

·G(r,t) = J 
2
~:2 E(k,t) ex'p[ik.er] 

,\ 

and the sc.iling for~~f E(k;t) (1) \ve obtain• 

.• .., . r .. 
G(r,t) ~ u·(t)K(f),, (,= l(t) (12) 

. with th; scaling function given by integral tiarisformation 

I · K. ({) =. 2Ck "f,
00 

d 2. sin(xO <I>( •). 
. J Jo XX, ( X. 

.., . , . o .· X . . 
(13) '-

Using the expressions (10). and (13) I((() dependen~e w~s calculated numerically for 
discrete _mesh of { valu_es. General'parametrization of K({) is proposed in t~e form . 

- K. {() = e~.P. [~ t aklf_] ·, .• 
; . · k=l · 

'/ (14) 

where parame_ters llf< can b.e determinate n~merically; We i~und a good fit' for_ n=2 (see · 

Fig.1) / .... · , .. · 

_;, ._ ~' • ··{· exp (-f1_3{¾ - 0.7~l½},for($ 3 ; 
K(ff= 

: . 2 

, .1:-1.19{•, fot{$0.1. 

(15)' 

• · Two ~~~ametric fit ~exp(-a1{¾ ~ a2(! }ro'r { $ 3 and on~p~rametrk !~a1{Giib~giy.' 
.local fit for{.$ 0.1 have been chosen to satisfy the well founded asymptotic Kolmogorov ·. 
condition . · · - · · · . · 

_K(t} = 1 t O({i), for f-:>:0 (16). 

~d ihe Iiormalizi3:tic>n K(O)= 1. The exponentfafJorm {15) als? implies the expe.cted · 
. property K(oo) = 0. , -- · · · · · 

'• • \, • C 
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Figure 1: • The plot of K( ~) vs. ~-obtained from (13) and (10) at selected mesh 
points ~ diamonds .. The para~ations (15) are presented by .solid :curves. 
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