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1. The equations for vertex functions of the Larkin

Migdal /l/ approach to superfluid Fermi liquid v1cre solved, 

in the acoustic limit (i.e., for /w/
1 

kiJ<< Ll , where W, k 
denote the frequency and the wave vector of = external field, 

respectively, f,r Ll and 1/ being the energy gap and the 

quasiparticle velocity on the Fermi sphere, respectively) fo~ 

systems with isotropic S-pairln£i in paper /l/ • For the system 

with the Balian-Werthamer 121 pairing * such equations for 

such a limit were solved by us for scalar and vector vertices 141 

and for spin vertices / 5/ • In papers /l/ and / 4 , 5/ the 

effective interaction in the particle-hole channel, coinciding 

with the effective quasiparticle interaction for normal system, 

* It is known to very few persons only that the main results 

of this paper were obtained independently by Vdovin /J/ • 
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was of quite general form. On the other hand, the effective 

interaction in the particle-particle ( or hole~hole) channel 

was restricted only to pairing channel, i.e., to e =0 in /l/ 

and to t =1 in / 4 •5/ • Note that according to papers /l, 4/ 

this interaction can be represented 

E ! 1, such that 

~ ~!:... 
by two functions ft ( f f ') , 

OC> 

1 :ctt')= ['(2 £ ~nJcre(rr') (1) 

e~c 

with the summation over even £ for E =1 and over odd f 
for E -1. The Legendre amplitudes of such an interaction, 

J (_ , are equal, for dimensionless interaction, to [tn (2f/lf()T
1 

, where S denotes the cut-off energy with 7{ 

being some nonnegative constants ( cf.paper /l/ ). In the pairing 

channel, i.e., for t =0 for S-pairing and l =1 for pairing 
/2,)/ ·r~=2 /1,4/ we will denote hereafter { 
for the pairing channel by [

0 
• It can be easily verffied for 

equations for vertex functions in papers 11 •4• 5/ that if 

~~-lo I ~( Ll/-re>l , is at least, a number of order of unity, 

then the harmonics with li tn could be neglected in the 

acoustic limit. On the other hand, if M(YL I {!.y._(-:1/l"f£)/<< 1 
(.~ (o 

and the harmonic fulfilling this inequality appears in the 

equations for the vertex functions, then the solutions obtained 

in papers /l, 4• 5/ are not valid unless j c.J j) k lr << 

J 
1('2 

L1 [ M~·Yl I Lm. (LI('Yt) / • Note that only in the 
t ~ (o 

equations for spin vertices for systems with Balian~ierthamer-

Vdovin (IlWV) pairing there appear together both functions J ~ 
E: + 1 ( cf.papers /l, 4/ ) Hence, only for BIIV pairing 
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and spin vertices one can meet the Legendre amplitudes with 

a£ =1; in the remaining cases the minimal LJ(~ 2. The /e. 
amplitudes have to diminish beginning from some { , as a 

result of the centrifugal force /l/ • 

Hence, it is rather unexpected to fulfil the condition 

I Vn ( <1/lfe) I <::< 1 for { -cc 2,4, 5 ••• ( BCS pairing) or 

{ = J, 5, 7 • • • ( B!IV pairing). On the other hand, the condi-

tion I £n ( .cl/tro) I << j seems to be quite natural for the 

BVV pairing, since the tendency to diminish [€ for increasing 

.£ acts here against a tendency for greater fc in the 

pairing channel. Hence, it is interesting to solve the equations 

for the spin vertex for systems with the B!lV pairing assuming 

that I en ( ~/rrdl « i only for {._ =0. Our results can play 

a role for spin waves in the B-phase of superfluid 3He. Our 

previous results / 5/ can be obtained from the present ones by 

a limiting transition. Our present notation coincides with the 

previous one; the definitions of / 5/ will not be repeated, as 

a rule, here. Our paper 15/ will be hereafter denoted as I; 

its formulae by (n,I), where ~ denotes the number of the 

formula in I. 

2. The equations for the tensor describing the normal 

spin vertex, in the acoustic limit, will be now of the form 

( cf.I and /J/ ) 

To.6 =do.' -(B{1(1+PJJ;,.,-P(~Jctcfc'._ 

[w ~(kif~][i ro.cf~ (d~ +Aa.{~J} )f' · 
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The equations for ~Q~ will coincide with thos~ in I. The 

equation for the variable A~ / 4/ , for J! consisting of 

only zeroth Legendre harmonic, in the acoustic limit, can be 

rewritten as follows 

A a..[ fu (Ll/tr)- ( w 2
- (kifl>-rl=- ([w t-(kVJ] Ja.~f') t ' (J) 

where the label 110" near tY" was omitted for simplicity. It is 
/\ 

clear for the synunetry reasons that /\.,...=A k~ and, hence, 

eq. (J) can be rewritten as 

A r~ (,jh-) + ik'<-·Z_ w 2]==--([w t (fiY)]k~~~ r~ >t (4) 

T (f) ]' (2! 
Let us define J;:,., =- C!.' t a6 7

.(/) 
, where Cl' is expressed 

by '(a.' , as in I. Hence 

{2! ~ ......... ,1" /1'> Tal>== A (Blwt- [kv)Jka.f6 f' 

(B [J;(1+f)J~~~ -P (~T~~ r:'J)f, (5) 

Using formulae (19.1) one can find that the first term of the 

right-hand side of eq. (5) is given by 

I" ,. " /" 

I\. [(w ~1 + ku-~2 W)ko.fi, + 4 kv{ to -t2 )k~k1 ], (6) 

I'"' 
with \Ill: ( k{) . Hence one can find that 
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~~ 

J('2) a' = 
I ) /1\ /\ ( c f c' w +- (, ~ca.J·t) 

(7) 

if we take into account that the terms (7) form a closed set 
/\ (2) A 

with respect to multiplication r' J 0.. ( f c appearing in 

(5). Substituting (7) into (5) one finds 

c'~~w /;,~ ;E'=l
3
lk11(to-f.)s-'· ( 1=1kv-C,(1+(

1
)S_, 

0 1 { b1 0 ... J 1 ..... / 

(8) 

with 

S = 1 j. ~ bo j. t (~ (9) 

J
-(11 

Tak:ing into account the expression of c;t by the variables 

X,R describing ca 6 ( cf. I) and formula-(7) one can vrritc 

' ,, 
Ta.i> = ( A0 + A1 w)Ja 6 -1- (50 -I f31 wFf~fc 1 D ~k~ 

I' " /\ " (10) 
[Co+C0

1 +((1 1-(1')w'+(2 w 2Jko..f-6i{[ 0 1[ 0
1

+£: 1 w)k.rJ.k~ 1 

where the va:dables A-n. - £ Yl are elqlressed by X,R by 

formula (17-20, I) and (25-JO,I). Substituting (10) into (4) 

one finds 

A [ ~(LI/r) + 1k\,.z-wzJ = -~kIf' {Ao +B0 t-(1 +{,' +[
0 

1 £/) -

w(Co~Co1)- 4w(A1+&1+[1 t-(ztD). (11) 
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( I /" I 
Substituting here '- 0 1 

1. 1 and £:./ 
0 from (8) and A., -Eit-

from (17-20,I) and (25-JO,I) one obtains 

1\. (o.+ k'2u;_z-wz)- ~Xktrw(~0-t2)(1+€1)S- 1=- tk:v-(~ .. tJ1t€Js-~ (12) 

where 

a.= (1+l1)£....._(.CJj,-y-)l 

and 

t/2~~-1 vYt+toJft+t1 )(1+tz)(1t~~o+4£zt
1 

In order to obtain the equations for X and R, corresponding 

to the equation for 'Co.. c. one should substitute 7~ l 

(13) 

(14) 

7 -(1! ( instead of a~ into eqs. J4.I) and (J6.i), i.e., substitute 

Eo+£,/, Co-l ( 0

1 
and C1+C,' instead of £ 0 , ( 0 

and ( 1 , respectively, with the remaining substitution 

unchanged. Hence one finds 

(15) 
X ( W-z_- }k2if 2)~-w{Ao+E0 +EJ- ~kif(A.,+D-t E1) 

1 

(cf. (J4.I) ) and the equation for R remains unchanged. Thus, 

the solution for R and the fonnulae for variables expressing 

by R only ( i.e.,A
01

A 11 i3 0 , B1, 0 ) remain unchanged too. 

Substituting formulae (8), (17.I), (20.I), (25.I), (29.I) and 

(JO.I) into (15) one gets 

{- :\w b.:-(6o -b:~_) +X ( W 2
- u-:, 2e) = - w , (16) 
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where -

ll1 z = t 1!2
( 1 tj ~0 ~ t ~2)(1+6Jlt 63)( 1 + ~~1 t! t3 rj (17) 

denotes the squared velocity of longitudinal spin waves. Salvin~ 

the system of equations (.2,16) one finds 

X = G.) ( VJ
2

- u 1 r1
( (l./-u2 r1[cu-~k1llY1tti){1-1~z.)- W

2
] 

(18) 

r 
A:::- fk ll(1-1 t1)(w'L- u1 rYw2-1.1)- Lw'2_ ~ k'2u-2(1~€1){1t6)(1~3~1 +~,1 tJ6/J,cl9) 

where 

"'( 2 2 . r---) 
t,li,1- = 1 a_+ k:_ l{ ± ,xq-r. ()._ ~ G( I 

(20) 

with 

(21) 
,...'Z._ z '2. -2. 

Uo = U1 f ((1.. +-~-'3 ' ,.. 2=. 2. ,...'2(1 I )'Z( I )(·1 Z I )I )-1 
v3 - i1 u {)o-<?2. 1+<?1 I tJOo t3t;2 ) 

and 

( 22) 

Q = (a + k z~ zy ~ 0... K rz0'1z_ ? ( . 

It can be proved that U
1

,
2 

are increasing functions of /c 2 
, 

U.-z. ~ 0 and, for /c '2 << 1 o..j 11 ~ k \· 'l. .J.!oreover, the sign 
I Vl.z_ 1 

of Ul
1 

coincides with the sign of a. Hence, we have here 

alTtays the "acoustic" mode passing, for suitably small k. 
into the mode determined by us in I. If Gt> 0 ( i.e., if the 

e:':fective interaction in the paiJ·ing channel is greater than the 

one in the channel {_ =0), then also the "optical" mode 
. Q z 

appears. Since for k <<I o.../ u,., ~ ct t k 2
( v~ 2 1 ~) 

thus it corresponds to excitations with a gap 

2. Ll { 1 + 61 ) % [ ht- ( 4/r) ] 
112 

"("< 2 .CJ • If Cl < 0 , then 
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the 11optica.l" mode posses into the diffusive one. fl>te that in 

all our previous formulae c.) and k </ are me'asured in units 

~ L:. • I:ence one should substitute W/2 ~ and kcr!ZLJ 

instcac of C..V and k t.r , respectively, in order to obtain 

the formulae without the above restriction. If I w/2.1 / ) 
i 

(k v/2LJ ) << I et I ~ then X passes into his previous 

value, A tends to zero, and we obtain our previous solution. 

3. Let us pass to the tensor of the paramagnetic suscepti

bility. Accordinr, to papers / 4/ and I, in the acoustic limit, 

it can be written as follows 

rv ll 2 V / "" - ' "'-o..~ = 1 B \. 7~o..- fo-.~c fc -1-

~ •· ' A ,.._ ~ )"' ;' "' ]\ (23) c w ~ ( k if JJ[ R{ Co.' -r"''')+ cx~R )(ka_- ro-. w k6 t A k~r~ It. 
Expressing ~~CL by R,X and l_ , by means of formulae 

(G), (10) and (17-20,I), (25-30,I) after simple integration 

one finds 
, \ , '\ I\ /.' 

rx..o..t = A,~[So..(, +(Jat-k().k~)wF< ~ kO- k.~,cv.\ + 

I" ·' ( q 1 " J 1.. ko-k~ !+ 36~-362-)kc,-;l 

Note that if we put Lf 4 2 { 1 ~ f, 1 ) -£,n ( 4/-T) 

(24) 

instead of a, then we obtain 'X o..t;for (.J and kv not measured 

in units 1 Ll 

It can be easily ohecked that, as previously, 

u:IYYt X -oc G.~ p 
k -o k _., u 

Hence, ~'\..·VV<- 'taL -= C for c..-,1 .,/ C 
k~cJ tl ' 

~) 
-{or CJ -10 o..no<' Lt· .. ,J -oc( 

k~o 

and this fact has very 

simple interpretation ( cf.I). One can add that even the 

10 

appearance of the e:x:ci tations with a gap much smaller than f)., b. 

does not lead to terms of order of <i'~<Ct,. in X cd: (f'~:V, w) 
which are here not out of our accuracy. It means that 

(.A .. :'YK Xa. 6 rv w~~z , i.e., it is determined by the energy 
J<_.O 
of a pair dissociation. On the other hand, L<:vv- I<~ ~·....._ X -::- C 

r. r 1 · t r W-'c w~o 
but {,<..........._A=-k.v-,lffo.z)/1'2.!1 ~(tJ/ff)(1f-?,6 t-1.~) 
. ,A_.O 3 ° 1 z • 
Hence 

~t: 0~ a~ =A t/.-~c [Jet~ 
/1 ;:. _ r{25) 
ko-k~ (br Y( 1 + ~ 60 - fi2 )[Z~ CJ2k{LJ/tr-){1t~6o+-f'JJj . 

Note that for normal Fenni liquids and for our previous rXo..G 

it vras sufficient to make only one limiting transition, w- 0 

in order to obtain 'X statio S ~-' • Now it is necessary to 

perform lim lim 
k-o w-o 

• It means that if I et I <<' 4 .a 2 

then, in order to obtain the static response, it is unsuffi-

cient if the field varies weakly over the correlation length; 

the field has to vary weakly also over the length i; ll /I a.. I~. 

The collective excitations with a gap for superfluid 

(superconducting) Fermi liquids were considered in the lite

rature ( cf.,e.g.:papers /G/ and 131 ). On the other hand, 

among them, the collective excitations with a gap much smaller 

than 2~ were not considered. It should be noted that the 

appearance of such excitations is a feature of the Larkin

-Migdal approach /l/ if the ratio of the Legendre amplitudes 

of the effective interaction in the particle-particle channel 

for 1_ = e 
0 

and j_-= t =f eo is close to unity. It is clear 

that for consideration of such excitations for superconductors 
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it is necessary to introduce tl:e lon;;;-1·cnr;c Coulcub part i:: the 

effective ~uaRiparticle interaction. 

Ac~"nov1lcd;;eoents. '::'he autho:- is ,'C1"catl;y indebted to 

l .. I.La:rkir: ant:. L.P.Pitacvr;kii fo1· helpful anr1 valu!'lblc dJscuo,si _ 

nns. 
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