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As is well known (see, e.g., fl]), the presence of defects even in.minor 

concentrations can.essentially mo~ify electronic properties of materials, first 
of all semiconductors. This problem was· studied in detail for point impuri­
ties [2] and linear translational defects - dislocations [3-6]. In both cases,.·the · 
interaction of an electron with the longitudinal acoustic vibrations can result 
in localisation of the electron at. defects. The electron.stateidn disclinated 
materials. are less well understood yet. · Qualitative analysis performed re­
cently in [7, 8] showed th~ possibjijty for the binding of electrons to negative. 
disclinations. . . . . . . . . . . . 

In this Letter, we study the problem of an electron localisation in .discli-. 
nated materials numerically in the context of the gauge niodel proposed in [9]. 
This model is the natural extension of the Edelen-Kadic gauge model [10] for 
elastic continuum with aislocations and disclinations. · The interaction of elec­
.trons with elastic media is considered in the framework of the deformation­
potential theory. The ·validity.of the effective m~s approximation is assumed. 
When the detect fields are considered. as the external ones,. the.· stationary. 
Schrodinger equation takes the .following general form ( cf. [7]): · 

. . . . 

. . 1i2 ·. . . ... . 
[- L, r--DADD + V(r)]wE(r) = E]lllE(r) . 
. A,B mAB . . • 

(1). 

' . 
Here_ mAB is the effective ele.ctronk mass tensor, and V(r) is the deformation 
potential. The .electron eriergy E is measured relative to the bottom of the 
conduction band in the undeformed crystal. As is seen,· the .most important. 
deviation from the standard model is the replac~ment ·of the conventional 

.. derivative aA = 8/8:ci by the covariantone DA. In the presence of dislo­
cations the translational symmetry of elastic media is broken, so that the 

· gauge group is T(3). In this case [11], the covariant derivative .coincides 
· with the conventional one, so that we arrive at the standard model known i~ • 
dislocation theory [3~6]. . . . 

For disclinations the gauge group is the. rotational _one. There are two 
kinds of symmetry which are appropriate for "discli~atiori · problems. The 
first one is the spherical symmetry which occurs for point disclinations like 

.-the known 'hedgehog' in liquid·crystals [12]. · In this case the gauge· group 
is_G,=80(3) and the.covariant d~rivative is determined to be (DAW);= 
BA '1!;..: it:J,1:Wj\J! k where Wj are the gauge field~ due. to dis~linations and t:J.1: 
is a completely antisymmetric. tensor; The second kind. of sypimetry is the 
cylindrical one that holds for linear disclinations. In this case only rotations 
hi the plan
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e normal t9 the defect line are ofin1portance; so· that 'the gauge 
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) 
'1'',. (group reduces t_o G == S0(2). Thec°'iari~t derivative tak~~ then' the form 

DA \JI = (8A ..'.. iWA)\J!. Thus,' foi' ·rota.tional defects a' p~rturbation. appears 
• · not ~nly in the potential energy due to. the ·deformation pptential, but _in the 

kineti~_energy as_ weU. . , , ..... : . . . , , . • ' . . . ····. . . 
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. Let us re·strict consideration to acoustic deformations. As is known. [1]; in 
general, . there are six independent. co~ponents. of the deformation~potential" 
tensqr. For cubic crystals they.can be ;educed totwci comp~nents, so th.at 
the deformation potential takes the form • •. ' . . . ' . . . .·· . ·. 

--- ',' < • •• • • - ,- ,'. .,, - • • • , ~ -

~(r) = -GdSPEAB(r) ~-Gu:}:: 1JAB(r)(~m)..:1 D~DB f2) 
' · ,·. · A,B .. ' . 

;hereE,1B
1

is the stra.in''tensor and 1JAB =:·EAB-!J8ABSPEAB. Iri the following,·, 
-~e will restrict ~rinsideraticmto materials'of zi:rikblende or wurtzite stru~tures· 
where carriers belong to a singlet band centered at k = O; k is the wave 
v~ctor'. The only strain component that c~ affect the energy'o(such a band 
is the dil~tation·, i.e~ only the'first term in (2) Iias t~ b~ taken into, ~ccount .. 
Accordhigly, the effective mass 'tensor reduces.to ascalar m*; . . ·. 

L~t ·us ·considecthe liriear dis~lination ~:riented alongthe · z.:axis. In'. this.: 
case~ the exact solution of the problem was found to have a vortex~like form. 
Particularly,thegaugefields'WAwerefoundtobe[13]: ·· '·· ' · 

•• • • • • • • . :· ••• • : •• • •• • •• ' ' ; \ C ••• I • •• . . •· 

Wr = o; ~8 =;W(r)~ v/~, Wz,= O, . 1 
•• (3) 

wher~ z/is the Frank.index .. Theexact s~l~tion·o(the problem ha.sheen 
~btain.ed for two cases: a)' small.Z:,; 1this cori-esponds to the partial topcilog: 
~cally unst'able disclinatioris, an·d. · b) z,: ~:: 1, a· complete topologi~a.lly · stab!~· 

'discliriation. ·. · . . ,. _ , ... •· , , . . . .· · . .::; . \ ... ·. . , .. 
. ';It. is 1.importa:rit to note. that. in either· case the· dilatation was found to· 

\ • . . • r . . • ,: .. • . . .. •· • • . / • 

••.\depend. only on the radial vector r in t~e xy; plmie .. 'I'he: ele9iron wave fµn~" . 
· .tion can be chosen• as wE(x,y,z) =· w;J(r;<j>)WE(z). Then, t~e stationary 

Schi-odinger equation (1) is rewritten in the following form:·· . ·/. . , 
1'.--:• :~ ,, :·"'· • • f •I·•. ,'•, 2'.., .... ,'/ ',·_?. ,' ·•~ ; ; \, ·•• ,• / --• .;·/ .,") 

( 1 d d (1-v) 2m Gds· E ')'}( ). ·k2 1(') ··, · (4)' 
' · : . -:-rdr.rdr ~. r2 '. -::_-:,;,r p A~ .uE r .= .· UE r • •' ·, · 

H~re; ;~ -h~ve .used t~~ ansat~ ~ E('r) ~ ~i ~t(~ )~: j = O, ~t ±2, .. :i and . 

./ 

. k2 ·~ 2m* Ejt,,2. The effective potential in (4)'consists of. two parts; t~e. 
. · . -}eformati6ri-potential

1 
energy and tli.e .so-called. centrifugal energy, and. takes '-' '. 

the form · ·.· ·· ·_ •. · · .. · ·' · · · · 

·.u;(r) ===·~adSPEA~+.n}~: ~)
2

• .. (5) 
... ::·, · .... ·. .r , . :-... 
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Let us note oric~ more: ~hat the most' impo~ta:rit :distinction from ihe 
1

C~~ of .. 
dislocations anl point impurities i~ that' .the interaction of. an. electron . with 

. the gaugefield due to disclinations modifies the kineti~ terni as well. I(i's 
clear that this

1 

modificati~n wiH resu.lt in principally new situation for. the 
localisation process. A 'theoretical analysis of disiocated·materials showed [5; 
6] that the localised iledron states always exist (at least with j = 0) provided··. 
that the deformation potential is the.attractive one. This is not the case.for 

· topologically. unstable dis~linations with the· fractional Frank index. wli~re · 
· even for j = o·there exists a compensating p~sitive term in {5) c~used by,th~ 
·.centrifugal ,energy. He~ce the problem'or th~ electron l~calisation in this ca,i;e 
.requires an addition~! analysis. To proceedfurther we need:the explicitfonn 

\ • • ', ' • '• / ' ' , \ l • ;,,, , '. • ,•. '! , •, 

· ofthe deformation potential. , · 
• '' ' ' • • - , ' J • ' ~ • ". ' ,, • ', ' •• •• •1 ,. " _,; .. ,, 

, Let us consider first a 'disclinatiori with a small Frank index in a' cylinder 
'.>' . . t ' ,. :,,, . '· ; . .. ',.' ' " ; ., ' .· ' ',· 

. with an inner radius Re and an external ,radius R. In this case, the explicit 
form 6fthe strainte~sor ~.as obtained in 0th~ form [14,115] ... ·. . , .. • \ 

-~,'::"\ ',, •' . '. >.)-i.•i,, ,· .. ,;,._; ,·,"·_. ~ ,::_:,,,_: ;_,:'. :"· .'/-.·_::,:·. i'' ,· ·:,_ ·,'; 
. : ,: ,.. , , 'S E . _ v(l - 2u) ( 21 . r+ 1 +··· 2Rc 1 Re) 
: . I·.· .. ' ·; p 1-~:- .. 2(1,;_ u) . Il,R ' . · .. R2 :.:,Rr n .. R . • ... 
:, ' '· •• '-~ '. '. ', ,.,, ' ; • ·' '< '. >,'.' " .,- '. '•. '''.: ',., ·:,' '" '" ' ., . < : . ·.{ :-,: 

,• .wh~~e <i is the Poisso~ constant. Thei/ the. eff~~tlve p~tenti~l ( 5) is written ', 
'~ ,•• ''. 

1
, ,:• •: _".' , ',; :_"•'•,.>•r ,..:•• : .',~ I ,>' '.,•,/ :,•,\", , ,.•,: :: •:,:,/ / •,,•,,., ,• :~ •.\••• ,.< \ ' : '~•• '',-

',• _ Uj(r) = ;?1\
2~)?d{21nit 1+ k;~~ll2 _ln 1;)+ (j2;~/i2 

. . 

.... · '. . ·.. : ' .:· ' .. · . . . :f ., ; . ' ,; . '(' ·. •:' 
: An: ~xact analytical solution _of rn) witbt.he potenti~ (7) }snot known yet; A. ·.•· 
simple qualitative analysis shows that the. potential ( 7): is repulsive for· v < · 0 ·: · 
(it. corre~ponds I to 'the positive disclination [14]) and; ob~-iously,' the,lcicalis~d 
electronic states. do· not ·app~ar~in this case. Qn .the other hand,· for;~.> o .·· 
(negath'.e disclina,tioh) tl1e effectiv~·pot~ntial (7)'may be the attractive one. , ~ 
'h. . . ·. •' ·. . .., ... · ' . ·I . •. . ' ·. /• .. ,:· / ' . ' I 

. 1 1s\cas~ 1s of our mterest here.' . ·. · ,. . ,·.· ... •.:_. .·•·•. ' .... · ,. ·.· : · 
.. : ·• W~ .. performed . mi~eric~l. calculations ·with. th~ . wide . ;et of. parameters. 

· Physically, inteiesti~g regi~n i~· R is R .;_; 10.:.6 ~ 10-5cm whi~hcorresponds 
. to the"mesoscopicstruc~ural:level of the pl~tic deforri:iation. As is.knmyn .· 
(see, e.g. [15]), in crystallites.of this size the creation of the small~angle (par- ; 

. j 1 , i \• , , I , , .,_ . . , . , , 

.·· tial) disclinations becomes energetically-preferable in. comparison with dis~ 
locatio~s'of thesame geometry.tNo_tice,t~a~jnJhis case R/R~ ;·102,so 
that theilast•tem1 in (6) is'nE_?gligible~. Figure)_.shows (7) for different' v. 
A depth of the potentialweU isJou11d to vary over'. a1 wide range with the 
model parameters• used .. · At. v = 0.1 the lowest electron levels a;e found to be 
Et=O, =-0.66eV, Et=.i: =· 7q.57eV, .E{=1·~·-0.13~Y(and E{~~ ~ 0.06eV. At -
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. Figure 1. · The effective potential {5) · (in eV) for the small-angle straight 
/ ', •, -. ' I • . , I . J • , , 

wedge disclinati01~:, v 7 0_. l - solid: liI1e, v = 0.08 - dashed lin.e; v =: 0.0ff 
- marked by squares. -The parameter set used is: R :::;- 5 x 10-6,cm, m• ~ 

· 5 x104~V, G :::C lOeV, u ~ 0Al,j == 0. · · 
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. Figure 2. NormaHsed Wll:Ve furittions ~fthe grom{d st~te with V ~ 0.1:- solid# 
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V = 0.08 E6=0
, ='-0A8eV whereas at V = 0.06 :Ef=:0 = ....:oA8eV'. The l~vels 

,. . , . , , . _., - ·, - . . . , .. • l 

· of localised ~electrons·, become deeper when the. depth of .the well increases; 
. · The electroi1, wa~e functions are piesentedi~ figure 2: One ca~ see that the . 

amplitude of the iocalised wave,foncticin decreases rapidly with decreasing 
of v: Th~ electron states are found to:be either strongly localised ne~r the ; . 
'dis~lination-line or.become delocalised over the ~egion R. . .• -•· '. . . . . 
' .. Strictly speaking; de~cripticin' of stro~gly localised states is beyond' the I 

applicability of the effective mas.s approximation. , That is why_' the result~ 
. c9n~er:i1ing deep, electron' levels inust. be considered',only. as the. quaJitative 

ones. Let us remark, howe~er, that sometimes th~ use of the effective ~ass 
approximation for desc~iption of strongly localised' eiectron'states (e:g., elec- .. 
'trons:localised-in the core region of a dislocaticm [16).or electr6ns:locaiised 
in.the plane,see discussjon in [17]) gi~es evyn a qu~ntitati,ve agreem.ent with 
experimental,results: .' .. ~ '.. 1 ' . ; ' .. . ·. ' . ; . 

. ,, .·, . . '·: ., . ' ' ... : \ . ': ·, . ' . . . · ..... ' . '; . . . . . . . . .. 
. An, exact solution fo( ,topologically stable linear disdinatioii which corre~ .. 
. sponds :to the;COillplete s'traight• wedge disclination. · }las been found ,in [13] .. 
. '.It is important to note that this'sohition contains the;information about the 
core ·r~gion 'of'the disclin~tion.; Namely, w~ found the e~plicit form .of the i 
defriimation potential iri a'.; wide space region inciuding the core of a .defect; ' 
Th~ eff~i:tive potential was'. writtenas, follows '[7]: . '.· . '.,.. . . 

I. . ., • 1. ., , > ;•, •. · , · " > · 

u: r, :::= { Gd- f)Gdcosh2[ic?sh-1(r0/1)] + ~(j)/r2,. 
. . 1_( )_ Gd-DGdcos2[¼cos- 1(r0/r) + }7rl] :f- K(j)/r2 ; 
',-' ,' '•,, ' .... '; «, !: { 1_ ' ' : : ' ··, '. • : , • .: ', ·, • _' , •'}: ' • ' : '. ',' ': 

· where D i=A(,\+ µ)/3(,\+2µ), x: and µ' are the Lame constants, K(j) ';=. :· 

·(j-v)2h2/2m*;· The point r ~'r0 i~ (8}1turns' ~ut t~ be the b·ou~dary'betweell: 
.t!wo -regions: the core regiory' wheie deformations are large., and the regio~ 
beyond the core"where deformations decrease ~lowly and tend.to·:a cori~ta~t 
·':.· • ' <" '.•, '',:.' ·,, ,, ',,, ' / • ·'·, " • ' , ' ' ' ·,·,·.1, . . ·. ,• ,,; 

' yalue at r. --\:io'. In this' paper, we will analyze:the case (=·0. One can see 
.that •for ·i =f the potential (8) becomes ,t11_e·attr~ctive:o~e, ~d,'therefore, · 

•' 'the discrete levels exist at any set' of the mod~l parameters.' This conclusion 
. , . ' · · ' . ·' '. ·.. '. _,., · · · ·1 ': ·., .- .. 1· 

is confirmed by nu~erical calculations_:> Figure 3 shows the effective potential 
· for different. ro.. The . corresponding ,vave functions · are presented. in: figure 
4. s' At ro =. 20A. the lciwest ele~tron level is et=1 ·= ·-2.5eV. ·For 'the ~tate .. 

., ' ,. ,' . ,- • . ,\ !, ,1. .. ,. ,,, • -: -- ,.'\ ., ,,, ' 

with j ~ 0 'the localisation takes place as .well but .with the lower amplitude, 
and·tt=0 = .::.o.62e V. As ro. increas~s, the depth ~fthe 'potential :well rapidly 
foci-~ases and. the first electron' lever becomes remarkably deeper. 'Convers'ely, 

'for s'inan ~o the weltis shallow ~ild the lowest:ievel:lies·close tothe edge of 
the continuum electron; spe~tr~m'. · For 'r;/ ~ 15A Et\= -0_.83e V .. · . . 

_,. ' ' ' ' \ ' . ~ ,_ : \ -~' ' ', ' ; ·, \ ·.' : '' -.: . ; .. , ' ,' ~ . 
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<Figure 3. _Theeffective potential (7) (ineV) for the complete straightwedge · ... • 
disclinati~n. with .~ = b r'o ~ 20A ~ ·solii line; r0 ~ 15A- 1mai:ked by· squares:1 • • 

The parameter set·used is: ni* 1=. 5 x;104eV, G= i0eV, D = 1

1,j,= L 
, , - ' '. '' . '( '. . ·" 

', ' : : - ',' . '. .. · ' ' '. \ ,· ··.-, .: ( •,, < . ': ' ---- i. '.··, ," -. ' ' '.-

Figure 4. Normalised wave,•functions of.the ground. state fo:Hhe cciinpletc 
straight wedge,dis'clination with V :::hl, Designations a:iid the parameter set 
are the same as those ih figirr~ 3.... . . . . ' .. • , . . . • . . , . •. •. . 
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Let us consider the point~like disclination with the exact solution· [18] called · . 
.. , the disclination monopole. The gauge fields WA were found to be [18] . 

t , ' ,' 

. . B I 
. B X . 

. ; • W_1(x )=t:1B~• 
·; ', ' I / . r . ., ., . ., 

Becau~e of the spherical symmetry, the. ~olution of· ( 1) can be cliosen in. the 

(9) 

' form w(xA) = W(T)IJ!(0;4>). Then, for the radial.wave functio'n" Eq.(1) is. 
·. written as ·.. .' . . . . ' . . .. . '. . '. ·. . ; 

t . r d. 2.d - 2m* . . · · 
· [T2 dr,r dr +; 1,,2 (E.~ Uj(T))]IJ!E(T) ~ 0 

where the effective potential takes the form:·[18] 
' ,_. , . . \ . , 

\" 

'. (10) 

/·- U· r =-{(3/2)G~-BGdco,sh
2
[{~osh:-i(r0/rm+K(J)/T2

, . -r~r0 

· . ,() (3/2)Gd "':"BGdcos2[¼cos-1(r0/T)2 + ¾11:l] +K(!)/r:, . r 2:: r 0 
' . /' . . . '- ' . . ( 1) 

.>' ·, ' \ . ,_' ' , ' ' . . . 1 .. 
Here B == 2(3~ + 2µ)/3(>. + 2µ),' K(J) = [J(J + 1)7--: 1/4]1,,2 /2m*,, J = 1/2 1 

-

at j ;f; 0,' . J = j± 1/2 at j == 1;2.:. Qualitative analysis shO\yed [19] that a, 
'. potential well can occur)n the core r~gion; For. a sufficiently deep well the_. 
discrete electronlevels and the localised states can.appear. . . 

· Let us sttidy thi_s pr~ble~ in detail by solving (10) with thep~tenti~r{ll)-
• numerically. Figure 5 shows the exa:ctform ~f the ~avefunctiorts fordifferent ' 

To. One can:see that the localised states really appear but their amplitudes 
decrease with decreasing ofro .• It sho~ld be rioted that there i~ an important . 
difference betwee~ the results. obta.in~d for the discli~ation ~onopole ~nd ,'. 
those .for a corirpl;te.wedge disclination .. Namely, as was found abo~e; the 
localised electron. state always exists. fo;_ the complete wedg~ disclination, at 

, ·. least foij ~ L In the ~~e of the disdination n10nopole tlie last terni in (il) 
turns out to be non:.zero for any j. Thus the pcitential well 1riay appear .. to 
be too sh~llow to localize the electron. Iri fact, the'depth 

1

of th~ well is found . 
.. to be very ;ensitive to the value of To. At To= 10kthe lo~esf eJect,ron l<;_vel / 

; ' 

. EJ=l/2 .' . . V h . . . ' ' A·' J=l/2 ' 1s . 0 . = -3.3e w ereas at r0 = 9 E0 = -1.leV. . . ,. 
. Letu~ sum~ariz~ the main results. We shCJwed that the bindi~g of elec~,. 

. trans to a sinalhngle straight wedge d.isclination take place only . for the 
. negative disclination.· The amplitude and. the position· of the• localised dee: 
tron state depend on tl1e depth of the potebtial w~lL •The first excited. state 
is ~hat with j= 1. For the complete straighf wedge di~c1ination '(v = l)·the 
localis_ation was found~to always be present f~r a state witbj.= L In contrast, 
to. the small-angle defect, the first 'excited state in thi~ case is the state· with ·· 
j = 0. In both these cases, an electrqp.)s free to move along the z~axes_.· F~r 

8 

·,' 

I 

/ 

• ' I • 

. a· di_sclinati~n mo11opole, th·e' localisation . takes· place_ only ·for' ~ · suffi~iently · 
• . '• ' • . • . t . . •; • ,. / 

· .. deep potential· well .. When this takes place, an· election becomes· completely 
·capt~red. by the discli~atimi. .. : . . . . . . . 
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set u~ed is: m• == 5'x 104eV, G ~ 6eV, B ':::::\i J =·0.5.·· . 
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