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· CMOHJJ;hlpeB M.A. n AP,. 
HeJUiHeHHOe ypaBHeHHe III peAHHrepa Ha' KOJihIJ;e 

' - , ·' ♦ ' ' 

El 7_-94-418 

HeJinHeiiHoe ypaBHeHne IIIpeAHHrepa, orrnchIBarow;ee pa3Hoo6pa3Hhle 
qni3nqecKne .RBJieHn.s1, pellleHo AJI51 cHc-reMhl, rroMem;eHHOH Ha TOHKOM KOJihn;e. 

' HaiiAeHhl TOqHhle BOJIHOBhle cpyHKIJ;HH H :mepreTHqecKne ypOBHH AJI51 OCHOBHO- / 
ro H B036y)I{AeHHOro COCT051HHH. O6Hapy)KeHhl KPHTHqeCKHe 3HaqeHH51 ARHHhl 
OKPY)KHOCTH KO.nhn;a; KOrAa MeH51eTC51 CTPYKTypa OCHOBHOro COCT051HH51 H 11051B
JI5IIOTC51 6oJiee BhICOKHe B036y)Kl];eHH51. J,fayqeHbl TaK)Ke COCT051HH51 C KOHeqHhIM . . . 

·yrJIOBhIM ' MOMeHTOM, KOTOp_bIM' 'COOTBeTCTBYIOT KOMIIJieKCHhle ~OJIHOBhle 
cpyHKIJ;HH; 

' Pa6oTa BhIIlOJIHeHa BYmrn_epCHTeTeAHT~eprreHa. (lJIA), EeJihrH51 iJia6o
paTOpHH TeopeTH1IeCKOH (pH3HKH HM.H:H.EoroJiro6crna, Ol15IH. 
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Nori-Linear Schrodinger Equation on a Ring 

. The non-lin~ar Shrodiriger equation whi~h is relevant for different.physical 
phenomena is solved on a thin ring. We obtained the exac;i real wave functions 

'with' their corresponding energies for the ground state and the excited states. 
Critical values of the ring circumference are found at which the ground state 
changes it_s · structure and additional higher excited states appear. Also the 
complex'wave functions are studied which correspond to energy levels with finite 
angular momentum. . . · .· . .• 
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I. INTRODUCTION'. 

M~soscopic sys~ems are .now availabl~ in which interle;e~cd effects becorp~ im-

. portant. Between them one-di~ensional ring systems attract 'considerable attention · 

,,., b~Cau~e of recent exp~ri~ents and inierestillg 'theoretiCai c~nsid;r·~tion~ ,d~aling ·~ith 

~ystems o(nontrivial and rather simple top~logy. Saine riew effects have b~en disco/. 

ered. Say, energy levels of clos~d systerils ;re fou~d 'to be discr~t~1 and one obtains./ 

energy bands -for ~ one-dimensional m~t-alring enclosing a' magneticflux (,vhen ob-

_, , serving th_e energy, as a fu~ctio~ of the flu;t Tl{~ idea of persistent currents that 
are flux/periodic in real normal-~etal rings ~as. 'proposed i~ Ref. 2 and Ref.."3' for 

one~dimension~l systems'. In ~ptics rings lead to ma~; applicatio;"s too, such as the 

!~~er gyrns·w·pe4; bistability, effects.in ring lasers5, optical band structures in passive6 

arid° rotating7 ring reso~at~rs. 'M()re i~formati@ can be,fo~nd.in:the·book8 ·. by yan . 
_ H1~ringen and Le,nstrn. . . . . .- . , , ; . . . . 

. Usually people.deal with systems ·o~ a:·ring in thesrnpe of linea~ physi~s9. "On 

the other hand. th~re, exist.non~lin~ar .phe~omena· described·by the:so called .non

·: _; linear Schrodinger equati~~ in. whi~h th~ p~t~ntiai-d~perids ori the\vav~ function. 
:. . . . . r·' . . . , •· . '. . . . . . . . , . . 

This.equation has been used to describe st?-tionary 2D self-focusing of a plarie wave, 

·. self-tr~ppi~g pheri~mena in non-iiliear optics, propagation of heat p~lses ~i~ solid;, 

L~rigmuir w~.;es in plasma~ and is related t~ the Gi~zburg-Landau the~ry of super- . 

c~ripuctivity (see Ref. 10 and:r~feren~es quot~d herein), We approached the same. 

~quation from the side of polarons.confinedin a'potential box and considered in the· 
. . . . . .. . . ·11. ,, . ' . •' 

strong-couplmg limit... , . . . . . ... . 

The rionlin~ar Schrodinger equation can also be sol~ed with the periodical bound~ 

: < ~ry conditioris corresponding to ~ri irifinitesimafthiri ring·systerri in the absence of a 
' - . (. _. . ,\ .. --:-· ( . '• . - " - ' . . 

. magnetic flux· but. including stron·g electron-phonon. coupling._ In t_he· present paper 
/ .. / - ~ 

• we study gow'the non-linearphenomena are correl.atedwith.the geometry of the 

. system: We consider th~-nori~linear Scprodinger equation on an_infinite thin ring 

.-with 'finite radius. · · 
• ..., . , ·1 · . --;.' -:i _;_. : 

The paper is organized as follows. In Sec. II two sets of real sohitions t~ this 
, ' -. ""' - . . . . . " •. . . 

equation are.derived. The complex solutions are given in Sec. III and the conclusions 
.'" ·: . ' -. . • . . . • ' i 'I . • ~ -,- • - • :, .-!.:._ ., . - ' . - ' ~ . • ~ • -

in Sec. IV. . . · . ·. . · . . ·. . . . 

.\ 



. -
ii. ftEAL SOLUTIONS 

·--·-. 
-· . ' . 

A; Sasic Eq{iations and Consta~t s'ohitiori 
' -

The H_amiltoriiari ofa pol~rori ~onfined- to 'move in a one-dimensional striicture is 

of the form 
- . . 2· - • . . . ' . . . - -· .. 

H - p + ~ tc - t - · · ~ [Vi· ikz + v,·,; t _;iki] = _2m L....; 1tWk_akak +:L kake . __ k ake _ , 
·- k , , _' _k . • _ · · . 

(2.1) 

where z. and par~ the po~itiori_arid ~omentu·m ope_iators of the electron;_m is the 

. electrori.band' riia~s and Wk is the frequency-of the pho~o~s with wave vector k. We 
, •• > ' t -,. . _. - ·_. . . ' - ,' • : ~- ' \ - - • ~. '' , ~- ,'. . -, .. - .: 

include no external potential iri the Hai:niltomari• (2.1), so we consider a medium 
.. • • • - _.~ • , • • ' • ' f 

without impurities. _ . 

"· As isweH kiiowri; a sy;terri· i'ri t'he<strorig ~oupling liinit is, desi:ribed by the 

S~lir6diriger eguation ,,, · 
.,_/ 

· .. ·~- ' t,,2 a2<1>(z) - '. - . . - . . .· •. , 
· -:- 2m ih2 +½h(z)</>(z) =E <f>(z) _ y. · (f2f. 

-. with the effecti~e poteriti~L . 
·-·-' . ," , . 

· .v,· .·i.( ) ~ ~-IVi_ · l·.2IPkl~.-~ ~ l¼.·12 [°*eik~ .. +·: · :...,;_k;J· • 
ell z L k t,, ·. L t,, -, Pk · • Pke . , 

. . - . ·. k .· Wk.. k Wk_. . ·. - • 
· ., ci3r 

';her~ Pk' == I dz I </>(z) l;ei{z. 'Iii the ~ase Or' an el~ctrnn infe,r~c~ing ;ith ~o:~fiOri,ons 
.we liave wio' =w~o anc( .. . .. - ' ' . . ·. . ' . ' ' 

'· ·· .. · 2cF •.n.· \ · :· _. - . - ''),1/2 

. v. =C :-'liww ~T✓ 2~0 • .• ' 
-.; 

.. c2:4r 

where a' is the di~eiisiciril~ss electroIJ:Cph~non C~uplirig constant 12•13 ana' Lis the ' 

. circu;iferen~e ~f· the ririg;' Pei-f~~rniiig tli~scaling ,z'-,::.: ,\z with; X ~ Jn I ~WLo /~'.-~ 
·' - we- arrive at the Sclirodinger eq~atioriiii di~en~i~ril~'sunits: - -

- 182</>(z) - '( -)A.(.)' .< j_c· )·. ,-. 
·--2 8z2 +~11 z '1'.z .=f'I' ~ ;. Tf5r· 

with t: = E/1iwr:,0 ci2 arid'·_· 
,,. . "' c' 

½H_(~t= ./J:}.dz l~·(z)I~ ~--2~ 1i(z)'l2\-~. ·.· 
' . 0. . . . . . 

. -(2'.6)·· 

:.z' 
-. 

_\ 

·J 
_"1 

I! ... · 

/i.1(. 
:it .. 

I: 

I 

\. 

. ' I 

wl:eretl1e ~ircumfcrenc~ of the ring Call be writte~ as L'.;,, (a/ci).j.n/mww with,/ 
the.· di_rnen~ionless circumfe~enc_e. -, , \ . ; , ::, .- ... ·· . · .- . ' .· . . , . , , .. _ .. 

When-we s_uppose the wave functions are.real, Eq. (2.5) is of the form· r 
. • .. • , - . ~. . .• . . , I ·. '. , , ,_ ' . , ,1 ·" ' ! . ·, . , 

:_!¢;11 + ../2B -~ --2~ </>3 !..:. t: </> = 0, 
2 . . ., ' ' . ' .. , . 

(2.7) 

where 
\ , I 

. s_~J~z</>~(z) .. . (2.8) 
0 . 

'Th~.· descriptio~ of a: :syst:Ill _on an -infi~itesimal thin ring_ iIIlplies. that .w; ha;e to ,, . . . .. ... . . ' . ' '. . '. . 
.invdke per,iodical ~oundar)'.' conditions . 

1
. 1 

I•, ,. ' ' 

' . 
ef>(O).=.ef>(a), .\6'(0)~</>'(a). (2.9) 

First ~(aH there e~ists the, l~lution ;ith ,acoristant wave function ¢(z) ~)/Jo 
. , which: is n~rrrialized on ~ ring'. From Eq: (2.7) we obtain the corresponding en~rgy 
, ' ,. ' . • ~ • ! .\ • ' . ' , 'I . . , , .. '' I ' ' ' • / 

lever . . l . • 

. ··. (0) = ' _,12·•. ' ' .·.·•.•. 'E(6) - tc ' ✓-Id1¥f2·. \ in, ··. · ... 
. ,t:0 -1-:-, •. or. 0 ·, - -:nWLo-L -.-, 

•i ·., · . ' _ a: · , _. • , · . · , mwLo 
. (2.10) · 

which is a Coulomb t:ipe p~teritial energy in a.wen gern~r~ted. by the•electron iri .a: 
, p~lar ~edi~m. · · · ' •; , · · ·· · . ' · , ·. • ' · . ' • '· .· ' . · ' · 

. To obtain ~ther solutions note that the first integral of Eq. (2.7) can'be obtained 

re~dily ·(whi~h· corr.esponds t~ the energy ~onservat1on) . ' · · _ 
' l ~ 

'\. 
,~¼'l2+ ~</>2 (A-~~2) ~:c1 

·. '- . y2 '' ' '.\ ' .. 
', (2.11), 

. ' \ ,' 
. where we used the notation 

\· ., ' . ' ( ·.,.. ' . 

:A· :.:....:B· ~-'· -:- ,- ·1o·•· 
· .. v2·: 

Then.we' proceed by introducing two new param~ters cI>1 and cI>2 
' • ' '" • . 1, • ~' ' • ' ' • ' • ' • • ' '. • . ' ' • ,• ~ 

'.\ 

I 

(2.12) 

J ;: 

he'= cl>~ «I>2, 
•: 'I ' .. 

A•=-~1+«I>2, (2.1~) , " · 

· which, because 'of symmetry, can,b~ taken cI>L~ cI>1: Eq: {2:11) c~n now. be \vritten .. i' 
,.,,,'' a • < ,, •• C ,• ,, • 

. :.a'.s ·. 

¢/2(z), =:= 212 (¢2(z)- cI>1)(~2-: ¢>2(z)) • 
' '• r h '' < : • _• • ~ ' ~ • i • •• > 

,.(2.14) 
'i,:'_ 

I 

! 
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\ 

•', 

B .. First Set of Solutions 
- ' ' .~' 

First we co'nsid~r i~ 2: 0 and from Eq. (2.14) we immediately fi~d that O f· <I> 1 ::; 

</J2(z)::; <1>2 •
1 The integratio~ ofEq. (2.14) gi~es us the gener~l ~olution11 

._ ' , . . . .' _,/ _. 

· 1P1(z) = ·~ dn(23l4~·(z - zo) 17:1-1), (2.15) 

with ~1 = 1 -. <I>i/<I>2, where O f m1 f 1.' Here z0 is an arbitrary constant and the 

. : parameter m1 . is the modulus o(the Jacobian elliptic fun~tion, which is periodical 

·, in z with period 21l4K(m1)/~, wher~ K(in1 ) is the complet~ elliptic,integral of 

ih~ first kind K(~) ,=; :f0"
12 d0/ Jl-m1sin2 0:. Jo satisfy the P:\riodical· boundar~ : 

conditions (2.9) the circumference.of the ring should be equalto an integer number 

ri_ of waves, where from we obtain • · ·; 

. . /?" ..... · ti4. . ' · , . ,·· . , · . 
ay<I>2 = n2 - K(m1),, .n = 1,2, ... ,: (2.16) 

1 ,·' •,.__, 

We :~!so require that the wavefdnctions are norr~aliz~df0ad:'<p~(2j(~) ~ 1. U_sirig this 

nor~alization condition ai;id Eq; (2.16) we arrjve at the rdation · · .' , 

,.. . , 1 
. V2K(m1 )E(m1) = -, 

1 
-~ ~- (2.17) 

'; , ' X . • , ./ .. '--

where the complete :elliptic integral of th~ second kind with modulus m i~ defined by 

E(m) = 1;12 d,OVl - msin2 0 ~nd where 'we introdu~ed the notation ' . \ . 

\. 
'n2. 

x=-·, 
a 

, ·, 

(2:1~). 

Eq .. (2.17) determines.the' param~ter rri.1 _as a function of the parameter x,. In _order 

. to:fin,d the energy [Eq. (2.12)] ~~~1 = v'2(B - A) we still_;e;d 
, ' ·, , .. . 

. a , . , K(mi). . • 
,· 4 . n m1 .·.·.. . '-4 , , . , J , . 2 4K3( ) ·1 ' 

. B = .d~<p1(z).= ., a3 : , . dzdn_ (f~rri1). 
0 . . 0 ' . 

. 2~4K3(m1) : : · , .. •· ._.•· ·: . . . • 
= r . 

3 
[2(2-'- m1)E(m1) - (1 -;- m1)K(m1)), 

• .. 3a. . . , . . . 

while A takesthef~rm 

A
.:..·.'.. (l.:. · . ), _ v'2n2K~(in1 ) (

2 
.:-._ ·) ·, 

- "'2 - m1 - - m1 . .· ·• . a2 . .. 
' . ' . ' . 1' 

. With Eqs. (2.19) and (2.20) we
1
arrive at the energy levels• 

/ ' .· . ·' . ' \ 
(1) - 1 n2 .. 

€on- 2Fi(-), 
' , .n, ·a 

4 

(2.19) 

.• (2.20) 
''. '/' 

(2.21) 

1. 

·1 

I 
,, 

!;' 

,~•lie;·c F1(:r) is a universa!/unctic>n for all levels ,;ith any val_ue·of n. 

, !•~(~) ~ ~~C1:K(1ni))2 [2-: :,J~ ~;K/(md(l-' m1)J:. ' 
. ; 3 ' ' •, . ' ,. ·,_ 

·, 

' > 
(2:22) 

, . . , ·. -, , ,' ' - • . . . . . . • ,. I , . , .• ' 

The dep,ei1dence of th~ parametc;r m1 and tlie functi~ri F1 ~n X is given in Fig. 1. In 

' the limiting ca~~~ of a l~ .. rge 'ring a» I (m1.--::> l), ,vc'obiain frorn.Eq. (2.{',)' 
. . .' ' ·, .' . . • ' ' . 1 , '.; . •, , ' 
~l 16 -Ji/x' '19s·-2v2/x ·-x ··+•·-: . rn 1 -,, .- c . . • .. - - c . . -.-

2 
-. . • ••. 

, I ' :,.I ·• ' .r . ' (2.23) 

I 

; _(I) ~ __;_·_]_. '((f2,J ,-✓-iain2 +O( -:,2v2~/~2)). 
· .. cu,".-·.' :ln2,. t. . '·, - e. · .. : . (2.24) 

'if- • "' 11
' 

In'op1><1~ite, c;ise 1w!1cn th~ r.adi~s o(the rin? d~creases;thc l.h.s.,of~q:(2:1 n -~vhid1 
ii1creascs 11ionotonically, r~ad1es its. minimum at. m 1 ·= 0. The parai1icter .r reaches\ 

! , .' , ' , ,, . ' I , , ; , '~· " , ; , . , ' / ' ; ' ' 

then its maxi1i1al ,value!.· It means that for'.cachvaluc · of n there exists 'a critical 
· (n;ini;nal))~aluc oft.he ring d;ciimf~r~:n~; ai'.•>· = n,211~, wli~re . • · ! 

', ' 'I' ,,-\- I ; ,, ··, ,'•, •: \; "'.\ ' \ •,, :J .. ,, 

! ..... , . 0(7r.)2 
<!c = VL. -. ' . 2 .(2.25)_ 

1. 
,_ '_, ,\. . ' .' :'' '·,·. ." /. 

is, t.lw critical value for.th~ state. with nJ= .h. 'At thccritical vahie a~'.') of the ring .. 

, , circmnfer'c1:cc t'iw, energy of ·the st~ie beco~~es 'ec1u~i to ~~u~ and the <vav~) fun di on, 

takc:s' the constant .value J°; fo: iAt sm~ller radii_'.this -~i.at:c :~I.ops t.o exist.• Ii~ '\)I(; 
'. _' •_,' ' ' \ ,, : '. , ':. t . , 1 '.,· .•,• ; , , " J" , I ' ,: , :. 

.vicinity of,th~'critical point the energy behaves as follows ' 
'r,\ 

' ' ,'.. .,,' ' ' "2!• l:: ..• · " _',' ,,, ' . .' .. \ 

. (I)· \' :I: (2) r· , .6.a · (•. · )2)]·· €0,n :::::J - 2 . ..,.-· .. L.,..,.- -
2
- + 0 (.6.a i . , 

.. ~l . yr . - ., n ac : 
. ·~':::::J n2a,:·+:~a.; ., .. · , . . ·' · , ·\ , . 

'It ic~i°Iows :frcn~l Eq. (2.2~)· tlrnt. 
0

I1~t or1Jv: ~,he Cll;~~i t~
0)( a) and t:~

1l(hcoincid~ at the 

c'ritic~I points but'alsotheir slopes'.. Tl:e:<!ltcrgy l~v;ls ~~'.!. vs.the ~ing cir'curnfe;~;JCCa. 

. are i>lotted i~ Fig. 2. Th6s~ le~cls dc~:rc;~~e wh~n a becon1~s sm
1
aHer: '!'his WC alre~~lv 

c~uid <ixp~ct 'rr~;i1 the shap{oftl;e f11i1ctioni; (x) in Fig. l (b) whichdecrea~es \~·itl1 _ ·. ,._ \, ' ·, . ' . ' ' ' ,. ' . ' 

iii creasing x. ' ·· ·,. . ',',' 

l: 
C,: S~c~~d S~t of Solutions, 

· We have t;> consid'er !•.~>~ the ~:ascwhe11 <l> 1 S:: 0, ~nd \lei 'rc{~Til:(' Eq. _(2.1 ·1) .as 

\ . 

.1, 

.... 



.·/' 

-·· • ! • • • , , 1 

c;,'2(z) = 2v2 (c;,2(z)+l<I>'d) (<I>2 7'- ¢2(z)), 
, ; ~-·.,.. '' .. ·,,,,. '' ' ,. ' , ' 

, (2'.27) 
, ·,' 

'from' which we obtain <J> 2 ~ 0, ,-:--<1>2 :::; ~2(~) :::; <J> 2.' The general solution is of the 
11' • . . ·,.... • . . , . ' .• ' , . . ' 

form.. ·~ 

'<h(z) = ~ ~n(2~14 Jl<I>d+ <J>~ (z ...c zo) 17!!2) (2'.28) , r 

~vith ~~ = <J>if (14>1 I + <J> 2), wli;re 0 < in2 :::; 1: This soluti9n i~ periodical in _z with; 

p~riod 2514K(m2)/Jl<J>d +.<f>F It foll~ws then frorr'i°,the boundary conditia'ns ; 

aJJ_<I>1,J + <I>2 = 27\ 2114, K(m2); n = 1, 2,: ·'.· .. 
',I' . 

)2,29), 

. These solutions coincide completely ;ith the antisyrriinetrical sohitions for th(i ~arne., 
/ }\_ •. . • • - • - - '.< ' ' . , . .' I • 

~;i.st7rri· in a~ infini!ely deep potential well of lc~gtJ-i a foun_d in Rt'rf. JI: The results 
are as follows. The.equation for·the ·modul_us in~ of th'e elliptic rJnction (2:28) is of 
I . •. . . . . \ . ' . .. 

/the form. . · · . • ·• · , ' ·· . 
. . . ,.:. • ',. '· ... I 'I .. 

'v2K2(m2)[:((m?))+m2-~] =.!.. · (2.30)
0

, 

' \ • ~ -,_ •,• ( m2 C i ,~• • •, •' -y ~-.. ,_" .) ' / • , 

Again the energies. ca~ be• represented· by a for{ction universal f6r all. l~vels · 

(2j L ·. ·(n.2 ) 
t:o = -F2· - · 
',n ' n2 i . a ' 

I, 

witH F'2(i) being deter~ined as, 
. ', ' . . ' ,,·' ,·: .. \· 

(2.31) 

·., F
2
;x) = • ..fi ... ~: K(m2))~·x[;m2(1 -- ~~).xK2(m2)~· v2 (2fu2 _:_ 'i )] ·: > (2:32) 

,, ,' ' ' 3 . .', .. ·.. . . ' .,. .. ,. . ,, .. ' ' .' . ' 

;This ~ni~ers~J•functio; F2(x/a~d the p~;ame~e; ;;:2 .as f11~ction ofx ar~·pl~tt;d in 

· Fig. ;3. In the limiting case oL;'I~rge ri~g a ;,.1/o; equivalently x --::7 0 ~e ~btairi .. · 

€(2) = __ .. _1_· ·_ [t ~ 24e~V2~·/(;n)2 +O(·e-2V2a/;,2)-']. .. . ·, 
O,n 3(2 )2 . . . , ' . , . , .. ' . , ·, 

' • I -'_,',·; ••;_.•' .~ ( ' -~ r •,. ··/ ,_:, '', •• ,·: ''. ->-, ~,' ~ I, 

(2.33) 

'l'hu:;. th·~ 'energy level; tend to the .Iiamc :va:Iues as i:i'.t (see Fig. 2}: Note that for 

~n infinit~ly deep potc~tial v.;~if 'Yith length ·a ~ 1 we f~ur1d i~ Re(ll er{crgy l~v~ls 
·.\c:n•;;-:-1/(3n2 )'.·".' '' , • . 

. . . ·. I . . , ,' : : . ·. ·. 

,In the ,opposite cas: wq.en a·~ 1 we.have x --400 arid from Eq. (2.30) 

- ·', . . . , . 7r2 n2 3·._/2 .· .. : ·1 . .·. ' . . 
• •' (2)• .. , . ·-+'0() . t: .'---------· a .. 

o,n ---. 2a2 . 2a ·· 21r2n2 · · ··' · ' 
~ 2,. .. _· . 2' / · ... :;•,•, : ·, .. ., , .-· ,·._. · _ _,-, .. 

,(2) 1r n (·· Ii ) , , 3v'2 Ii \/ . . ,2 · 1 ·Ii .. · ,2 O(L·) • 
Eo,n - . • . r,;;: : . . r,;;; .. .liwLoet . .. , 2 2 WLQO + . 2. yml , ... 2. ymL .. , ... 21r n 

• ~- r • 

(2.34) 

y 

' . ( :! 

.\ .. 'i· 

;, ~ 

.. ··. \E \ 
\•f• 

_/ 

; Th~, int~r~etati~n\ ~f t~is l}mit is' ob'vio~s: :e,ducingt~e circu~fir~nce of. the ring 
.will destroy the polaron because the electron-phonon interaction will be neglectful 

'·{c~cn iri the strong-c~upling limit) in compa~ison with the interacti~n due to thct. 

confi~emcu't .into a small ring. The same is also t~ue 'ior high~r excited ~t~tes with ' 

large: n ;; i. . . , . .. · . . . . . 
< . The energies c:i~rvs. a ,are p~otted in Fig.· 2 as ;ell arid the wa~e fondi~ns 

. corresp~nding to both sets of sol~ti?ns a.re given in_. Fig. 4'. . Injhe latter figure ~h~ 
corr~sp~nding energies 'ar~ also' indicated .. We' can see dearly that-.when the 'ring· . 

circumference.~· becomes, _infinitely· large both wa~e fun~ti~D:s ( correspondi~g to c:~'.J .·. 

. 'arid c:i2l) wiUtend to a wave function with infinitely separated peaks'. Because both 

. wave f~nctio~~ obtain th~ same 'peaks u~ to the sign and b~c~~~e .the different p--;aks, . 
: ,4", '. •. '; ·. .· ' ·., .' ' • ,· / ~ • / ' •• -• - - 1 - ~ . ,_. 

· ... arc i1;depcrid~nt from each other in this limit, the sign of.the wavefon~tion at such 

peaks will not infhience the energies. ' Therefore .both wave functions will tend to , 

• th~ sam~ energy. valu~ (as ;e found also a~~lyti~ally). For the other en~rg/levels. 

in 'Fig. 2 a'similar behaviour ~a~ be.found. The only differen~e'will be the ~~mber 
~f p~aks' in the. w~ve fu'nction:.this nuinberof pe~ks will be n fo~ the: ~ave f;~ction ;· 

corresp~nding't6 ~l1f a~d 2n f~~ the wave fun2tion correspo~ding to c:i21. . . ·. 
." Note that sol~tions t~ the'line~r sihrodinger equation are classifi~d usually by 

·. t.he numbero[zeroes in the wave f~~ction, e.'g. a ~olutio~ 4>~ has ii :- 1 zeroes where , .-· 

71 '.;;, 1 refer~to the grourid ~tate, n = 2· to. ~he fiist excited state, et~:- At 'tne same' 
\ '· , •, , ', ~.' - , , . / \ , :! :_. ·, ' . , . , , ' 

1 
- . , •. . . , ' ' r : • 

~- time the probability distributionl¢nl2 of this wave fonction"has 71 peaks. 
·, .From our ~alculationk in this se~tion w~ can deduce. that. in. ii.on-linear physics 

th.ere exist wa~e functionswitho~t ~eropoints [~ee Fig·. 4(a)°ror ~ay~ fun~tions_~ith 

large a~eas which ar~ zero [see Fig., 4( d)]. So, h_ere the clas~ification of excit'ed sta'.tes 
'', \ : . . .. '' I~ ' .. : i ; ' • • ,' i;" ·.: . , ' . \,. . ' .. , . ' ' " l ,, ' ' '. • • ~ ~ . . • . . 

. can only be done by counting the number of peaks in the probability distribution .. 
; ,• • • , • - • ' ' ' '.' • \ ,' ,.' •. ~ \. f • 1' ' 1: " . ' . - ' ' , I c '• 

;, There~ore the la~ter method seems .to be more general as the cl'.1s~i.ficati<;m by counting 

the zer()poi~ts, ' 

···•·.· ;n1. 'cqMPLEX S?LYTIONS 
,, '.' \· '. ,·, , \ . : 

1·•, 

•A.· Basic Equations a11d · Co~staiitv Solu~ion · 
• ' I • ~ 

'· . 

L~t us .sea~c}i for a s_olutiou' to. Eq._ (2.5) of th~. form 

·j. 

1/;(z) = efi(zkx<z> . 
~ , • , I ·,_..·,..,: 

1 (3.1) 

'··wi~h' an, a'.mplitude </>(z)a'.nd ~ phase xtz), beini ~eal f~nctions of the:coordinate 'z. 
•Inserting Eq: (3.1) into E~. (2.5) we arrive at the coupleof equations, • . .. . , 

., . . ,. . .· . ·. -'·( '. .• I 

7 

'·' 
•. I 



/' 

j, 
f 

\· 

·---½¢"(;)+ [hB~,;~¢.~(ff/½~';(z)] ¢iz) = 0,: 
'. x"(z)¢(z}; 2x1(z)¢'(;)~ d." 

j ;•,':, ·,,.." /'' ,' ., ' ,_i, •. ' ;, i, • 

, (3.2) 
' /· 

·(3:3) 
,\ 

The general solution to\Eq. (3.3) cari:b<;represented' as follows:- . 
' ' ' ' ' , -

, . z .· ' ·., 

j, 
. x(z).=x(O)+Qj~1t~,); ':(3.1), 

'' ' ; ' '' ', ; ' ·, ,, ' '.· \ ' ' ·.,· : ,' 0, ' ' . ., \ ··, • ' ' ' ' ' ' ',•,' ··•· ,,, ' 

where Q is an arbitrary real_ constant. With this solution being inserted into Eq. (3.2) 
\ -, , ' . J . • . ' .'• ,' . ; ,. • , .' • : . •,' • .' ' ' • ' . e' . , • ' ). , • ; ·.• . ', 

, . we arrive for the l_atter · at the nonlinear ·effective Schrodinger equation for the arri-' 
r>litude ¢(z) ' · r '· • · ,) ., 

: · 1. ''!, • •. •. ' ' '· •. ,.., '. ; •• , ·._.· ··Q2'1 ','' . 

·:. ·. :~2¢}z)+Y2f¢(_z)_7 2hf~(z)~ 2¢3 (z) =:o: .· . (3.5)' 
\ :•' <. ,• . ' , ,',,:. 'i' , . :•. . l 'I , ' : ', . • •r _' '· ' 1 • ,,, ·~• ~ _ '·. ' :• 

At,Q = o' vv~ arrive at the set of (re~l). s~Mions:described in Sec.H .. Note' that for 
,' ·; ', ' ',' . ,. ' ,, '. _., .. ;,; . . .l ' ,, ·, '·.,., 

-the external potentials. considered I in ,Ref: 11 this set of real solutions are !the only 
_, • , • ' •:•,•• :• l ,' \ l •, ,, , ' ' <' , j <,I '•; r :,>,,; ., , t ,.• : , , :-- '. , \ > '. / •·: ' 

existing solutions to Eq. (2.5) .. For instance, if _both the,potentiaLand the amplitude 

~(z),;anis~ at infinity'th~n-it)opows f\om Eq. (3:5) that- Q.·~ c(!h~'sairi~is fru~ ,if. 

! 
I 
J 

i 
1 
I 
1 
I' 
! 

'

l_ ·_· .• r ',/i ,· 

the wave function has zeros on a finite segment.· Indeed, if <P( z) :=::! C (z.:.,.: io)I'. at sorrie 

.. ·. :~"io z:!::;;~ l.h: l~gcf j~j ;/;;';)\:;: }:: ~•;b~:}•~•1,dO,iV~ti~~ l. 
. ' . ' , , ',; . ·. , , / ' ' ,, ' ' ~ '', ' ' . '' ·, ' ·i·• 

··,, .. ::,ca(a-1). Q2 ,_. 1 ,, . . 
· ',',.,,., =' . . 3 6 · 

(z-z0 ) 2-(J· c3(z-z0)3/J" ·. (,.J · •' , ,'·· 

'ffffllow' -~ th~nt'i~a. { /3 :=J/2 :a~d Q~ ~·c...c
4 /4 while'Q a~d.c have\o_,beTe~i ~a'.ra~~.· ·, ';'' ·I·;(' 

eters. , · I . J 
But' one' ~o.~ld,obtain. complex ~~lu.ti~n~\Q ·'.f:of wh~~'de~lirig with an{;ther' ,·'TI·,' 

,. poteri!i~l: or a. ~othe·>·r••·geo°:e,tr~.·. o'f ~h~; ~yste~. On 'a th' 'i.n r·i.ng com' pl~x·· ... s~lu.tioris , . ·1.·.' 

• do.exist and can:be classified by an.rnteger,number - a,value lz of.the angular , .· 

momentum. Indeed, periodical b~undary·condition~· im:ply fo~1 th/phase' x(a) ;, , :[. 

' x(o)°+ ~11t, ·lz ='o, :f::l, ±2, .. :.; ~o tha_t ~;he parafuetei Q of Eq. (3.4\takes the f?im I' l. 
' ' ' ' '', ' 'ii -· t 

. ~ = 21rt (ia ¢:r,))- (3.7) : . · r 
. ' ',, ' \ '. ' '. ... ·.:, ' 0 : ~ . '·:, / ' ' .·; ' . '. ·.·• ' ,·, ·. ', ' '1 

, 'i I We start with the simplest' of them ,when the amplitude takes a constant yalue 
. " ., ' ' ·, '·,· '• . ! , ... ' . ' ' '. ' ,, .. ' . ' .. -· 

¢(z).~ 1/../a 011 the dng; Jn this ~as_e_ B = l/0;, Q ·=;= 21rJz/a2 and for the phase 1we. 

obtain' the con~entionaHorm of.a :quant~m:;m~chanirnlparticle on ,a ririg: x( z)·:::::, 

x(O) + 2ilzz/a'. The ~o;r'~sp~nding en".;gy le~el~ ar~
1

descrihed:bj theforri_:iyli 
' . ' ' ,·•1•, · I '' ', ·"·\ .. , ••' '[',, ·1. •:··,, 

s· 

· ·· · ~2· · ·•(. 2 '·)' 2 12 
-(O)_ "V<-·,,-- r. z 

c1 ---.-+ - - or 
·. .' ·a · : a ' · 2' 

: ·.· . ' ! 

E (O) _ , · ../Zo''~, fi. · .. '2(r.til;)
2 

I, - -:-llWLO -- --- + -'---'--, L mwLo , . mL2 
. (3.8). 

. ' . ' f:• ·. , 
At lz:~ 0 we arrive at the energies (2.10). The meaning <.>f the second term is quite 

ob{,ious · ,- it is the co;ventional ceritrir~1gal p~rt of the kii1ei.\c energy. Tlfe ~nergj~ 

levels, c:l?) for /, = 0, 1, 2, 3 are sh~wn in Fig. 5. 'ihe curve for /, = 0 ,~hid{ corresponds 
I _,,,,;.· -/'. , • , ,,., _" . , ·: , ' ~ , 

to the ,constant wave, function of the real solutions (sec also',Fig. 2) obtains a IO\ver 

·, cn~rgyfor decr~asi~g ~- Fort; ir,howevcr, we ~ee d~a:rly the increase ~ftf1e e~~;gy 

for.small a due to-the ce{1trifugalco11t.ribution which becomes.more in~portant the 

''larger {, ·i~ a1:r1_the'sma,llcr a is. The. corr~s1>onding wave Junctions' are' 6f thefon~' 
, ' • -· • ' ' ' ' ' • , ,, ' ; ~ - > • .( 

(1/ Ja)e.2,ril~z/~ .where.: we OrTlit_ted the constant phase fador.· Note ~hat energy_l~vels 

't:f f\ J ~ J te~1d to t!Mr !irT1iti~ig values_ aUarge a fron1 bel~1~: · as it)ollows from 

E (3. '8) 1 ' . , . . '(O) . · 1 /(2 l )2 l - t d ·, ' 2 '0 ( '/ )2 " ' ' ,q: , . _t 1ere arc rmmma c1 · miri .= :-- 7f z , r~a~11e at amin =. v L. 7f z' • -
.• - ' ( I , ' .., . z ~ . , .· . " , • ·.· _: . -, ,, , , , 

., ' •.• ·,; , • , , • I 

B. Other Complex Solut10ns 
I , """ ' /. 

T6 proceed forth.er o/e use th~. first integral ofEq. (3.5) which is as follows. \ 

.· ... ~)¢'7(~)+ ¢2(i) (i- ¢2(z)) -~ ~2 ·=,J, i 
4 .. , y'2 , ··. . . , 4¢ (z)_ 

, (3.9) · 

where C is an integr'ation,corist~nt'. From Eq; (3.9):it foll~ws tliat 1) the s6luti~h; 
,- ' I _.. , . , 1'. ' -- ' ' , ,. :; '. · · ,'' ' , ·. , . \ 

. existsif Q2 (/;) does. not exceed s_omc,.ma~iinal .valuc,,and.2) the function ¢:(z) 
•. , , , • '· '1 , , , r , ', ( i '' ; , .- -. . , ,, '_, ,· ', , J' ' 

. varies. between· a minimal <J>;,,;n and maximal <l>;,;0 ; value ,and 'does not· reach zero. 

w_hen Q2 . i, 0, so that ef>(z) has a c~nstantsig1i ~hd 1~0 nddes; Introducing t,he· 
notations <I>(z) = ¢2 (z) and ' · . . ,.,_, '~ , ' ' ' ' ' ,, .~. 

·-,/ 
\ •. ' ,,,. ,..c;,, 

i A= <I>-m~x + <I>min - <I>o; 
:_··,! 

vie = <I>~a~<I>~.~~' ~ <I>o(4>m~; +<I>,~; .. ),·. , .. 

(3.10) · 

(3.J{) 

(3.12) , Q2 == 2v'2~~ai<I>miri%, 
. .· ' >·- ') 

! 

1· 

. where,all paramctejs (<l>o, :<l>,,;;~, ,<I>,;.a,,), arc positivc'and <l>1";11 ,::; <I>,t), we arrive at.' 
·"; • ' ' ' • ' ' "' . , •• · • •• • : < 

the.equal.ion.:,-, :-. ,, · • . ; .·, ,.· ,·, 

' ... ,<; '•/ 1 1 /, . ,' , - '. ,:· :- ,. ; .• ,. ,·,·• ·. ·· I 

This ecjuation can be integrated arid results in 

., ·,-, , . - .· ' ' ~ __ ,. '--~::..: ;t 

· <I>'~(z) = sh (<I>(z} + <I>o) (<P(z) - <I>"';,,) (<I>"'"~::- <I>(z)). '· 
' ' , : ,' i. ,' ' 

(:U:l) 

9 
-'< I 

''I, 

1.· .. 

:1 

II 
'ii ,I 

,, Ii 



,,· 
' 

'· [, 
l 

_./ 

' . i 

•. ¢?(;) ~ <I>;,,;n +m<I>osn
2
(ulm) 

. , · 1,-msn2(ulm). ·'· 
: ' ~ 

(3J4) 

where·, 
, ' , ) ' , .. '.,' 

u=2314 J<I>max 1+<l>o(z ~zo),· 

<I> -:- <I>min _ : max • 

.. m = <I>max +<l>o 
t 

,, 
I (3.15) 

I E~uivalently,: Eq./(3.14) C~Il be wri,ttyn a~ f~llo~s', _ . . ',. _ . 
' ' <' ' , ' • (' ' ' 

¢/(z) ::/<I>min + (<I>~ax-;- <I>min) ~n2,(ulm)',, ,· '{3.16)' 
• , , ', I 

'' 
• , ,, ' " , ' ,_ ' ' , ' ' • • > < ' : • • ' • ; , I ' , -~' ' ' 

where. only the· constant terrp z0 should be changed in the definition (3.15) of u. 
· Note that' at Q = 0 ~e arrive either at the ~olutio~ '(2:Ifi) for f 1(z) with ;pm;x :== 

<l>2; <I>mi~ == <l>1 and ,<I>_~,== 0 o; at the' ~ol~tion (2.28) f~i cp~(z} 'Yith ~m~x =: <1>2, <I>min ~--
1 ' ' . .· . ,· \ 

· 0_a~d_<l>o=l~1l, _···. __ .. , ,,, .. . •. _··_.•··· _ . 
The'_ periodicity. iri u on th~ ring is expressed' by th~ condii'ion th~e there. shpuld \ 

' ~e .in integei ~~mber (n) of wa;es on-the circumference of the\irig.: Because th"e 
p~~iod ibci 'equal~12K(rn) one .. h~s :·.' . , . . . . . . ' .. ,, .. . . . .-

231~.J<I>,,.a~ + <l>ci a.=/2nK(~): : : (3,~17) 
' ' ' ' ,. : , . . ' ' .; ' . . '' ' . . . ,. _· .. ,, ' ' ' . . ·, . : 
From the, periodicity condition (3.17), the normalization ~ondition ar1d°the definition 

·-•~f mi~ E~: (3,1_5) allth,e,pararieters (<I>o,•<l>min arid ~,;,ax) ;;ari_b~determined. hi~eed,_' 

the normali~ation condition foa dz</J2(z) ~ 1 le~ds:to , . ' ... ·• ' · ' , . -,. 
\ '], ,' 

1 
,,, ' ,, ,}i ', ·" ' ' ; 1 ', ',1 j, <,

1
\ ,! ,, ,I,, • 

1 
' · ~mi~._;,-~,{ 1 :..: {2~1(( m r[E( ni)~ ((~ ~)K(j)l L, 

'I'. ..··, . ·: i·_ , ', ~" ·~-- ,' ', , ,, •. ;-: .• \_,' : i'; , ,: \ ;. , , ·"' ·,. ' .. 

. !he,<lefinition of m.in E~. (3.15) giv'~s, 
' ' . ' ' .·.· :' ,'' 1 ; .. ' • ' . ' : ' ' ' . ' . ,_: 

·" . <l>~~x == ;; { t~ v'2xK(m) [~(~) -'.E(m)J}.\ 

. an<l t:1ally·: from the pefiodicity'co.nd_ition (3.17) we ·obtain 

, .. ·.·--~-<Po= ~ i~:1:+)~xK(mjE(;~} : 

In this way, all those parariieters a~e deterrr~i~ed as ~ function of the paramet~fm/ 

. The' P?-rametcr. m itself, ca~ be obtained combini~gEq'. ' ' ' 
, - ··, \ y :: • • •. '··. 

which !~ads to the equation · , ·, ' , c , . 

. 2~Vfi =·23J4J(<I>o~)(l:- ,)n (,,m) 
•·• • ~· • • ,:- ,./. • ':', •1,K(m) 

_i • i j' ) ': 

where ,/ 

\ 

.(3,22) . 
.: 1r/2 . ' dcp •. . . , 

TI(7,m)'-=o:,f (l-:-"l'sin2</J]~l ~ms\nt</J, 
0 : . ' 

which is'_ the ~omp)ete elliptic fun.ct ion of the third kind, 
< I' ,; . . ' 

·., 
'i 
'./ I•, 

fl· 

\)'· 
. ·.'j~I,_. ;~. 

I I ~ '' 

r- . ' 

/2 \ 
y= ~ 

-a 

,and 1 / .' 

( 

. ,: · ·_ '2xmK2 (m) .. 
I • V,L. . , , 

.'Y ~'1 +v'2xK(m) (K(m)_.:_,,E(m)] , 
' ;•_ ,· .; •,: ' .·_. ' ' ' / •' ., ., '. ' ' ' ',. . :.. '·, .. , 

From the equation Eq. (3.21) 6ne can determine for given· q~antum numbers n and · 

lz' ~he correspo~di~g m. _ • . ' · .. ,· <'.'. · C _. t ... _ . :- : / f 
A'1do th~:'~ne~gy c ~ vi(B .:- A) -~an be determined as a' function of this rn. The 

• 11- • • 1 •. ' ,., ', •' ' 

· par;meter A d~fined in Eq; (3.10) is gi".en.b{ .· 

(3.23) 

«' . ::--, ~,.,, 
·. (3.24) 

. A~ .r {3·~ 3'12xi(~)~(m) +J2,(2 -fn)~~2(~) f, 
; '· ' ••• >' • ' ·"· " • • 

j, 
(3:25) 

'•. 
r;dz<j>4 (z) h_as the,for~ 

I 

: ·B ~'~{ ·+~x2K\in)'r°'.23E2(~) +'2(2 7~)E(~)K(:'j 
, •a . . . 3 ' , : .· . , ·. : .-, , ' . \ > , . ·.' •. , _i :, 

, \·, ', . .:.:(1 f m)K2(rn)]} . 
·f • ,,' _. .\.•( '.' ,' '' ·',• , ':•,,:' . '·'. •' ,:., ,' \ .-' ·.· '," • ,; ', ;,: ,' .·'•\I ' ' ' ' . .'_' ' ' l.' ·: ',' •' '.· • ' 

FrCJm Eqs. (3.25) arid_ (3,26) the ~nergy levdscorresponding to ,the ~on,ipl~x solutions 

··(3.26) 

.. ,, , I, ·,-~' , , ,• , . ' . 

can be calculated 
.•1 ,.· ' ·1, 

' '', i" ;··.,.·, 
c./,,n = ""'2F12(x,y) · ; n I,.,•~ \ ! 

;.\ . ' . 

'· 
. (3.27) • .. 

·, 
:-: . ',.j ··< .', I'~ !.> '. \;':· '\.', ', -~-: '_ ,· f:, ·\ '• : _i,,' ,,, 

A2(~;if\ = v'2x,{;-2 t\1'2~K(in)p3E(m):: {2_--:,m)K(~)l, 

.: ·2 ,,'',, :->·,,._·,.·, .. ·' -:--:.·· ', .:, .,___._._.,., 
+-x~K2(m) [~3E2(m)+2(2 -m)E(rri)K(m) , 

' ' 3 ,,-· ' ,_,. ' .. ·,.· '. .. : ' .. i ' ' ' 

~{i~m)K2(~)]}. ·• 1 · • 1- ., 
-., - ' t \ 

(: 

(3.,28) 

wh;rem;,,, m(y) i~ obtained bysolving Eq'. (3.21): ,_ . 

' Nti~erical talculatirins' iitdic~ted however that Eq: ',(3,20 has n~' solutions for 

lz 2:/r Th~only i~rriplfc. sol~tions ~~-~ therefcire oft!ie form (l/Ja)e2"it,z/a:, ·, · ,· 

! 
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IV. CONCLUSIONS 

' In this paper the nonlinear effective Schrodin~~r equation was solved on a' thin 
. ' ' i ·,· . . . • . • • • .·· . 

ring.· Both1 real and complex solutions are found .. We obtained. the exact real w'ave 

functio~s.,~ith their corresponding energies for the .ground state: and the excited 

~tates, and found critical v~lues of th~ ring circumference at whi~h the highest excited 
/ , , , 1 • 1 

'· • • l ' ' 

state, or the grour{d state ifno excited states exist. yet, changes its structur~ and' an 

additional excited state appe~rs. The ~omplex.wave functions correspond t~ en~rgy 

levels with finite angular momentum[, and are of th~f~rm ll>'(z):= (l/fo)e2"il,z/a. 

', With tli~ above calculations we found that for line~r and .nonlin~ar problem\ (as. 

above) we have'the'featur: that the nu~ber ofpe~k; inthe wav/functi.on of,tn 

excited state can be u~ed to· obtain a. classification <Jr. the quantum· number of the 
~xcited state , . j · ·. · . • ·· ·." < . · · · ·. , ' · . . . •· . 

' . ' . •'' .\ '/ ' . ' .. • . . . . ' 

\ , If we compare'those solutions with'.thestates. used, ·e.g., by Biittik~r.et af.i\ w~ 

s~i that ~dditional real soluti~~s ~;e f6~nd h~'re ~hich are not prese:~t in their lin~ar 
:. _-'.. "' , . , :. l ,· , , ,, , . .·.' . . . ·. - , , ,: .·. •_.-· 

theory. Therefore; the nonlinear effective Sc_hrodinger equation should be used, e.g. 
, I ., ,,·, ,, • ' / : .. , _._,,_,. • j '. ,.) ' 

by applying' fhi:x:-mo~ified boundary conditions (fo~ more details ab.out .this in,ethod 

s~e Refs. J, 15, 16). > 'i ,. 
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