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1: Introductidn 

The p~rtition function for the qu~nturri Heisenberg.forromagnet 
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where S; are SU(2)· generators·~£ dimension 2S + 1 a~d J;'; is the ~ositive ~efinite -
, syminetric matrix ,of'the exchange interaction ( J;; = 0) 'can be written as (1] 

, . •· . , Z ~·:fgBl;(i;exp(½lJ(t)J;j)~,(t)d,} ; 
.. ~.;.i [Texp(-Ji;(tJS,(nf')l ; . (!) ·. 

' ',_>·.,.,i ': ,• _ -~ ~,·_._ ' .• :·', .-. "~---- , :, '· .. ,,-.! ',",.,' .' .. _i •:':.::': •• •. 1·. _·/ 

1 where the symbol,T stands for the chronological product; and·summatiori over re
•_ .... peated'indices is ~ssumed. Iri deriving (1), the well:kn9wn Hubbard-Strat~p.ovich 

:identity has been usedi, The partit~on function of noni~tera~ting spi~s'in an external 
·. fluctuating field .. ,f,(t) can be written as th~ SU(2) path integral: · ':, -, . ·. · . _ 
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Z.cf )'. ".· T ,} ei~(-Jiltlf ,,~~,) 1 
...... · . =: 'J>:. / ri·bµs(~;·) exr(SI' "t\"1t; d, . ·. 

; · ·· , ; · , .. . . , . )o . .-f: a:, . ·, 
,\. o;(O)=a;((J) , ·: · · ,_ • · , , 1 , 

~.i)~ v}l,1 .:C jo:;l 2 
dt ~sf(). t/i:ai, 'dt ..:_ ;ril, , {;;ii; dt) , (2) 

Jo ', 1_+ lo:d2 -, lo ;l+ jo:;12 
·.·. Jo ,1 + jo:;12 .• • 

. wh~re we h
1
ave put ~ == ip,, + iip~, 1/; ·== 1/J,, ~- i,py and. 1);(0l ·=. Jz, J'}ie _functional : 

: measure in eq. (2) is forrri~lly dcfihed as an infi~ite pointwise! product of the SU(2). 
invariant measures,· · \ . : .. . · · .' 

• . . ,' . · · I, ~ > . · . 2S +1 d?o: , 
. . >. ':·· ' D~~(a)'= l;I~o+ 1°1~F; 
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;This int~gial can be.evaluated by the change'[2]' . r 
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The result is 

' . 
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• ' . . ·. . . . . . . • • . . .· ··· 1 {J (0) . -

Z . =.. . L.(;;:) L(·;:)· = '\"' 1· smh(S +2) fo ( 1P;, +.t/J;z;)dt 
o . exp 'I' ' • 'I' 6. og •. . fJ • (O) - . . . ' 

· · • • · . · · • s_ mh ! f (·'·· + ,f,•z·)d. t 
. .(3) 
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'Vher~ the fu~ction z ·= u/ud~perids upon if; ~ia th_e Riccati-type e~~~tion . 
. . .. . \ • . . .· . . . . . , .· I / . . 

z ~ tjJl0 ) z ~ ( {; /~)z 2 + t/J/2 =; 0,' : z(0) =:: z((J). (4) 

Th~ p~rtitfo~: f~nction th~; be~om~s 
• ', . 1 ' ' ..... 

,· >/ Z ~frJf~x~(·-S(¢)), . '(5) 
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1 ,. •• i scf) ='~½Jti<~)Jd~f;(t)at +lcfr · ·.. (6) 
,· •-:-.:-';: • /. .:,.,., ...,'_,.1 ~~ ,. : 'r ~•• •:.' . '.• ,,.•'_'< •' -·•,, • •, ' -."~ ' . '. . I•'• 

Representation (5,6) is a s.tartrng point for the systematic meari field expansion. 
. ' , '; ·'. ; • ' • ;' . . • • ~ : ; ; . ,'. ; ~- ' .~ ' ; ·:· - ., ' . • ' 't ' • ' '. • 

, 2 u Mean Ji~ld' theory . \ 

Let the station·a~y mean field <P be chosen in the z. directi~n: <P; ~ {O, 0, <I>;).,The .· 
s~ddl~~point equation· , . : , .. : .: ·. ,. ' . \ ;,._ , ;- 'II 

. ss ,' 
---· lo=0 

.. :' .·· ! •• , ~ •• · ., , 6t/J;(t) , :, . 
• . .·:· ! :· . , , . ·, •, ~--. \.. ·: • • . • ' .,. . ·.• . . • . 

( the subscript lo denotes' a quantity at the, stationary point) reads 

• <I>= Job(P<I>), 

\ ', --

. · . / ... · ' , , . . ... . .. ' ! ,, 
where b(x) == SBs(Sx) and Bs(x)·is the 'Brillouin fun~tion. To derive.(7), _we 
haxe put Jo = L · J;; and <l>; ;, <I> aiisuming translation invariance foi; ,the system. 

. . , . t. ' , ' :... ' J ~ ~ ' ' . \, -,. :. ~ . ' , . ., '. : . , < , • , ... ".... • 

Expanding S(t/J) around <I> up to the second order1 one arrive,s at (ij= tjJ -'-t/llo) 
. . • .. ' .• ,· .• ' •• : • , • (': • . · .. ·, . • ! . 

Z = .. ~xp{7.S(<1>)"ijDije;~ {~·½ 1\J°\t).(J,1\ 1;.);;(t,~)~j:\s)dt~: 

: .- - '"-½/frfi(t)(J~}~;r);;(t;s)1u(s)dtds}, ' .. _-.. (8) 
...,_ ·.o··~·-.. ·<· ''~-.:·: . ,!·,.~. '>;.· t 

the effecti~e inverse lcingitudin~l and ~ransverse interactions being gi~en by. 
. . .. .. . ·~· . ,, . / .':<. .. . ., • ; . .. . . 

··. '•. :_i··· .· .. ··.62£.,.· .. 
(J~};1,.;);;(t,s) - J;j1{(t:-s)__;_ 'coi ·co) . lo~ 

·· 1 , · .. , •,6t/J. (t)StjJ. (s) 
" . ,. . , ~ '· ' - J 

·."" = J;i 16(t--s)-'-b'((J<I>)5;;~ 
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(j~~;t~);;(t_,s) =· J;-;
1
6(t - ,.s) ~ ,26~;(:)

2

:t/J,.(s,) lo 

. J·-1·,( . . ) 2b·(·./J;)· 6z;(t) I : ' (10) 
- ij o~-s ~- .. ~ Dt/J;(s) .O• •. , . 
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By'takingthe functi~nal derivati~e ofeq.:(4)one finds 

. ·(;d -<I>·)·sz;(t)·l,•2 ._!j_:
6

(· ~ .):·.· &;(t:o)·I' ~ 6z;(t~(J) 
1

.: 
dt · .5tjJj(s) 0 

.. 2 .'' t s ', 6t/J;(s) ~--·· :.Dtp;(s) · 0
' · 

.. "•/ . , . . .. . . 
'· .. ·, 

.whi.ch results in, ,:,. \ 

2b((J<I>) Sz;(t). lo=.!{'.rs:-(t)ST(~)}~ 'i 1 

. IStjJ,(s) 2 ,'., ., . · 

> = S;;b;xp(<I>(t)ii){n~0(.t - s) +(I +:n;)0(s - t)} ~ ciJ>(i ~ -~l<I>k 
0

(11) 1 

• ',.' :' -, . ; ••. ,' ,, :,,. {"~,:,'' ,· ·' ,•, , ,.;•.,:• ,:., ••1•~ -'.', •', • i , ' ", : ( ._•,,•\:'•'I ,.r ,•,s' • •,,', > ,· / '. :. 
. the temperature Green function for'noninteracting spins wit_h the Hamiltonian H 1= 
Ho=<i>Esfz>;n~=(€!11.~~1t1 .. ·._ . . . . . 

Turnirig back to_eg_;(IO), ~me.finds. 

· ·.· c·· -l , '):':<· .' .. :)·, ,:_, -i ·<·· · · ) ····a· 10ic· · · .-1 )·, 
JeJJ;tr •1 t C: f -; , J;; v t - S -: • ij t - S <I> . 

... -- . . . . ·.\ :· .. ':.. . . ;: :-,.· .·· . . . ,. 

'In the. energy~morrientum representation· this reads 
t . ,,. ' •' ·-::•,:• l_ ,', , , ' ·.-:· 

J(if) \ 
J,JJ(Wn,q} = l - J(if)Gl0l(wn)' 

.. · ··1 .. '·, .. : . · .. • . ' . · •. 

• 1 tlie Dysori equati~n for the0whole p 
';, . '" 

· }; .:i:.· G~ + G~J~JJGo 
t·' ' \1 / ,' 

,' gives '(Go((,}n) = b/(iw~.+<I>);· :i~.'~.2~n/(3), • · 
.. : ... \ •. \. . . l) :.· , .. ·• '•. : . , . ;. ' . : 

. ·. : / . , b((J<I>) 
G(wn,V = +· . , 

· · •~ii, 1 ,tWn 

'Eq= b((J<I>){J(O)--J(if)) 

: is: th~. te~p·~rat~;e~dep~~de'nt ene;gy -~f the· spin: wa~e excitation:. f'. ath integral ( 8) 

l' : , is ~as-ily .c~lculated ·t .. ~ 'yield .. ', a. ~ont. ri.b~. ti.· .. o·n .-t~ t~e partition_ f~~ct.~on., co. --~i.ng r __ r~.IIl _'. 
, \ · :'. the Gauss10n fluctuations arimnd the mean .field.Tlie result,cornc1des exactly with· 

l
i ' that, of ref. [1]. What is important is tht our ·approach does not invoke any Fermi 

,' ! (~o.~e. )_ ~scillator-like rep. r.ese.~. ta~i.o~. s f_or the.·;sp.in_· op. ~.··r.ators wliich .w.<?u .. ld pe. rtu. ry 
: ·\ th~ on.g111atpr~~le~ and:~0II1phcate _caJc.ulatwns [3]. Afurt~er.po111t 1s th~~ this 

· formalism provides convement expans10ns for the Green functions around the mean 
;L fie1d: · ·· ,. i • • • • • ' • • • , • • ' • · • • 
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3 ·. Green functions I 
c 

For definit~ness, vie shall consider the, ~rarisverse' Green function . 
·, 

' 1 ' '' ·,, ' ' 
, G;j(r1u) = 2{TS;(r)Sf(u)) 

I D·i '.:.sc.fia(0>( l·'t(t),) , · , , ·, ·, · 
- ' 'l'e ➔ ij T~O' 'I' = {{d?)(~ aJ¢(t)))) (16) --. f Dipe-S(,t,) , , ,: ,· ., fJ. ,_ . ' 

'' ' ' ' ,,, ; :/' -. ,. ' '·-· ' < \' ' ' < ' '' ' ,' ' , 
~where G!J>(r; uj¢(t)) i~ a Gre~nfondion of noniteracting ~pins in:ari externaFflric- . 

, tuatin~ field 1,&(t). It can be:eval~ated as ~napprnpriate function~[derivativ~ of (3); · 
which finally results in. / . . . 

. c;, ( ~ "l - '< ( !J\;l•( .;, r-hf 1' "tJ;( ,if¢,~;;~:; (•l b(i,l 

+; Ef)<i!tf~(~):x(~j {sj::z~(u)b'(¢m):+:;(u)b(¢~)b(¢j) y·,·, ,-·· ' 
m : • . :·.-· ,,, ·: ·, j. , ,· ' . -.·, , 

+ ·ti rp dt11t2f~(t1)J~u2) ~;:((ti)):~~((~2))-tb(¢db(i~)+b1mb:(i1;) })). (~7) ... , -
- 1 . lo . ., v 'l'J u . 'I', . _ , 

' m ': , .;: ... -< .' ,, •• • 1 ~- ", -.. ;: ;1 ',,.,, .-· , , ; .. , , ', '; ; . . ,'.'1 , 

. where we ,have introdu~ed ui·e· abbreviation_ , ' : - · 
: ' - ·. ' p ., - ·', 

/>' ',, 
b($;)~ b(l(ipJ0

l: }' z;tf;)dty. 
>' > ",: r • ; •' • •' ">a : • j. :, '• •,'• ... :: • ,, '• • < • 0 ' ' • :• • • 

r , If/9rie is. iJ.?-terested in calculating,,corrections _to. the Green furiction jom,ing from 
the Gaussion.fluctuations over the meanfield; one should expand S(it,) in (16}'up 
to theise~ond order in fas is done in eq. (8):,, Expanding then the functional i.n 

<(( )} .in eg.· (17) in powers of ij and, calcul,ating integrals, one wiJl reach.the goal. 
As is seenfr~m (8), .corrections would'appear in powers. of the effecti~e int_eractions 
Jeff;/n and Jeff;tr; The needed fu~cti~rial derivatives' of z;.witkrespect to '¢rat the, 
stationary point are fo,be calculated \vith eq. ( 4 ). , . , , -

. Th,e zerot}i approxima.tio,n gives . ,• - -

a(?)= 2°Zj(u)'1 b(~l<I>) =·a!01 (r' ·u,14:), 
:.\ IJ C./. ( ) 0 , /J . , IJ , : ' , , <J'f/i T . . . ,. • • , 

' ' ' ' ' .\ -. ' ' -'/· :, ' ' . ' ,, •., ' 

as it,should be; L.et us' single outthe contribution to .the ,first-order, term coming , 
from thefoith ter!ll jii eq. ,-(17): · ', '. _ , . • , ,_ _ ·': •· ; .·•· ; · 

( ( 4b' (P~)f:J,'. ;~id:, ':;ti) !, . ,::t;). 1; ;J,, ,,.; )., ( u, - U,) ) ) 

~ 'f J du; du,Gl:'(r -:- u,) ( J,,;;,'.),L ( ~• -d;);~) H, •) ·••.·. 
-= G,.<0>J~i 0<0>. ' ,J ' ' 
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Theie tw~ tern:i,,s a~e ;ummed up to yield eq;'.(14) and h~nce the energy,of spin wave 
excitations. , : · . - ' , ' , _ '_ · , _ , _ · - _ · . ' • , ,· ·: · • : . 

The reasm,Lf<?r treating the term (18) separately lies in that .it is' of ,the zernth 
order in the inverse effective interaction volume v, whereas the subsequent terms in 

-' (17) startirig fr~m a ~me-loop expansion are of, higher order's ( a one-1001> ccmtribu~ 
·tion ~ v):arid contribute to the)rreducible part ofG. As Vis usually regarded as a 
small parameter in a mea{1-field theory, Green function (14) is to be considered as 

" : /, ' ' '" ' ' ' 

the zeroth order.mean~field Green. function. It cari be easily checked that ( 1 7) coin"' 
pril?es.all the diagrams that appearin the ,conventional tempera:ture:dependent spin ' ' 
diagia'xumatic technique,. with. the_ interactio~ lines. being. replac;d by. the effec,tive 
ones,(J1;.;.Jf );ja~d (Jt);eJJ)i,i• I ' ·' · · · ' '· • ,_ 

l 

;,::4 . :ci.ondusion .'?· '1 

,,; 

. \V~ ha;e p~es:nted 'a n~~ ~Jthod for, si{1dyi~g the the;modyri~mics' ~f the quan~~~ 
1 . ' .• •. '• . '. .· ' -.,·:' ! ; ... , ' ••' . • ··.- .. ' ' ' 

;' 

. Heisenberg model based on 'the SU(2} path ,integral technique; It js a natural path 
integral ~epresentation for spin systems tha'Lappareritly simplifies calculations. The.> 
very sam~ technique for 'th~ path i~tegral over'cohercnt·states ~so~iated with more 

, '.complicat~d·g;oupscould _be easily.:developed. The 1/(211') superg;oup ·rele~antJor ·-
, the Jfobb~rd (t - 1) model prnvidetqu,ite a riontri~ial example of this kind (4] .. 
'Another iriteresting'point is that this scheme naturally allows for the existence ofthe' 
· time-dependent. meari. fields r~levant to. the ex~i ted eigen~tates of· the H~miltonian . 
'(5). These and:~el.i,ted probl~ins will _be discussed elsewhere. . . . ' -

I • ~. ' ' ' • • • 
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