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The recent experiments [1) on the neutron scattering in superfiuid He-
4 have shown the branch structure of the narrow peak of its excitation 
spectrum. The present paper develops the Bogolubov theory of Bose
condensation [2) in order to explain the observed picture. 

The Bogolubov Hamiltonian of the classical condensate with ampli
tudes a,a• and over-condensate (k i: 0) bosons b1r,bt is defined as 

H = L [n,btb, + :;(btb~1ra2 + b1cb-1ra•2 + 2btb1clal2 ) + ~btb1clal2
] (1) 
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01r=-, µ=2m, 
µ [H, L btb1c] -:/: 0. 
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[b1c,bt] = 61c1r1t 

It doesn't conserve the number of quantum particles due to the pair
correlation terms (broken gauge symmetry). Still the sum of quantum 
particles and particles in a condesate is conserved in a quasiclassical man
ner [3] 

!; = ! (lal2 + L btb1r) = {H, lal2
} + i[H, L btb1c) = 0. (2) 
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The Poisson bracket is taken over variables a, a•. Formula (2) leads to 
the canonical distribution with a consraint, supplied by the integral of 
motion (2), so the partition function for N atoms in (1) is 

Q = Sp (e-PH6N,n). 

By using the Fourier decomposition of the 6 symbol with the spectral 
parametr 11, we calculate Sp over the quantum variables 1 

I Jr {[ go 2 • ] }Ilexp(w1c-11)/3/2 
Q = V dp -1r dyexp -{J2p +iy(p- R) V lc;&o 4sinh2(/JE1c/4)' 

(3) 
lal2 .Y N _ 1°12 

w1c = 01c +(go+ g1r)V, 11 = 'p' R = v' P - V' 

] 

1/2 
E1r = [(n1c + pgo - 11)2 + 2pg1c(01r + pgo - 11) , 

1The details of calC11l&tio11 m&y be fo1111d in (3). _ • 
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, . The quantities E1c give the spectrum of the 'oye;-co~de~at:e excitations. 
as a function· of the interaction Uk, condensate density p and the parameter· 
of constraint ·v . . 'The condition of th~ absence. of. the energy. gap .· Ek -+ 

. O when k --+ 0 must be fullfiled for Ek, Two v~iues· 'of·the constraint . 
parametr l/~ ~- pgo . and l/2 = '3pgo. s~tisfy this ~bndition: In this' way we 

,, . I ' , , 

get two branches of tlie spectrum -
• , ' • 'v _,, . I 

E2- -~{', · -··- · · , E11 = 0% + 211kPflk, , · .. -._ .. _, _ 111 = c, c,= PUo. 
' ~ '-. •· . E12 = n% + 20kP9k ::-. 4pgo(nk -i- PUk :-- PUo), . V2 = 3c •. ' ,· ' 

--~•.··I,'·.,;·:,:-·.'· .. -,-;',,. •_,-·.(~)1_·, 
. '· These . t.wo branches' correspond to the matrix structure 2 x 2 . of in- . 

'ter~dion~ that may be '~xp:re~sed explicitly' becau~e of the , boson'' pair~ '' 
coi-;elation -t~rms in· (1).. _ \, ,- . _, ·. ·: . . . ._ ·· : - .· -- , ! • ' · 

_ _ -•· Let tis inv~stigate the. difference between the two branches ( 4) with ~n 
C < ~• •• • • ': • > ' /. •• // j ' > e •' < ,' , •, • • / ,! 

· example of the simplest interaction ' 
' • , , • ~ I , , 

' ,' Uk_.~-1 /~[cZ ~-';~'l;l~ ~~S')o : ck0f z -~ ~f) \ (5) 
, ·. . . .· .-_ .. . : _ 0 .... _.· < -~ . O ·: _ 1 , , : ~ :, ,· 0

1 
~ -l : ? . \. . ' 

·- , The first and second formulae of(5) describe the repulsion and 'attrac-, -
/tion' 6f th~ interaction ptitenti~ g( r > ~fthe vari-der~ Vaal~_ type ~iththe 

. ',, ,', ,,, , ·. -, ' .. ,-'J}j '\ ' ' 

. _minimum ~f energy at~;= ro,roko = .1,Uko' = 0: . > __ .·--• .· , · ', , 
' · . In the region of'repulsiori forces the enefgy branches (4) look like 

, : :: :: ·.. . . · ... l. ·t i : .·; 1 , • , ' l -.. . .· .. •. 

· "· . _ --(' 2c . -- d-)_2
_._· ·_ 1 • •._,_--.(.--- 2cd. ' __ ·. d.-).2

' .. --_. 2cµ .· _c'::· , , ·. E ' ·k2 k4 - E -,, k2 · · k4 . ' -d · '1 > O 
' . kl,:= . ~ - 2' ' ' ' k2 ~ ' _._-, 7' 2 ' . = V ~ . -:-·· .. 
• ', i i µ '. µ '' ' ' -· ' ' ,· JJ, . )f ' 0 i (6)' 
'.' • , ,

1 1 
•', . , . ' · , f. , '1 , ,, , · . :'• . , ' . \ , 

. The inequality ford in (6) shows the values of para.meters c,µ and variable, 
P, that correspond.the'repulsion .. It is clear that Eki is the excitation,' 
bianch of the Bogol~~ov theory. [2]; :The .E1c{branch is of t~e same type, 
bU:t is.situate? un,der the.,dispersion' curve E1c1'in the phme (E,k) ~hen, · 
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·.. k2 -· 
c < _Q_' d <1,: ,_,µ 

' .. •.: ·' . , . :,· '.' . .-'. '" _,,,\. , 

I' (7) 

or over Eic1 in the ·case_ when 
' . ', .,, ,.: -,... . 

. . . ·k2 
: :. ,· 0 ' . ' 

, c,> :--, - d > 1.. , . (8) 
' µ' 

,· . '1. ,··:, ·! ... , .· ··: : , ''.•' ·\ :·,.- -,. , • .. ' ... ,. ., , '_ .' .·· "'1., ., 

The tangent of the -phonon pa.rf of the: Ek2 . angle is the: product of ·the 
the SaJl1:e angl~for kl anda; These b;a.n.chei(ke presentedinFig;l where 
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ko = 1 and µ == 2 are t'aken. The maximum values E1 and Bi of the Ek1, . , 
~ -Ek2 bran~h~s ~d tp.eir cooi:dinates k1, k2 ar~ equal to :. _ / ·-: : · 

I . • . 
· -·2- C

2:':_ 1 .·2-"cµ··· ·2 2. 2 •, 
E1 = -, -· . k1 = -, · -E2 = c d, k2 = cµ. 

· · d ' · · ''d · · · · · · · 
'' /, .. 

A 
.I 
' 

'.The paramete;,d is.the.ratio ~2q~1 of coordi~ates'q2.=:: (2cµ- k~)1l2 and 
Q1 ! = ko of the inters~ction points for' the Ek2 and E,:1 ,branches with the . 

_• free boson dispersion c.irv~ Ok. In the region of att~action (k > k0~ d < 0) _ 
· formulae of the type (6) based on the second line of (5) are usecl.'Note that~ 

there is no complete analogy.-'betwe'en the situations (7) and (8)~ Really, 

··11:'-.·; ,, 
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. , the poi~t k _ = ·. <ii of the int~rsection of the Ek1 branch .with dispersion 
curve. Ok is: always equal /to ko. Therefore the . alternative situatitins ·of. 
ip.equaliti~s (7), (8) are presented b;}' two series of inequaliti~s · .. • '. -~ 

. ' . . ' . < -··. ' . . ,.1 . . ·, . • > 
. 1E~.> E2, k2 < k1, q2 < ko =:= Q1 - and E1-< Bi, , k1 < k2;q1-= ko .< q2 ; 

,·' .f. ' 

,_so t~at in ,the first case (d < 1f the point k1 ofthe·branchE.1i1i~ in'-th~ 
region of attraction, while hi the secorid { d > 1) the same happens with 
. the point k2' of the branch E"2. There is the degeneracy of spectrum when 

. d ~: 1:. dispersion curves E1c1 •and Eic2 cciiildde'and 'havethei~ mruci~uni. 
·vafoe E1· = E2·= c2 at ko p'oint., • ·. -- •. ', . .· ;_,: · , _ . . . . 
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. To m<lke,:the difference liet~een two bra'nthes (4) inb~~-clear we con~· .. 
r sider now theinfluence of quantum fluctuations of.bosons_ in the ground . ·l .. 
_stat~ qn,the spectrum., ~or this purpose the term h addi~ion.al ~q (1)-~s. l 
• "t· d d· '! .. ·, . ,,. ' . . .. . .· ·, '. . '·. . I . 1n ro uce . . , . · . · - . . . ,. ·· f 

· , - I ,· · . ,'· S, 

. ' 1 n· -H· ·•h ' h - 90 (b+ *. 2 . . b· *2 2b+b ,·· 12) ··.[b .·b+] -1·· .(9). 1 ·· -1· .. 

'_1-:-;- -~- , ,_-:-v_ oaa + oaa •. + ,,o oa_._, _o, -~--.~-:.·.. :-. 

,TWsterIJ:1 describes th~ interactiop b~twee~ th~ classical c9ndensate aitd ~- J . 
those atoms ·_with.k = .0 thatremain out of condensate and keep their l 

qliant~m )nature because of the n?n"'.ideal' ch~acter <>f the: gas'. _ The op; . .j 
erator i · may be derived from the exact two:..particle interaction by the \ ' ) . , : 
si.ibstitutionlio ~ a+bo:,bf-'-+'a*+bci(andeliininatingthe_4igherpowers •. · · ! • 
of quantum variables as well as the pair correlations betweenatoms'bo,bt . ! ,_ 
). ·()n~ mays~_, that like for (1) the model (9) li~:an· integral ~fmotiori.:. f_fl 
n1 . . I ·, • 1 '\'.'!~,-

( ) 

( . ' . . . . ,.! 
j j ' J '\/ 

. dn1 d · 2 + · 2 · • + · . ' ! · · 
di= dt lal +2j~k~~-3:=:J1:f1,,lal),7-_i[If~.'bbk,bk]_=0.
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The partition fun~tion of model ( 9) with the constraint, gerieiated by ,the : . , I . , . , , , 

. integral of.motion (10) is equal to ·, -· · ·: · ·· . · : · ._ _ : ·, ·. : . 1 

1

' Qi~ Sp (e:...f3H~o~,n1) •:. (U) 
t ' ' t 

'The partitioniunctio:g (11) may be calculated ~i~ilarly to the partiticm_· 
function (3). ·The additional integral over the.trajectories b0,b~ appears.
and the frequency Wo for this 'oscillator is ~qua.I to {2c ~ v). The ~lues of 

.· the frequency are Wo.::::. C '.and Wo =. -c.for the first _and second branches ... ' 
of the formula. ( 4). _It means that the second· branch Ek2 is u~stable wfth 

. ' I ,. . • ~. ', ' ' , , , , , ' 

·respect to.q-µantuni fluctuations of bosons inthe ground state. -, , ·· 
The disposition of the branch. Ekr .in. the. plane (E,k) depends on the -: 

. inequalities (7,8), which .means the.critical ·correspondenc,e b,etw,een the 
kinetic energy of an atom with the momentum k0 and condensate·density ._ .. 
p o~: the scale. of interaction p~tential g0: When these quantities· are ~qual · · 

. P9o =-'kfo-:1 (?=1, the degeneracy ~f spectrum), the change of the Ekl' 

_ branch·disposition in. (E,k} hap~ens: the~aximum'd~ ene:rgy Ei 7 Et 
moves.from the point k1 < k0 (large condensate density; repulsion region 

\ _', ' .· . ':'' . ·. . . ' ' . . " ~. ',, . ' . ' . . ' 

ofgk)' to the point fc1 _>, ,k0 with energy Bi = B~ (small condensate. 
de:g~i_ty,attractive_~egion of gk). SC?,· \he reorganisation of t~e braricl1Ek1, 
of the condensate excitation spectrum (5) takes place when p = ·k~(g0µ)-;:\ .. , 
1 . ... : ., ' ' ," • •• • ' ' • 
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. ·,Fig); - E~,Et-i (small conde11s'ate density, d .~ 0.6) an~ ,Efi;E?2 -
· (large condE:msate~density,- d ~ f.4) branches of spectrum,(4); nk - free .. 
boson dispersion curve. , . . . ! 
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It is interesting to look for the accordance between the .data of the' 

paper· [1] ~d the theoretical spectrum we h~ve ~btained above. The non.:. 
, stable branch.E1c2 may be associated with'the wide branch of the sharp 

peak in [1]; while the .E1c1 'branch seems to correspond to the narrow one .· 
in [1]. The sign of the inequality (7) or (8) must bef9und e"xperimeri.tally: 

' . ,' . , . : . . - . . . . ,' 
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.sipyHHH B.C. El7-94-152 
MHoroBerBeBoii cneKTP B036yX<AeHHH 6o3e-KOHAeHcaTa 

.ll:JUI KaHOHHlleCKOJ'O pacnpeAeJieHHSI co CBSl3bl0 no.ny11eH ABYXBeTBeBOH 
cneKTP B036yX<AeHHii HeHJ(eaJibHoro 003e-ra3a B MOAeJIH Boronro6oBa. O6Hapy
X<eHa nepeCTpoiiKa cneKTpa npH WIOTH0CTH 6o3e-KOHAeHcaTa, 06ecne1nrnaro-

u • 

m;eH paBHOBeCHe MeX<Ay CHJiaMH npHTIDKemrn H OTTaJIKHBaHHSI MeX<aTOMHOJ'O 
noTemi;mlJia. 

Pa6oTa BhmrurneHa B Jla6opaTOpHH TeoperH11ecKoii cpH3HKH HM.H.H.Boro-
nro6oBa O11.sIM. 

IIpenpHHT O6heAHHeHHOro HHCTHT)'Ta ll,r(epHbIX HCCJle):\OBaHHH. ,Ay6Ha, 1994 

Yarunin V.S. El 7-94-152 
Branch Structure of the Bose-Condensate Excitations Spectrum 

The two-branch excitation spectrum of the non-ideal Bose-gas is obtained 
in the Bogolubov model for the canonical distribution with a constraint. The 
reorganisation of spectrum is found for the Bose-condensate density, providing 
the balance between attraction and repulsion forces of the interaction potential. 

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR. 
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